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DYNAMICAL BIFURCATION OF THE ONE DIMENSIONAL
MODIFIED SWIFT-HOHENBERG EQUATION

YUNCHERL CHOI

ABSTRACT. In this paper, we study the dynamical bifurcation of the mod-
ified Swift-Hohenberg equation on a periodic interval as the system con-
trol parameter crosses through a critical number. This critical number
depends on the period. We show that there happens the pitchfork bifur-
cation under the spatially even periodic condition. We also prove that
in the general periodic condition the equation bifurcates to an attractor
which is homeomorphic to a circle and consists of steady states solutions.

1. Introduction

The formation of patterns in non-equilibrium systems is closely related to
the instability ([9]) and the bifurcation analysis plays an important role in
understanding the instability. Indeed, the instability arises when stable states
are driven into unstable states during phases transition. As a control parameter
related to the instability passes through critical values, the trivial state loses
its stability and bifurcates to nontrivial states which form patterns. Then
the dynamics of the system after the threshold of bifurcation is completely
determined by its behavior on the center manifold. In particular, Ma and
Wang showed in [13] that the system bifurcates to a nontrivial attractor on the
center manifold which determines the final patterns of the system.

The Swift-Hohenberg equation is a widely accepted model in the study of the
formation of patterns [1, 12]. It was derived in [18] as an approximate model for
the Rayleigh-Bénard convection describing the pattern formation in layer fluids
between horizontal plates. It has attracted a lot of interest in various areas of
application regarding pattern formations such as Taylor-Couette flow and lasers
[5]. In particular, there has been much efforts on the bifurcation analysis as a
way of understanding pattern formations. See [4, 8, 10, 11, 14, 15, 19, 20] for
recent development in this direction.
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In this paper, as a variation of the Swift-Hohenberg equation, we are inter-
ested in a one dimensional modified Swift-Hohenberg equation (MSHE):

1.1 up = au — (1 + Opg)?u + pu? — ud.
( pug,

Here, u : R x [0,00) = R, o € R is a control parameter related to the driv-
ing force of the system, and p € R, reminiscent of the Kuramoto-Sivashinsky
equation, is a constant causing stable hexagonal patterns. The MSHE arises
in the study of various pattern formation phenomena involving some kind of
phase turbulence or phase transition ([6]). If © = 0, then (1.1) corresponds to
the usual Swift-Hohenberg equation.

In this paper, we consider the MSHE (1.1) under the periodic boundary
condition on Q = [-\, A], i.e., u(—A,t) = u(A, t) for all ¢ > 0 and some A\ > 0.
For the functional setting of periodic MSHE, let

H = {ue POR) su(-)) = u(V)},

M u &y
4 . _ 400. . _ — ] —
HY, (% R) = {u € HY(QUR): 5= (—A) = 5= () for j 0,1,2,3},

Hy = H,,,(;R)NH.

On the other hand, it is easy to see that the MSHE (1.1) is invariant under the
even periodic condition. So we define

A=Hn {u € L(O%R) : u(—2) = ul(z), z € [o,x]},
H, = HNH,.
We formulate (1.1) in an abstract equation

du

(1.2) il Lou+ G(u),
u(0) = wo,
by setting Lou = —Au + Byu, and
0? 2 ~ ~
A = (@ +I) CHy — H (H, — H, resp.),
B, = al:Hy — H (H, — H, resp.).

We also define the nonlinear operator G(u) = Ga(u,u) + Gs(u,u, u), where
G2 (u,v) = pugvy, and Gs(u,v,w) = —uvw.

