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ON POSITIVENESS AND CONTRACTIVENESS OF THE
INTEGRAL OPERATOR ARISING FROM THE BEAM
DEFLECTION PROBLEM ON ELASTIC FOUNDATION

Sung Woo CHol

ABSTRACT. We provide a complete proof that there are no eigenvalues of
the integral operator K; outside the interval (0,1/k). K; arises naturally
from the deflection problem of a beam with length 2 resting horizontally
on an elastic foundation with spring constant k, while some vertical load
is applied to the beam.

1. Introduction

We consider the vertical deflection u(z) of a linear-shaped beam with length
2l > 0 resting horizontally on an elastic foundation. The beam is subject
to the downward load distribution w(z) applied vertically on the beam. The
given elastic foundation follows Hooke’s law with spring constant k& > 0, so
that k - u(x) is the spring force distribution by the elastic foundation. Let the
constants F and I be Young’s modulus and the mass moment of inertia of the
beam respectively, so that ET is the flexural rigidity of the beam. According
to the classical Euler beam theory, the resulting deflection u(x) is a solution of
the following fourth-order linear ODE:

d*u(r)
dz?

The beam deflection problem described above has been one of the corner-

stones of mechanical engineering [1, 2, 6, 8, 9, 10, 11, 12, 13, 14]. In fact,

when the length of the beam is infinite, (1) with the boundary condition
limg s 400 u(x) = limg_, 4 oo v/ (2) = 0 has the following closed form solution [7]:

u(e) = [ K (o - €D wle)de.

(1) EI + k- u(z) = w(z).
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Here, the kernel function K(-) is

= gpesw () (G5 9)

= —exp|———= in|{— -,

v) = gp e |~ 5y N

where « := {/k/(EI). By analyzing the integral operator IC defined by

K@) = [~ K (=gl u(9)de.

Choi et al. [5] obtained an existence and uniqueness result for the solution of
the following nonlinear and nonuniform generalization of (1) for infinitely long
beam:
4

T 6 (ula), ) = w(a).

To deal with the more practical problem of the nonlinear and nonuniform
beam deflection with a finite length 2/ > 0, it is important to analyze the
integral operator K; defined by

l
Kl () = / K (= €l) () de

Recently, Choi [3, 4] performed analysis on the eigenstructure of K; as a lin-
ear operator on the Hilbert space L?[—[,[] of the square-integrable complex
functions on [—1,1].

(2) EI

Proposition 1 ([4]). The eigenvalues of K; inside the real interval (0,1/k) are
pi/k >vi/k > pa/k > vo/k >N\, 0, and p, ~ vy, ~n"* as n — oo.

Since the operator K; is self-adjoint, all of its eigenvalues are real. In fact, it
is shown in [3] that 0 and 1/k are not eigenvalues of K;. About the eigenvalues
of K; in (—o0,0) U (1/k,0), they obtained a characteristic equation in terms
of specific functions ¢, (k) and ¢(x) defined in Section 2.

Proposition 2 ([3]). A € (—00,0) U (1/k,0) is an eigenvalue of K; if and
only if Y1, (k) = q(k), where k = /1T —1/(Xk) > 0 and L = 21/2la.

In this paper, we provide a complete proof of the fact
(3) Yr(k) > q(k) for every k > 0 and for every L > 0,

from which the following result follows immediately by Proposition 2.

Theorem 1. There are no eigenvalues of the operator K; outside the interval
(0,1/k).

Theorem 1 implies that the operator K; is positive and contractive in dimen-
sion-free sense, which is relevant to the existence and the uniqueness of the
solution to the nonlinear and nonuniform problem (2). We remark that the
proof of Lemma 3.2 in [3], which also asserts (3), was incomplete in that it
only amounts to showing that ¢ (k) > g(k) for every sufficiently small k > 0
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for every L > 0, which is indeed far from complete. However, our proof of (3)
indicates that the conclusions of [3], including Lemma 3.2, Theorems 4.1 and
4.2 therein, remain unchanged.

