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SAMELSON PRODUCTS IN FUNCTION SPACES

JEAN-BAPTISTE GATSINZI AND RUGARE KWASHIRA

ABSTRACT. We study Samelson products on models of function spaces.
Given a map f : X — Y between 1l-connected spaces and its Quillen
model L(f) : L(V) — L(W), there is an isomorphism of graded vec-
tor spaces © : Hy(Homry (TV ® (Q @ sV),L(W))) — H«(L(W) &
Der(L(V'),L(W))). We define a Samelson product on Hy(Hompy (TV ®
Q@ sV), L(W))).

1. Introduction

Throughout this paper, spaces are assumed to be 1-connected finite CW-
complexes. Given a map f : X — Y between l-connected spaces and its
Quillen model L(f) : L(V) — L(W), let map(X,Y; f) and map,(X,Y; f)
denote the path component containing f in the space of base point-free and
base point-preserving functions respectively. Lupton—Smith [3] extended the
notion of derivation of a differential graded Lie algebra to a derivation with
respect to a map of differential graded Lie algebras. They proved the following
vector space isomorphisms:

T (map(X, Y f)) © Q > Hy(sL(W) @ Der(L(V),L(W); f)),
and
m(map, (X, Y £)) © Q = Ha(Der(L(V),L(W)); f).
The authors in their paper [2] established an isomorphism
Tn—1(map(X, Y f)) ® Q = Hy (Hompy (TV @ (Q @ sV), L(W))).
Lupton-Smith [4] have expressed the Whitehead product on
H,(sL(W) @ Der (L(V), L(W)).

We study the Samelson product in the homology of Hom(P,L(WW)) where P =
(TV ® (Q & sV), D) is the acyclic TV-differential module with a differential
defined as follows:

Dv=dv®1l, Dsv=v®1-S(dv®1)
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and S is the Q-graded vector spaces map of (degree 1) defined by

Svel)=12sv, S1®QasV))=0,
S(az) = (—1)1"aS(x), Yac T(V),z € Q@ sV, |z|>0,
Sl®z)=0.

2. Preliminaries

Let (L,d) be a differential graded Lie algebra. Given a map ¢ : (L,dr) —
(K,dk) of differential graded Lie algebras, define a ¢-derivation of degree p
to be a linear map 6 : L — K that increases degree by p and satisfies
0([z,y)) = [0(z), o(y)] + (=1)PI*l[p(z),0(y)] for z, y € L. Consider the vector
space of ¢-derivations Der,, (L, K; ¢) which are derivations that increase degree
by some positive number n. When n = 1, we restrict to derivations 6 such that
dxof+0odr, = 0. The differential D is defined by D(0) = d 08— (—1)°10ody,.
Following [5, p. 46], if ¢ : A — B is a morphism of chain complexes, the
mapping cone of ¢ is defined by Cone(¢) = sA @ B with the differential
d(sa,b) = (—sda(a), ¢(a) + dp(b)).

Let (L, d) be a differential graded Lie algebra. Consider the adjoint mapping
ad : L — Der L, defined by (ad 2)(y) = [z, y]. We have Cone(ad) = sL&Der L
where (sL @ Der(L), D) is a differential graded Lie algebra with the bracket
defined as follows [6]:

[Sx7 Sy] = 07
[sz,0] = (—1)1*1191s0(z),
[S.Tl + 01, sxo + 92] = (—1)‘9“891(,%2) — (—1)‘92“11|892($1) + [91,92].
The differential is defined by D(sx) = —sdx + ad z. Note that sz + 6 is a cycle
if and only if d(z) = 0 and [d, 6] + adz = 0.
If L = (L(V),d), there is a differential isomorphism of degree 1

® : Homry (TV ® (Q@® sV, L)) — sL @ Der L

defined by ®(f) = sf(1)+(—1)!/16 where 8(v) = f(sv) [1]. This gives a bracket
(of degree 1) on Homry (TV ® (Q®sV,L(V))) defined on generators as follows:
For f, g € Hom(P,L(V)), f(1), g(1) € L(V), and f(sv) € L(V) C T(V), then

{£,9} (sv) = =(=D)VI[f(S(g(sv))) — (=) WHDUIHD £(S(g(s0)))),
{f,9} (1) = f(S(9(1))) = (=) W9lg(S(£(1))).

3. Whitehead product in differential graded Lie algebras

Let L be a differential graded Lie algebra and sL the suspension on L. A
bilinear pairing on sL is defined by [sz, sy] = (—1)I*ls[z,y] where z, y € L. A
Whitehead product denoted by [, ]y is a bilinear pairing satisfying the following
identities:

(1) [[e Blw| = lal + [B] — 1,
(2) [a’B]W = (_1)|QHB|[6,O(]W and
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(3) [ 18:Mwlw = (=D [a, Blw, ylw + (= 1) IHFDUEDIS o, 4w ]
for a, B, v € sL.