It is easy to check that A, B,, G : Hy — H (H; — H, resp.) are well defined.
The global well-posedness was established in [16]. Moreover, it was proved in
[16, 17] that global attractors exist in the class H;fer for any k& > 2. In this
paper, we carry out the bifurcation analysis of the one dimensional problem
(1.1) in detail by using the center manifold reduction.
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Let us investigate the eigenvalues of the operator L, on H (H, resp.). By a
simple computation, one can find that £, has an eigenvalue sequence

212
(1.3) Ba(@) = a — an, an:{l—(%)] . n=0,1,2,...
with the corresponding eigenvectors
1 nmwx . nnrx
do(z) = e $n(z) = cos N Yn(z) = sin ——

forn > 1 (in H, ¢y and ¢n(n > 1) are only eigenvectors). For our convenience,
we denote 1g(x) = 0. We note that the eigenvectors are orthogonal to each
other and

Inller = 1¥mllzr = VA (lgullz = VA, resp.)

for all n > 0 and m > 1. Since «, is a quadratic function of (nr/\)?, each
N € N has two choices: either

(1.4) o >an Vn#N,
or
(1.5) an >any =ant1 Vn#N, N+1.

In this paper, we deal with only the first choice. The latter case will be con-
sidered in a forthcoming paper.

The main results of this paper are to verify the dynamical bifurcation of the
MSHE (1.1) defined in H and H. We state the main theorems as follows.
Theorem 1.1. Suppose that (1.4) holds true for some N € NU {0}.

(i) If N =0, then as a passes through oy = 1, MSHE (1.1) defined in H

bifurcates to two steady points

u==2++2(a—1)on +o(Va—1).
(ii) Suppose that N > 0 and A < \/5/2Nw. Then, as « passes through ay,
MSHE (1.1) defined in H bifurcates to two steady points
uF = tpadn + ola — ay),
where po = pa(N, 1) > 0 and
s 12(2X2 —5N?7?)By

P = 9(2N2 — 5NZn2) — 442 N2n2
Theorem 1.2. Suppose that (1.4) holds true for some N € NU {0}.

(i) If N =0, then as a passes through ag = 1, MSHE (1.1) defined in H
bifurcates to two steady points

u=2+2(a—1)on +o(Va—1).

+ o(Ja — anl).
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(ii) Suppose that N > 0 and A < /5/2Nw. Then, as « passes through
ay, MSHE (1.1) defined in H bifurcates to an attractor Ay () which
is homeomorphic to S' and consists of the steady solution given by

{u = w1oN + wetn + o(la — an) : wi +wi = PZ}

The constraint A < \/5/_2]\7 7 in Theorems 1.1 and 1.2 is natural. As we shall
see in the proof of both theorems, this comes from the inequality asny > an.
This is always true under the condition (1.4). We refer to the attractor Ay ()
in Theorem 1.2 as a S'-attractor because it is homeomorphic to S*.

It is quite interesting to compare our results with the dynamical bifurcation
of two other similar types of phase transition equations: the Swift-Hohenberg
equation (SHE):

up =ou— (14 8m)2u —ud

and the generalized Swift-Hohenberg equation (GSHE):

ug = o — (14 Oy )?u + pu® — u.

The MSHE, the SHE, and the GSHE share the same linear part and the only
difference of dynamics arises from the nonlinear effect. As in the case of the
MSHE, it is known from [4, 8, 11, 20] that under the condition (1.4) and the
periodic condition, the SHE and the GSHE bifurcate from the trivial states to
Sl attractors Ay () and Ay (a), respectively. However, there are big differ-
ences in the structures of Ay(a), Ay(c), and Ay (a). First, Ayx(c) consists
of four static solutions and their connecting orbits. Two of the static solutions
are stable points and the others are saddle points. On the other hand, AN(Q)
consists of static solutions and the direction of the bifurcation depends on the
value of p. Indeed, there is a number H(N, A, p) such that if H(N, A\, u) > 0,
then the bifurcation is subcritical, i.e., the GSHE bifurcates as o passes through
ay to the right. If H(N,\ u) < 0, then the bifurcation is supercritical, i.e.,
the GSHE bifurcates as « passes through ay to the left. In our results for the
MSHE, the bifurcated attractor Ay (a) consists of static solutions but there is
no dependence on p for the direction of the bifurcation.