2. Preliminaries
For x > 0, define
(k—1)%

(4) q(k) = CESEL

(5) Yr(k) = e - f (cos gr(r)),
where

(6) fO)=2-t)-v(@2-1)-1

Here, L := 2v/2la, |, o are positive constants, and the function g7, parametrized
by L > 0, is one-to-one and onto from [0, 00) to [0, 00) with g7, (0) = 0. Specif-
ically, g, which was denoted by ¢ in [3], is defined as follows:

(7) 9r(k) = Lk — §(k),

where

k4 —6K24+1

arctan{w} if0§H<\/§—1,

-z if K =v2—1,
2_
(8) 9(k) = —7r+arctan{%} ifvV2—1<kr<V2+1,
—3 if k=241,

2w+arctan{%ﬁﬂ} if K >/2+ 1.

Here, the branch of arctan is taken such that arctan(0) = 0. As is shown in
[3], ¢ is continuous and differentiable on [0, c0), and is strictly decreasing from
§(0) =0 to lim, 00 §(k) = —27. In fact, we have [3, pp. 43-44]

Lo 4
) I ===

4
(10) 9/ (%) = L+ .

The inverse g; ' of gy, is differentiable, and is one-to-one and onto from [0, o)
to [0,00) with g7 *(0) = 0.

Note that the function ¢ is differentiable. The function 1, is continuous,
but is only piecewise differentiable. (See Lemma 2(a) and its proof below.) The
following observation, which is immediate from the intermediate value theorem
and the mean value theorem, plays a key role in our proof of (3), and hence
Theorem 1.
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Proposition 3. Suppose & and n are continuous and piecewise differentiable
functions on [a,b] satisfying £(a) > n(a) and E(b) > n(b), and possible dis-
continuities of & and n' are discrete. Suppose the equation (k) < n(k) has a
solution in (a,b), and & and n are differentiable at every such solution. Then
there exists ko in (a,b) such that £ (ko) < n (ko) and &' (ko) =1’ (ko).

3. The functions ¥y and q

We first examine properties of the functions ¢z, and g. From (4), we have

q,(ﬁ)_{(ﬁ_n } _2(—1) - (k1) = (k=17 2(k +1)

(r+1)" (v +1)*
2k—D{(k+1)—(k—-1)} 4(k—-1)
ay - : BEICER))
(k+1) (k+1)
The properties of the function ¢(x) that we need, are summarized in Lemma 1,

whose proof is immediate from (4) and (11).

Lemma 1. q is strictly decreasing on [0,1] from q(0) = 1 to q(1) = 0, and
strictly increasing on [1,00) approaching 1. In particular, 0 < q(k) < 1 for
K> 0.

Note that the function f in (6) is continuous and positive. It is differentiable
except at t = 1. In fact, we have
2(2—-¢t)- (-1 2—t t
2/(2-1)2-1 VE2-t)2-1 J/2-t2-1

>0

and hence f is increasing. It follows that
(13) 0<3—2vV2< f(cosgr(k)) <1 for k>0,

since —1 < cosgr(k) < 1 and f(—1) = 3 —2v2, f(1) = 1. So ¢r(k) =
el f (cosk) > (3 — 2v/2) el*, and hence we have

(14) Yr(k) >0 fork>0, L>0,
(15) lim ¢r(k) =00 for L > 0.
K—r 00O

By (12), we have
i/ (k) = e {L- f (cosgr(k)) + f' (cos gr(k)) - (= singr(r)) - g1’ (r)}
— el | L. f(cosgr(k)) + [ (cosgr(k)) - (—singL(:)) IR0
\/(2 —cosgr(k))” =1

sin gr (k)

V@ = cosgu(m))* — 1

- g1’ (k)
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Using the identity
(17) (2 —cost)? =1 =cos®t —4cost +3 = (1 —cost) (3 — cost),

we have
. sint . /(1 — cost) (1 + cost)
im = lim
=0+ (2 — cost)® —1 =0+ /(1 — cost) (3 — cost)
1 t
(18) C 4oy Y tcost)
t=0% | /(3 — cost)
Since
. ! cost- /(2= cost)? — I —sint . 2Zcost)sint
sint _ 2/ (2—cost)2—1
( (2cost)21> (2 —cost)? —1
cost - {(2—cost)? —1} — (1 — cos?t) (2 — cost)
= 3
(2 —cost)® —1
—2cos?t +4cost — 2 2 (1 — cost)’
_ —2cos"t+4cos 2 (1 — cost) <o,
(2 —cost)® —1 (2 —cost)® —1

the periodic function sint/ (2 — cos t)2 — 1 is strictly decreasing on (0, 27),
and hence, together with (18), we have
sint
(19) ~1< <1.
(2 —cost)® — 1

Lemma 2. (a) ¢y, is differentiable at every k > 0 such that ¥, (k) < q(k).
(b) ¥i'(k) > —¥p(k)-4/ (k% + 1) for every k > 0 where ¢y, is differentiable.