Lupton-Smith [4] defined a pairing on a differential graded Lie algebra L
by {z,y} = (=1)1**'[z,d(y)], which induces a Whitehead product on the
homotopy of L. For ® : (L,dy) — (K,dk) they defined a pairing on
its mapping cone (Cone(®),dgp) which induces a Whitehead product [,]w on
H,.(Cone(®),d0g). The product is defined explicitly as follows:

Leta, be L; la|=p—1, |b| =q¢—1,

[[(a, ), (b, B)]] = ((=1)la, 8], {ex, B}) = ((=1)[a, 1], (~1)""[ar, dx B])
for (a,«) € Cone,(®), (b, 8) € Coney(P) where a € K, 5 € K.

4. Samelson product on H,(Homry (TV ® (Q & sV),L(W)))

Let f: X — Y be a map, ® : L(V) — L(W) its Quillen model. Consider
the map ade : L(W) — Der(L(V),L(W),®). The mapping cone of adg is
(sL(W) @ Der(IL(V), L(W)), D) where D(0) = w0 — (—1)1°/06y and D(sz) =
—sdvx + ade(x). If (sa,0),(sb,8') are cycles of degree p and ¢ respectively,
Lupton-Smith [4] defined a Whitehead product

H,® H; — Hpiq—1, where H, = H,(sL(W) @ Der(L(V),L(W); ®))
and showed that it corresponds to the Whitehead product on

We define on H.(Homrv (TV @ (Q& sV),L(W))) a Samelson product H,_1 ®
H, 1 — Hpy4—2, that models the Samelson product on m, (Qmap(X,Y; f))®

Q.
Our approach follows Lupton-Smith [4]. Let (L(V'),d) be a free differential
graded Lie algebra.
Define L(V)(a,b) = (L(V, a, b, V¢, V?),§) where |a] = p—1, |b| = q —
1, V¢ = 5PV, VP = 59V with the differential
ov = dv, da = b =0,
0(v?) = (=1)P~Ha, v] + (=1)PSa(dv),
0(v°) = (=1)77 b, v] 4 (—1)7Sy(dv),
where S, is the unique derivation of degree p of Der(L(V'),L(V)(a,b); A) such
that S, (v) = v® and zero on other generators and \ is the canonical inclusion A :
L(V) — L(V)(a,b). Also, S, € Der(IL(V),L(V)(a,b); A) is similarly defined.
Consider the chain complex (Der(L(V'),L(V)(a,b); A), Dy), with the differ-
ential defined in §2. Moreover

D)\(Sa) = (71)1)_1&(1)\(1, D)\(Sb) = (71)q_1ad,\b.

Consider ady : L(V)(a, b) — Der(IL(V),L(V)(a, b); A) and the mapping cone
of ady,

Cone(ady) = (sL(V)(a,b)) ® Der(L(V),L(V)(a,b)), D),
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where D(0) = Dy(0) for § € Der(L(V),L(V)(a,b)) and D(sx) = —sdx +
adyz for © € L(V)(a, b). We have D((—1)l"lsz — S,) = (=1)I*l(—s02 +
adyz) — (—=1)*ladyz = 0 for 2 = a,b. In the complex (Homsy (TV @ (Q &
sV),L(V)(a,b), D), we consider ¢, and ¢, defined by

{ 0a(1) = —(~Dl%la; g (s0) = (~1)5,(v)

¢p(1) = —(=1)1"1b; g (sv) = (=1)1"1Sy(v)

or in a condensed form ¢, (1) = —(=1)*lz; ¢, (sv) = (—1)*S.(v), z = a, b.
Proposition 1. ¢, and ¢, are cycles of degrees p — 1 and q — 1 respectively.

Proof. Tt can be easily verified that (D¢,)(1) = 0 for z = a, b. For (D¢, )(sv)
we have

(Doy)(sv) = 6 (5) — (=1)"16, (d(sv))
= 3((~)"18,(v)) = (~1)" o (v @ 1 = s(dv ® 1))
= (=D=M [z, 0] = (1)1, (dv)) = (=) (1) [0, ¢, (1)]
+(=1)"1g, (s(dv ® 1))
= [z, = (=1)"Sa(dv) + (=1, 2] + (—1) g (s(dv @ 1))
=0. O
Define 6,, 6, € Der(LL(V')(a,b)) such that
.(v) = v%  zero otherwise,
{ 0y(v) = v’ zero otherwise.
We have [0,0,] = (—1)*lad z; 2 = a, b.
Observe that S, = 0, and S, = 0, if restricted to L(V). We define a

universal Samelson product [@q, ®p] in (Homzy (TV ® (Q @ sV),L(V)(a,b), D)
as follows:

[Dar @] (1) = (=1)*1+ [ (1), ¢ (1)
= (=1)%[a, b,
[ba, de](s0) = —(=1)!*I*1[64, (5, 64]] (v)