We prove the above theorems in the next two sections. The main ingredient
of proof is the center manifold reduction. If a stays near the critical bifurcation
number ay, the long time dynamics of the solutions are completely determined
from the center manifold about the corresponding eigenspace. Hence, the re-
duction of MSHE on the center manifold is the key process for the study on
bifurcation. In general, it is very difficult to calculate the center manifold func-
tion. Recently, Ma and Wang derived a rather simple formula to compute it
[13]. We will use this formula to derive the reduced equations on the center
manifold.
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2. Proof of Theorem 1.1

In this section, we prove Theorem 1.1. We assume that « is slightly bigger
than ap, namely,

(2.6) Bn(a) = o(la — an).
Let E; = span{¢n} and Ey = Ei in H. Let P; : H — E; be the canonical
projection and L = £a|Ej for j =1,2. For u € H, we write u = Y_,°  yn®n.

If & : E‘l — EQ is a center manifold function and v = Plu = ynon, then the
reduced equation of (1.1) on the center manifold is

dv

(2.7) pri Lo+ PG (ynén + P(ynon)).-

By taking the inner product of (2.7) with ¢x, we have the following:

d
(2.8) % = Bnyn + 9(yn),

where

g(yn) = % <Gz(yN¢N + d(ynon)), ¢N> + % <G3(yN¢N + ®(ynon)), ¢N> :

On the other hand, from Theorem 3.8 in [13], the center manifold function ®
can be expressed as

(2.9) D(ynodn) = (—L3) ' PaGa(yndn) + OB - Alyn[*) + o(Ayn[?)
' 2) 7 PaGa(ywow) + ollyw[),

~ (-£p)
where the last equality comes from (2.6). We divide the proof into two cases.

2.1. The case: N =0
Since Ga(yodo) = 0, it follows from (2.9) that ®(yodo) = o(|yo|?). Then

<Gz(yo¢o + @(yogo)), ¢0> = o(|yol*),
(Galyodo + B(yoso)), 60 )

A
- / . [yodo + ‘i)(y0¢0)]3 o dx

A
=—Zyp + o(lyol*).-

2
Therefore, (2.8) becomes
dyo L5 3
2.10 — = - = .
(2.10) o = Povo = o +ollyol”)

Hence, we obtain a pitchfork bifurcation as « passes through ay = 1, which
gives two steady state solutions yg = +1/2(a — 1) + o(v/a — 1).
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2.2. The case: N > 1
By direct computation, we have
Ga(ynon) = mlynon)z

N . Nmx\2
o Y
= M(%)Q%(ﬁ% — ¢an).

Hence, by (2.9) the center manifold function becomes

Bunon) = 2 (S0) W3 (~£5) " (V3bo — baw) + ollyn )

2\ A
=B R YR 4 Y ol

Here, we used the fact that L,¢, = 8,¢n. Then

Ga(yndn + @(ynodn))

_ H(M)Q 2 (- V269 %_N) 2 }2
u{uven +5(55) vk 20 2 ol )}
{ (NTF)S, Nrx 9 W (Nw)2(2]\77r) . 2]\77r:cJr ( |2)}2
= - — /s = - —— ) sin o
1% YN \ b\ yNQBQN N \ N YN
,LLN27T2 . o Nmx 2,LL2N47r4 . Nmx . 2N7nx
= ?J12v 2 sin? \ +y13v N o sin i\ sin 3 +o(|yN|3)
.2 pN?m V240 — dan 3 pP Nt - 3
—UNT2 5 + YN Ny (on — ¢3n) +o(lyn ).

As a consequence,

~ A ~
% <Gz(yN¢N + ‘I)(yN¢N)),¢N> = %/_/\ Ga(yndn + @(ynon)) - o dx

_ ,LLQ N47T4
MBan

yn + o(lyn ).
On the other hand,

Gs(ynon + @(ynodn))

oo+ ST W8 (- Y3 2 ol

3 Nmx

+o(lyn )

3ON + P3N
= - y%f +o(lyn?),

= —y¥ cos
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which yields that

~ )\ ~
5 (Gatomon + ) ox) = 5 [ Galuwon + Buxon) - o da

3
= ——yX + ollyn ).