Proof. Let k > 0. By (16), ¢y, is differentiable except at g£1(27m) for n =
1,2,3,.... Forn=1,2,3,..., 9L (g;1(27m)) = eL'gzl(Q’”‘)-f(Qﬂ'n) = elgr ' (2mn)
> 1 by (5) and (6), and ¢ (g7 ' (27n)) < 1 by Lemma 1. So ¢y (g7 '(2mn)) >
q (ggl(an)) for n =1,2,3,..., which shows (a).

By (16), (19), we have 1/ (k) > ¥r(k) - {L — g'(k)}, since ¥ (k) > 0 by

(14) and g1/(x) > 0 by (10). Hence (b) follows from (10). O
4. Proof of the main result

In proving (3), we will divide the cases into the following: (i) When 0 < k <
1, and (ii) when x > 1. The former case is settled with Lemma 3 below.

Lemma 3. If0 < k <1, then ¥r(rk) > q(k) for every L > 0.
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Proof. Note first that ¢¥r(1) > 0 = ¢(1) by (4) and (14). So (3) holds when
k = 1. Note also that 11 (0) = 1 = ¢(0) by (4) and (5). Suppose (3) is not true
for 0 < k < 1, so that there exists a solution of the equation (k) < ¢(x) in
(0,1) for some L > 0. By Lemma 2(a), ¥1, and ¢ are differentiable at every
such solution. Thus we can apply Proposition 3 to ¢, and ¢ on [0, 1], so that
there exists ko in (0,1) satisfying vy, (ko) < q (ko), ¥ (ko) = ¢ (ko). So by
(14) and Lemma 2(b), we have

q' (ko) = 1 (ko) > =41 (ko) -

and hence by (4) and (11),
4(ko—1) _ (ko —1)° 4

(ko +1)° ~ (ro+1)° WG+
Since 0 < kg < 1, this is equivalent to x§ + 1 < — (k§ — 1), or k3 < 0, which
implies ko = 0. This is a contradiction, and so we conclude ¥y, (k) > ¢(x) for
every 0 <k < 1. O

s e
(k) -
k1o e

For the rest of the paper, we will deal with the case x > 1. The next result
shows the nature of the equation ¥, (k) < ¢(k) with respect to L.

)
q(k) has a positive solution for
Lo, there exists Ky, > 1 such that

Lemma 4. Suppose the equation ¥r, (k)
some Ly > 0. Then, for each L with 0 < L

¥r (k) < q(kr) and Y/ (kr) = ¢ (k1)
Proof. Suppose the equation 9, (k) < ¢(k) has a solution ko > 0 for some

Ly > 0. Note that k9 > 1 by Lemma 3. From (7), we have dgr.(x)/0L = k. So
from (5) and (12), we have

<
<

awaLL(H) - a% {e"- [ (cosgr(x))}
= ke f (cosgr(k)) + e - f' (cosgr(k)) - (—singL(k)) - 895£H>

f(eosgu () singi(r)
\/(2 —cosgr(k))’ —1
sin g, (k)

V@ = cosgrim)? - 1

where we used (14) and (19) for the last inequality. Thus vy, (ko) is increasing
with respect to L, and hence ¢, (ko) < 91, (ko) < ¢q (ko) for every L such that
0< L < Lyg.

Note that (1) > 0 = ¢(1) for every L > 0. Since lim,_oq(k) = 1
by Lemma 1 and lim, 00 ¥r(k) = oo by (15), there exists by, > z¢o > 1
such that ¢, (br) > ¢ (br) for each L > 0. By Lemma 2(a), ¢, and ¢ are
differentiable at every « € (1,br) such that ¢ (k) < ¢(k). Thus, for each L

=k -el"f (cosgr(k)) — ek

>0

i 3

=k-Yr(k){1-



ON POSITIVENESS AND CONTRACTIVENESS 1231

such that 0 < L < Lo, we can apply Proposition 3 to ¢y and ¢ on [1,br],
so that there exists k;, € (1,br) C (1,00) satisfying ¥y, (k) < ¢ (k) and

¥/ (k) = ¢ (k1) O
Lemma 5. Suppose ¥y, (k) < q (k) for some k > 0 and L > 0. Then x >
1+ 2.