= —(=1)"[0a, [6, 0u]] (v).
Proposition 2. T = [¢,, ¢s] is a cycle of degree p+ q — 2.
Proof. There is a differential isomorphism of chain complexes
F : Hompy (TVR(Q@sV),L(V)(a,b)) — sL(V)(a, b)@Der(L(V),L(V)(a, b))
defined by F(f) = sf(1) + (—1)¥10 with 8(v) = f(sv) see [1, Theorem 1]. This
is an isomorphism of degree 1 (DF = —F D). In particular

F([¢a, o)) = (=17 s[da, dp](1) — (=1)PT*(=1)"[0a, [3,0]] 0 A
= (=1)s[a,b] = (=1)"[0a, [0, 0] © A.
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In order to check that T is a cycle, we need only to show that (—1)Ps[a,b] —
(—1)9[04, [3, Ob]] © X is a cycle in sL(V')(a, b) @ Der(L(V),L(V)(a,b)). Indeed

D((~1)7s[a,b] — (~1)[0a, [5,00]] 0 )
e+ (Pl (1) B

( 1)Padx[a, b] = (=1)*[[6, 6a), [3, O]

= (—1)Padyla,b] — (—1)P[ad a,ad b] o A

= (—1)Pady[a,b] — (—1)Pad,[a, b]

= 0.
We are now ready to define Samelson’s products in H,(Hom(TV ® (Q &
sV),L(W))). Recall that f : X — Y has a Quillen model @ : L(V) — (W)

Let «, 8 be cycles of respective degrees p — 1, ¢ — 1 in Hompy (TV ® (Q
sV),L(W)). Define ¥, g : L(V)(a,b) — L(W) by:

Vo, p(a) = (1), Va,5(b) = (1),
Vo, 5(v) = ®(v), Vo, 5(07) = a(sv), Va,p(0") = B(sv).
Theorem 3. (1) The composition

TV ® Qo sV) "2 L) (a,b) Y28 L(W)

defines a Samelson product on H,(Hompy (TV ® (Q @ sV),L(W))).
(2) It is explicitly defined on the generators by

[, A](1) = (=D [a(1), B,
[, ](sv) = (=1)* (1), B(sv)] + (~1)PPHVII[3(1), asv)]
+ (=1)IPlelwg 5 (04 (dv)),
where 04,6, € Der(L(V)(a,b)).
Proof. The first assertion is a direct consequence of the isomorphism
Homypy (TV @ (Q @ sV),L(W)) & sL(W) @& Der(IL(V),L(W))

and [4, Theorem 3.6.]. For the second assertion consider «, 8 cycles of respec-
tive degrees p — 1 and ¢ — 1 in Hompy (TV @ (Q & sV),L(W)) and ¢4, ¢
corresponding cycles in Hompy (TV @ (Q @ sV'),L(V)(a, b)) (see Proposition
1), we have

v) = (=1 [5,6,)(0a(v))
“bv]) = (~1)PD (38,04 () — (~1)76,004(v))]
PO 0)
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— (—DP (=D (= 1)9[8,((— 1) a, v] + (~1)PSa(do))]
= ()P~ (1P b, 6, (0)]
— (~DP (=D (1) (— 1 (= 1)7 D[, 6, (v)]
— (= DP(=1)PUD(=1)7(=1)P, (Sa(dv))
— (~1)TP,0,(0)] + (~1)P[a, B(v)] + (—L)PTPHI16,(6, (do))
= (=) Vb, 0u(v)] + (=1)[a, ()] + (=1) PTG, (G, (dv)).
Hence
Vo, 5([das do)(s0)) = (=1)1PFVB(1), als)] + (=1)"[a(1), B(s0)]
+ (1)@ 50,0, (dv)).
Thus

[, B](sv) = (=1)1*F (1), B(sv)] + (1) IPHVII[3(1), a(s0)]
+ (=1)1Plew, 50,04 (dv)). O
Corollary 4. If f: X — Y is null homotopic, then
[0, B)(1) = (~1)"1[a(1), B(1)] and
[, B](sv) = (=) * a(1), B(sv)] + (=1)IFHFDIB(1), as0)).
In particular H.(L(W)) is a sub Lie algebra of H,(Hom(TV@(QdsV)), L(W)).

Proof. Let x be acycle in (L(W), §). Define a, € Homypy (TVR(Q@sV), L(W))
by a,(1) = z and «,(sv) = 0. Clearly «, is a cycle in Homry (TV ® (Q &
sV),L(W)). Moreover, if x is a boundary in IL(W), so is «,. Therefore there
is a map:

1: H,(L(W),8) — H,(Hompy(TV ® (Q @ sV), L(W))).

If a, is a boundary, then there is v € Hompy (TV ® (Q & sV),L(WW)) such
that @ = D~. In particular x = «(1) = (Dv)(1) = dy(1). Therefore x is a
boundary. O
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