4

In the sequel, (2.8) becomes

dyn 3 3
(2.11) o Bnvyn —dnyy +o(lyn|”),
where

3 u’Nig?

2.12 dy =d Ap)=-— .
( ) N N(Oé, i M) 4 )\4ﬁ2N
We note that (2.11) has two steady points yny = £p, with p, > 0, where

P T Ay T BN Bey — 4PN
It follows from (1.4) and (2.6) that
(2.14) Bon =any —oy +a—an <0
and hence p,, is well-defined. Moreover, since
N, 2\2 2N, 2\2
an —av = (1= (7)) - (1 (557))

) )
N2 2
_3 Af (2A? — 5N?72),

5
A< \/;Nﬂ'.

The formulas (2.14) and (2.15) also provide an exact form of (2.13) as

(2.15)

we have a constraint for \:

@7 9(2X2 —5N272) — 4u2N272 (9(222 — 5N272) — 4u2N27r2)2
+ofla —anl)
12(2)% — 5N%72) By

T 9(2)2 — 5N272) — 442N22 + o(|ar — an).

52 12(2A? — 5N?72)Bn 1622 BN (o — an)

This completes the proof.
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3. Proof of Theorem 1.2

In this section, we prove Theorem 1.2. The case N = 0 is similar to that of
Theorem 1.1 and we omit the detail. Now let us assume that N € N. As in the
proof of Theorem 1.1, the main ingredient is the center manifold reduction.

Let By = span{¢n, ¥y} for N > 1 and Fy = Ei- in H. Let P,: H— E;
be the canonical projection and L = Lao|g; for j =1,2. For u € H, we write

oo

n=0
If ® : £ — FEs is a center manifold function and v = Piu = yno¢n + 2NYN,
then the reduced equation of (1.1) on the center manifold is

dv

(3.16) i L3+ PG (ynon + 2N + P(yndn + 2nn)).

By taking the inner product of (3.16) with ¢ and 1, we have the following;:
d
% = Bnyn + Fi(yn, zn),

(3.17) &
d—év = Bnzn + Fa(yn, 2n)-

Here,
Fi(yn,zn) = % (Ga2(ynon + 2nn + P(yndn + 2nUN)), ON)

+ % (G3(ynodN + 2NN + PynodN + 2NUN)), ON)

and

Fy(yn, zn) = % (Ga(yndN + 2nYN + Pyndn + 2nYN)), UN)

+ % (G3(ynodn + 2nUN + P(Yyndn + 28vYN)), YN ) -

In the following, we compute F} and F5.
First, we observe from Theorem 3.8 in [13], the center manifold function ®
can be expressed as

(ynon +2nPn) = (—L3) 7 P2Ga(yndn + 2nPn)
(3.18) +O(IBx]- Myk + 2%)) + oA\ + 23))
= (—L£3) T PG (ynon + znvvn) + o((yR + 2%)),
where the last equality comes from (2.6). By direct computation, we have
G2(ynon + 2nYN)

= n(ynon + 2nUN)2

( N . N?T.T+N7T N7T$)2
= — —ypn sin —— + — 2 cos
H \ YN b\ i\ N N
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V2¢0 — pan 5 V200 + dan
(N)\w)Jy\/ﬁ( 2 +222) YnzN | 22N N 2 ]
= (T) [ yN2 A o — I 7 N pon — yNZN"/)2N:|-

Hence, by (3.18) the center manifold function becomes

O(ynodn + 2NUN)

B NT\2TV2(y% +2%) ¢o vk — 2k dan
= — M(T) [ 5 B 5 Fon — YNZN ﬂQN} + o(yX + 2x)-
So, we obtain that
G2(ynon + 2vYN + P(Yynon + 2nYN))
= u(ynon + 2N + P(yndn + ZNwN))i
Nm Nm N 3.y — 2% YNZN
— ud —yn—r Sl —ou (D) AN _ INEN
H{ YNy YN + 2N 3 on —2u( \ )l o Yo Fan pan|