Proof. For L > 0, the condition ¥, (k) < q(x) implies
(=1° L% f (cos gi(k)) > =% (3 - 2\/5) >3-2V2
by (4), (5), (13), and hence
0<(5—17 = (3-2v2) (x+1)°
(2v2-2)w* —2(4-2v2) n+ (22 -2)
(2x/§ - 2) {H2 —2V2k + 1}

= (2v2-2) {s- (va-1)}{r- (va+1)}.

So we have kK < V2 —1or K > V2 + 1. Itfollowsthatfi>\/§—|—1,sincef<a>1
by Lemma 3. (|

In view of Lemma 4, it is legitimate to consider the behavior of (hypothetical)
KL, as L 0.

Lemma 6. Suppose 1, (k1) < q (k) and ¥ (k1) = ¢ (k1) with K, > 0.
Then 1imL_>Q+ KR = Q.

Proof. Note first that k7 > 1 by Lemma 3. From the assumption ¢ (kr) =
¢ (k1) and (16), we have

singy, (kr)
\/(2 — COSgL (“L))2 -1
Since ¢’ (k) > 0 by (11) and ¥, (k1) > 0 by (14), we have

¢ (kr) = i (ko) = ¥r (ko) { L —

- g1/ (kL)

singy, (kr)

\/(2 — COSgL (“L))Q -1

L — . gL/(HL) > 0,

and hence

singy, (k1)

\/(2 — COSgL (“L))2 -1

¢ (kp) < q(kp){ L— g1/ (kL)
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by the assumption ¢, (k) < ¢ (kr). So by (4), (11), we have
24 - q (kr) <1 singr, (kL)
FL ™ q (kL) \/(2—cosgL (k) —1

and hence

(20) g (kr)singr (kL) < <L

' gLI(’iL) )

: 1) \/(2 — COSgL (“L))Q - L

KT —
If L — ﬁ > 0, which is equivalent to sy, > 4/1 4+ %, then limy_,o4+ K >

L
limg 04 4/1+ % = 00, and hence we have limy_,o4 Kk, = c0. So we assume

L - ﬁ < 0 for the rest of the proof. Then the right side, and hence the left

side as well, of (20) becomes negative. By squaring the both nonnegative sides
of

— g1/ (kp)singy, (k) > — (L — “%4 1) \/(2 — cos gy, (HL))2 -1,
we have
{gr/(r1)}* (1= cos” gz (kL))
> (L - n%4 1) {(2 —cosgr (kr))® — 1}
N (L a n%4 1)2 {cos® gr (kL) —4cosgr (kL) + 3},
and hence
0> {{gL/(’iL)}2 + (L - H%4 1)2} cos® gr. (k1)

~a(r- ot 1)2cosgL (1) + {3 (1- == 1)2 - {g;m)}?}.

So we have o < cosgy, (k1) < 8, where a, 8 are (interchangeably)
1

{90/ (kL)) + (Li @4_1)2 2 (L— ,@4 I)Qi {4 (L_ H%4 1)4

! {{gL/(HL)}Q ! (L - “%4 1)2} {3 (L - H2L4 1)2 - {gLI(ﬁL)}Q}}é

2 (L* %)2 + ‘{QL/(“L)}2 - (L* ﬁ)Q‘

{gr/(kp)}? + (L - ﬁ)Q
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__{qumL)}2+-3(1;—-;fgi)z

(o) + (L )

Note that cosgr, (k) < 1 by Lemma 2(a) and its proof. Thus we must have
2
~{or' )} +3 (L - 55)

{gr/(k)}? + (L - %)2

<1,

which is equivalent to

(L - %)2 <{g1/ (k)Y = (L+ ﬁf

by (10). Since we assumed that L — 4/ (k% — 1) < 0, we have
4 4
— <L 5 > <L+ — ,
k7 —1 k7 +1

I~ 1 ( 4 4 ) _ 4
2 n%—l H%+1 n‘z—l’
which is equivalent to k;, > /1 + %. Solimy, 04 k1 > limp 04 /1 + % = 00.
Thus we have limy_,o4+ k1, = 00, and the proof is complete. O

and hence

Lemma 7. Suppose 1, (k1) < q (k1) and ¥ (k1) = ¢ (k1) with K > 0.
Then g1, (k1) < 2w and imp, 04 g1, (k) = 27.
Proof. From the assumption 97, (k1) = eX*% . f (cosgr (k1)) < q (K1), we have

elre 1 1
<

q(kr) = f(cosgr (kL)) - 2 — cos gy (kL) — \/(2 — cosgr (K,L))Q 1

=2—cosgr (kL) + \/(2 —cos gy, (kr))* — 1.

