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SOME MONOMIAL SEQUENCES ARISING FROM GRAPHS

MAURIZIO IMBESI, MONICA LA BARBIERA, AND ZHONGMING TANG

ABSTRACT. s-sequences and d-sequences are fundamental sequences in-
tensively studied in many fields of algebra. In this paper we are interested
in dealing with monomial sequences associated to graphs in order to es-
tablish conditions for which they are s-sequences and/or d-sequences.

1. Introduction

In this work we consider monomial sequences establishing conditions for
which they are s-sequences and d-sequences in order to deduce some properties
of the symmetric algebra of monomial ideals, in particular of some monomial
ideals arising from graphs.

In [2] the notion of d-sequence was firstly given by Huneke for the study of
Rees rings. In [1] the notion of s-sequence is employed to compute the invariants
of the symmetric algebra of finitely generated modules and it is proved that
any d-sequence is a strong s-sequence.

Some properties about monomial s-sequences are studied. In [1] it is given
a necessary and sufficient condition for monomial sequences of length three
to be s-sequences. Afterwards, in [6] it is shown a necessary and sufficient
condition for monomial squarefree sequences of length four, and in [5] a more
general statement for monomial sequences of any length related to forests. Our
aim is to find necessary and sufficient conditions for monomial sequences of
length greater than four to be s-sequences. Some results are obtained for edge
sequences associated to very important classes of graphs and components of
them.

The d-sequences have been intensively studied by many algebraists, the
monomial d-sequences are characterized in [6]. Our aim is to investigate the
notion of d-sequence for the monomial ideals arising from simple graphs in
order to compute standard algebraic invariants of their symmetric algebra in
terms of the corresponding invariants of special quotients of the polynomial
ring related to the graphs.
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The paper is organized as follows. Section 2 is devoted to discuss monomial
s-sequences. We introduce some classes of acyclic graphs for which, using
the theory of Grobner bases, we prove conditions in order that their edge
ideals are generated by s-sequences. In Section 3 we deduce some properties
of the symmetric algebra of such graph ideals generated by d-sequences. More
precisely, we compute the following invariants of the symmetric algebra of such
path ideals generated by a d-sequence: the dimension, the multiplicity and the
Castelnuovo-Mumford regularity.

2. Monomial s-sequences associated to graphs

Main definitions and notations principally come from [4], [6] and [7].

Let G be a graph, V(G) and E(G) be the sets of its vertices and edges
respectively. G is said to be simple if, for all {v;,v;} € E(G), it is v; # v;. G is
connected if it has no isolated subgraphs.

Let G be a graph with vertex set [n] = {v1,...,v,}. Let R = K[Xq,...,X,]
be the polynomial ring over a field K with one variable X; for each vertex v;
and I(G) = ({X;X; |{vi,v;} € E(G), i#]}) be the edge ideal associated to G
generated by degree two squarefree monomials of R.

Let’s recall the theory of s-sequences in order to apply it to some classes of
edge ideals.

Let M be a finitely generated module on a Noetherian ring R, and f1,..., f;
be the generators of M. Let (ay;), for i = 1,...,¢, j = 1,...,p, be the re-
lation matrix of M. Let Sympg(M) be the symmetric algebra of M, then
Sympr(M) = R[T1,...,Ti]/J, where R[T1,...,T;] is a polynomial ring in the
variables T1,...,7; and J the relation ideal, namely the ideal generated by
g; :ZiyjaijTi fOI‘iZl,...,f,jZ 1,...,p.

If we assign degree 1 to each variable T; and degree 0 to the elements of R,
then J is a graded ideal and Symp(M) is a graded algebra on R.

Set S = R[T1,...,T:] and let < be a term order on the monomials of S. With
respect to it, if f = > anL”, where % =17 - T and a = (aq,...,) €
Nt we put ing(f) = aqT%, where T is the largest monomial in f such that
ao # 0. So we can define the monomial ideal in4(J) = ({in<(f)|f € J}).

Foreveryi=1,...,t,weset M;_1 = Rf1+---+Rf;—1and let I, = M;_; :p
fi be the colon ideal. Since M;/M;_1 ~ R/I;, I; is the annihilator of the cyclic
module R/I;. I; is called an annihilator ideal of the sequence f1,..., f;.

It is (111, I 1o, ..., I;T;) Cing(J), and the two ideals coincide in degree 1.

Definition 2.1. The sequence f1,..., f; is said to be an s-sequence for M if
(IlTl, IQTQ, e ,ItTt) = in_< (J)
When I C I, C--- C 1L, f1,..., [t is said to be a strong s-sequence.

We can use the Grobner bases theory to compute in<(J). Let < be any term
order on S = K[Xy,...,X,,T1,...,T;] with X; < T} for all ¢,j. Then for any
Grobner basis B for J C S with respect to <, we have ino(J) = ({in<(f) | f €
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B}). If the elements of B are linear in the T;, then f1,..., f; is an s-sequence
for M.

Let M =1 =(f1,...,ft) be a monomial ideal of R. Set f;; = ULM, R
where [f;, f;] is the greatest common divisor of the monomials f; and f;. J is
generated by g;; = fi; T — f;1; for 1 <1 < j <t. The monomial sequence

fi,-.., ft is an s-sequence if and only if g;; is a Grobner basis for J with respect
to the term order <.
Notice that the annihilator ideals of the monomial sequence fi,..., f; are

the ideals I; = (f1i, f2i,-- -, fi—1,4) for i =1,...,t (see [1]).