2
+o(yk + %)}

= ik (55) 0% + 24 (50) 0% — 2w (50) 6w
+ 2 (B G - v xban — 2w

— (vhan — 20wty + 2ynhondon] + ollyn[* + o) }.
By elementary properties of the trigonometric functions, we obtain

Ga(ynédn + 2nUN + P(YynoN + 2NYN))

2.2 _
_ /U\>f\27r |:y]2v\/§¢02 Pan n JQV\/_qﬁo ¢an yNZN'poN}
2 2N4 4
+%{(QN yNZN)¢ 2¢3N yaan (—UN + Usn)

@pwﬁmﬂgﬁﬂ+wﬁwwwMﬂ+mmPﬂmm

N2 2 +Z + 2z
= [yN N o — U AR NN oy — ynzntan]

A2 V2 2
2n74,.4
w*Nr
N o (R +unzX)on — (U3 — 3ynzi)¢an

+ (When + 23)0n — (Byken — 23)¥sn] + o(lyn|® + [2n]?)

As a consequence, we are led to

% (G2(ynon + 2nUN + P(yndn + 2nYN)), ON)
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2N47T4
= S Wkt unaR) +oluwl + lanP),
1
X (Go(ynodN + 2NN + Pynodn + 2NUN)), ¥N)
M2N47T4 0
= )\4/82]\/' (yN
On the other hand,
Gs(ynon + 2vn + P(ynodn + 280N))
= — (yvon + 2nvn + (ynon + ZNwN))3
B I 2 B 2 2 .33 3 3
= YNDPN YNINONUN — BYnZnONYN — Zn¥n +o(lyn]® + [an]?)

_ 3 3ON + P3N 5 UN+Ysn 9 ON — P3N 3 3UN — P3N
= _ny _SyNZNf —3ynzy

+o(lynl’ + lan )

an + 2%) + o(lyn > + |2 [?).

1 ANTTTY

1
= — BN +ynaR)n + Wk — BynaR)dan + 3(yaan + 2PN
+ (Byxan — 23 )¥sn ] + ollyn > + [2n ),
which yields that

% (G3(ynon + 2nhn + P(ynon + 2nUN)), ON)

3
— Sk +uw ) + ollwl +ewl),

1
B\ (G3(ynén + 2n¥N + P(yndn + 2nYN)), UN)
3
= = 7Wkan +28) + oyl + [zn]?).
In the sequel, (3.17) becomes
d
(3.19) d—‘;’ =By = F(y) +o(lyl),

where y = (yn, zn) and
F(y) = dn(yX +ynz%, ynan +28)-
Here, dy is the number defined by (2.12). Since B2y < 0, we obtain that
dyn > 0. Furthermore, since
(F(y).y) = dn(yx +2%)* = dnly|",
we have the following:
dyly[* < (F(y).y) < 2dnlyl|"

This implies by Theorem 5.10 of [13] that (3.19) bifurcates from the trivial
solution to an attractor Ay («) as a passes through ay. Moreover, Ay (a) is
homeomorphic to S!.
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We recall that the MSHE (1.1) is invariant under the even periodic condition.
We have seen that the MSHE bifurcates an attractor in H consisting of two
steady solutions +p,¢n +o(a — ay). We also note that the MSHE is invariant
in H under the spatial translation. As a consequence, the static solution u =
Pa®N +o(a—an) generates one parameter family of static solutions as follows:
for 0 € R,

N
Do COS (Tﬂ(er@)) + o(a — ay)

N0 COSch n . Nmo COSNﬂ':I:
) ) Pa SN )

= wipN + wan + o(a — an).

= po COS +o(a —ay)

Since w? + w3 = p2,, this set of static solutions form an invariant circle. It is

obvious that this circle is contained in the attractor Ay (c). Since Ay (a) is
already homeomorphic to S!, we may conclude that Ax(c) consists of static
solutions. This finished the proof.
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