Since cost=cos(t—2m) > 1—(t—2m)?/2, we have 2—cost < 2—-{1— (t — 27)?/2}
=1+ (t —27)?/2, and hence

t —2m)> t—2m)2)?
2 — cost + (2—cww2—1g1+£——l1~+¢{1+L——EL} 1

2 2
t—2m)? t — 2m)4
:1+Q+\/(t_2ﬂ-)2+g
2 4
t—2m)? t —2m)2
:1+%+|t_2ﬂ| 1+%

— 2m)? t—2m)?
§1+%+|t—2ﬂ'|{1+(Tﬂ)}
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[t —2n?2 |t — 27|
2 8

for every t € R, where we used the inequality /1 +22/4 < 1+ 2%/8 for the
second inequality. So we have

=1+4t—2n|+

eL’iL

q(kr)
Note that, since kK, > 1+ V2 by Lemma 5,

1 1
S1+|9L(’1L)*27T|+§|9L(HL)*27T|2+§|9L(HL)*27T|3-

4/€L (Ii% — 1)

(21) qgr, (/-@L)727r:Lang(nL)72ﬂ:Lanarctanm

by (7) and (8). So from the inequality e* > 1+ x + 12—2 + % for z > 0, we have

1 1 2, 1 3
= 4Lk +=(L S (L
q(m){ + Lii + 5 (L) + ¢ KL)}
2
4Ky (m%—l) 1 4K, (Ii%—l)
<1+ LHL—arctanW +§ LHL_a'rCta'n Hi*6ﬁi+1

3
+1 4I€L(/<L%—1)
Kt —6r7 +1

Lk, — arctan
3 L

)

or equivalently,

24 + 24Lky, +12 (Lkp)* 4 4 (Lkg)®
4Kk (m% — 1)
KE —6K% +1
2

< 24q(kr) +24q (kL) |Lk — arctan

4K, (IiQL — 1)
Kt —6r7 +1

3

+12q (k1) |Lkr — arctan

4K, (n% — 1)

Lk — arctan ————~%
L K} —6K% +1

(22) +3q (kL)

Suppose

kg (k2 —1

LK,L Z arctan %
K} —6k7 +1

Then (22) becomes
0> {4—3q(rp)} (LkL)®
4K, (n% — 1)

1249 tan ————L_ 2 12 Lkr)?
+{ +9¢ (kL) arc ann‘i—Gm%—i-l Q(HL)}( Kr)

4/€L (Ii% — 1)

2
+ {24 — 9q (IiL) arctan m
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4/€L (HQL — 1)

+24q (K,L) arctan m

— 24q (HL)} Lk,

4/€L (Ii% — 1)
KE — 6K +1

4HL (FL% — 1)

2
_ 12q (K,L) arctan m

+ {24 + 3q (k1) arctan®

4/€L(H%—1)
24 tan —————5——=— — 24
+24q () aretan - Ch 0~ 2da (1)
and hence
(23) (LHL)B +a (LHL)2 +bLkr +c¢ <0,
where
12{1 - 4 21
o R0aln) | () e (=)
4—3q (kL) 4—3q (kL) K7 —6K7 +1
24 {1 — 4 21
b— {1-q()}  a(ke) arctan fL(“L2 )
4—3q (kL) 4 -3¢ (kL) Kk} —6Kr7 +1
4 7-1
‘ 9arctan%f24 ,
KT —6k7 +1
2441 — 4 2 _1
o0 al) | Balen) | v (] - 1)
4—3q (kL) 4 -3¢ (kL) k7 —6Kr7 +1
4 2-1 4 21
. arctanQ%—élarctan%—i—S .
Kk} —6k7 +1 K} —6r7 +1

Since rz, > 14 /2 and
K= 6k2 1= (12— 1)° —dr? = (K2 + 26— 1) (k2 =25 — 1)
:(n+1+\/§) (n+1—x/§) (H—1+\/§) (n—l—x/i),
we have 4k, (k2 — 1) / (k4 — 652 +1) > 0, and hence

4K, (IiQL — 1)

~ 1.5708.
Kt —6r7 +1

0 < arctan <

T
2
Again since kK, > 1+ \/57 we have 0 < ¢ (k1) < 1 by Lemma 1, and hence

1—q(se) >0 q (kL)

4—3q (kL) ’ 4—3q (kL)
It follows that a, b, ¢ > 0, which is a contradiction to (23) since Lk, > 0. Hence
we have

> 0.

4/€L (Ii% — 1)

24 Lk, < tan ——————~-.
(24) KL arcannii&i%Jrl
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By (21) and (24), we have

4HL (FL% — 1)

5 + 27 < 27.
ﬁ‘i—G/ﬁ%+1+ﬂ a

g1 (k) = Lk, — arctan

Since Lk, > 0, we have
4/€L (Ii% — 1)
Kt —6K% +1

by (24). So by Lemma 6,

4/€L (Ii% — 1)

—=2 <0
KE —6K% +1

— arctan < Lk — arctan

4y (k2 —1 4 (k2 — 1
0> lim LmL—arctan% > — lim arctan%
L—0+ K7 —6Kk7 +1 L—0+ Kk} —6k7 +1
drg (K2 —1
= — lim arctaniéf( L2 ):07
KL —00 k7 —6k7 +1

and hence we have

4k, (k2 — 1
lim < Lk — arctan % =0.
L—0+ K7 —6kr7 +1

Thus by (21) again, we have

. . . 4Ky, (IiQL — 1)
lim g (k)= lim ¢ Lrp — lim arctan ————5—= 5 + 27 = 2,
L—0+ L—0+ L—0+ K7 —6r7 +1

which completes the proof.

Lemma 7 indicates that it is enough to consider the case when gr (k) < 27
to prove (3). We will do the change of the variables from & to t via t = gr(k)

for k > 0, or equivalently, kK = gzl(t) for t > 0.

A1

Lemma 8. Suppose 0 < t < 27. Then limp_,o4 gzl(t) = g ' (-t), and

g; ' (t) < g71(=t) for every L > 0.
Proof. From the definition (7) of gz, we have
(25) Logp'(t)=g (g, (1) =t,

Differentiating with respect to L, we have

Logg () + Lotz (1)~ 3 (95 (1) - 0 (1) =0,

oL
and hence by (7) and (10),
0 gt () K K

a_LgZ (t) = 7L — g (ggl(t)) - L g'(li) T gLI(’i) <0

where we put x = g;'(t). This shows that g;'(t) is strictly decreasing with

respect to L for any fixed ¢, and consequently, gzl(t) is strictly increasing as

L\, 0.
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Suppose 0 < t < 2. If limz 04 g7 *(t) = 0o, then by (8) and (25), we have

2r >t = lim {L-g;' (0}~ lim {3 (97" ()}
:Lli%i{L g, (®)} — Jim {g(x)}
=g A0} - (om 2 e

which is a contradiction. So limy, o1 g7 ' (t) < cc. Note from (25) again that

b= lim Lo tim g0~ Jim {3 (07 ()} =0 <Lhng+ 6 <t>> |

from which it follows that limz oy g; (¢ ) =g ( . Since g7 '(t) is strictly
decreasing with respect to L, we have g; () < § ( t) for every L > 0. O

We remark that, in fact, limy_,o4 gzl(t) = oo for every ¢t > 2w, whose proof
we omit. For ¢ > 0, define

VL) =vr (o' ). dt) =qa(gL' ().

The functions ¥z, and gz, can be considered as “mollified” versions of 11, and
q as L (0. From the definitions of 1y, and vy, we have

(26) &L(t) = eL'gzl(t)f (cost) > f(cost) fort>0.

Note that §=1 (—=37/2) = 1+v2 by (8), and g;* (37/2) is strictly increasing
to g~ (=31/2) = 1++/2 as L goes down to 0 by Lemma 8. Tt follows that, for
every sufficiently small L > 0, we have gzl(t) > 1 for 37/2 < t < 27. Since ¢
is strictly increasing on (1,00) by Lemma 1, we have

(27) L) =q(g;'®) <q(g ' (-t) ford3m/2<t<2nm
for every sufficiently small L > 0

by Lemma 8.

Lemma 9. For every sufficiently small L > 0, 1y (t) > Gr(t) for 3m/2 <t <
2.

Proof. By (26) and (27), it is enough to show that f (cost) > ¢ (§7'(—t)) for
37/2 < t < 2m. Suppose 37/2 < t < 2. Note that & := §~}(—t) > 1 ++/2 by
(8). So by (8) again, we have

= () = —27 + arctan " 1)
=gK)= i arcann47652+1,
and hence

4 -1
(28) M = tan (27 — t) = — tant.

Kt —6K2+1
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Note that, for each ¢t € (37/2,27), we have —tant¢ > 0, and & is the unique
positive solution of (28) such that x > 1 4 /2. Transform (28) to

—tant - (n4—6n2+1) :4/1(112—1),

and then to
2
1 1 1
4(&——) = —tant - (52—64——2) = —tant- {(Kz——) —4}.
K K K
Putting
1
(29) rT=K——,
K
we have 4z = —tant - (22 — 4), and hence tant - 22 + 4z — 4tant = 0, which
gives
—24+ V4 +4tan’t  —2cost £ 2
T = = .
tant sint

Note that sint < 0 for 37/2 < ¢t < 27. Since k > 1, we have z > 0 by (29),

and hence
(30) x:f2cost72:72(1+cost)'

sint sint

Substituting (30) into (29) again, we have
(31) sint - 5% 42 (1 + cost) k —sint = 0.
Solving (31) for x, we have

7(1+cost):|:\/(1+cost)2+sin2t = (1+cost) £ v2y/T+ cost

sint sint

KR =

Since k£ > 0 and sint < 0, we finally have
— (1 +cost) —v/2/1 + cost _ V1+4cost+ V2

A—1 ) = g =
g ( ) " sint v1—cost
and thus by (4),
q (91 (=1)
e 2 2
- %wﬁ_l - V1+cost++v2—+/1—cost
7“‘1‘335“‘;/54_1 1+ cost+ 2+ +/1— cost

2
B V1+cost++v2—+1—cost 1+ cost++v2—+/1—cost
V1i¥cost+vV2+ 1 —cost 1+ cost++v2—+/1—cost
1

{(1+4 cost) +2v2y/1+cost +2 — (1 fcost)}Q
. {(1 + cost) + (1 — cost) + 2 + 2v/2v/1 + cost
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2
—2v2y/1 — cost — 2/1 — costy/1 —|—cost}

_ 2\/5(\/1+cost—|— \/5) —2v/1 —cost(\/l +cost—|—\/§) ?
B 2v/1+ cost (V1 + cost + v/2)

2
- \/_f\/lfcost 73fcostf2\/§\/1fcost
N v/1+ cost N 1+ cost '

By (6), it remains to show that

37cost72\/§\/1 —cost

2 —cost — /(2 — cost)’ —1 >
cos (2 — cost) 1T cost

for 37 /2 < t < 27, which is done by the following series of equivalent transfor-
mations:

—cos®t 4 cost +2 — (1 + cost) \/(2 — cost)® — 1 > 3 — cost — 2v/2y/1 — cost,

(1 —cost)® 4 (1 +cost) /(1 —cost) (3 — cost) < 2v/2v/1 — cost,
VI —cost + (1+ cost) V3 —cost < 22,
(1 —cost)® < 8+ (1 + cost)” (3 — cost) — 42 (1 + cost) v/3 — cost,
2cos?t — 8cost — 10 < —4+v/2 (1 4 cost) v/3 — cost,
(14 cost) (5 — cost) > 2v/2 (1 + cost) /3 — cost,
cos®t —10cost + 25 > 8 (3 — cost),
cos’t —2cost+1> 0,

where we used (17) for the second inequality. O

We now have all the ingredients needed to prove (3), which implies Theo-
rem 1.

Proof of Theorem 1. By Proposition 2, it is sufficient to show (3). Suppose (3)
is false, so that the equation ¢, (k) < ¢(k) has a positive solution for some
Lo > 0. Then by Lemma 4, there exists rr, satisfying ¢1, (k1) < ¢ (k1) and
i (k) = ¢ (k) for 0 < L < Lo. Let tn := g1, (k1) for 0 < L < Lo. By
Lemma 7, we have 37/2 < t;, < 27 for every sufficiently small L > 0. So by
Lemma 9, we have ﬁL (tr) > i (tr), and hence

Yr (k) = v (97" (t0)) =L (tr) > o (tr) = q (97" (t)) = q (kL)

for every sufficiently small L > 0. This is a contradiction to the result that
Y1 (kL) < g (k) for 0 < L < Ly. Thus we conclude that (3) is true. O
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