Remark 2.1 ([1, Lemma 1.4]). From the theory of Grébuer bases, if f1,..., fi
is a monomial s-sequence with respect to some admissible term order <, then

f1,-.., ft is an s-sequence for any other admissible term order.

In [1, Proposition 1.7], it is shown that a monomial sequence f1, ..., f; is an
s-sequence if [fi;, fi] =1 for all 4,5, k, 1 € {1,,...,t} withi < j, k <l, i #k,
and j # L.

Moreover, for monomial sequences of length 3, the above condition is neces-
sary, see [1, Proposition 1.8].

Afterwards, in [6, Theorem 4.1], it was proved that a monomial sequence
f1,-.., fe is an s-sequence if [fi;, fr] = 1 or f[fij, fu) | fuifji, or in case i > k,
Trilfijs fral | frafyi for any i < j, k <1, j <l and k # i.

Furthermore, for monomial squarefree sequences of length 4, the above con-
dition is also necessary, see [6, Proposition 4.7].

Using [1, Proposition 1.7], and [6, Theorem 4.1], we introduce some classes
of graphs G for which necessary and sufficient conditions hold in the case that
their edge ideals are generated by s-sequences of length ¢ > 4.

Theorem 2.1. Let G be the connected acyclic graph whose edge ideal 1(G) is
generated by f1 = X1 X, fo = XoXn, .., fuo1 = X1 Xy, in R = K[Xq,. .,
X,] for n — 1 = t. Then f1,fa,..., fn-1 is an s-sequence if and only if
[fijs fu]l =1 foralli < jk<lyi#kand j#1, 4,5,k 1€ {l,...,n—1}.

Proof. Let fi1 = X1 X, fo = XoX,, ..., fno1 = Xn_1X, be an s-sequence.
We show that [fi;, fu] = Lforalli < j, k <l,i# kandj #1474kl ¢€
{1,...,n—1}. The s-sequence property implies that B = {g;; = fi;7; — f;: i}
for 1 <i< j<n-—1isa Grobner basis of J. Hence the S-pairs
fij ik frifii

[fig frll [fijs frl]
with 4,7, k,1 € {1,...,n— 1}, i < j, i < k < I, have a standard expression
with respect to B with remainder 0. Note that, to get a standard expression of
S(gij, gr1) is equivalent to find some g5 € B whose initial term divides the ini-
tial term of S(g;;, gr1) and substitute a multiple of gs; such that the remaindered
polynomial has a smaller initial term and so on up to the remainder is 0. By [4,
Theorem 3.1], one has the standard expression S(g;5, gx1) = gi; 71 — g L. Then

S(gij, gr1) = T;Ty — T;T;



1204 M. IMBESI, M. LA BARBIERA, AND Z. TANG

there exists g;; € B whose initial term divides the initial term of S(g;;, grt)-

It follows that f;;7 } e 7T then fiy | 2 and (£, fud) | fue. Being

[[fijs frals fa]l = 1, one has [fij, fu] = 1.

Conversely, we have [fi;, fu] = [Xi, Xg] = 1 for all i < j, k <, i # k and
j#1 4,5,k 1€ {l,...,n—1}. Hence, by [1, Proposition 1.7], one can state
that I(G) is generated by an s-sequence (see also [3, Theorem 2.2]). O

Theorem 2.2. Let G be the connected acyclic graph whose edge ideal 1(G) is
genemted by f1 = XlXQ,fQ == X2X3, .. -7fn71 == anan m R = K[Xl, ceey
X,], for n —1 = t. Then fi1, fo,..., fn-1 is an s-sequence if and only if

Ufig, fr) = 1 or fulfij, fral | frafiis or feilfiz, fu) | frafje in case i >k for any
i<j, k<l,j<landi#k, i,j,kle{l,...,n—1}.

Proof. Let f1 = X1Xo, fo = XoX3, ..., fno1 = X,—1X, be an s-sequence.
We show that [fi;, fi] =1 or []{i’zl]}f;] is divided by f;i, or by fx; in case i > k,

forany i < j, k<l,j<landi#k, 4,k le€{l,...,n—1}. The s-sequence
property implies that B = {g;; = fi;T;— f;:T5 | 1 < i <j <n—1}is a Grobner
basis of J. Hence the S-pairs
fig ik frifii

[fijs fril [fijs fril
with 4,7, k,1 € {1,...,n— 1}, 4 < j, i < k < I, have a standard expression
with respect to B with remainder 0. First note that [f;;, fx:] = 1 for j = k,
because fi,..., fn—1 are squarefree monomials. Moreover, by the structure of

the monomials fi,..., fn—1, one has [fi;, fu] = 1 for j # k and ¢ # k — 1.
Otherwise, by [4, Theorem 3.1], one has the following standard expression:

S(gij> gr1) = T;Ty — T,

S(gij> grr) = [fji fi] ([f_g%_l]gile - [f'kﬂ%]}'z]gﬂTk)'
ks J g Ry Jg

Then there exists g;; € B, or, in case i > k, g; € B, whose initial term divides

the initial term of S(gi;, gri). So, it follows that f;; ’ [){’Z_lﬁ"t] or, in case i >k,
Sri D{’Zl—fﬁ;] The thesis follows.

Conversely, because fi,..., fn—1 are squarefree monomials, [f;;, fj;] = 1
and, by the structure of these monomials, one has [f;;, fu] = 1 for j # k and
k # i+ 1. Otherwise one has [f;, fr] = X; for i > k, and [fij, fr] = X} for
i < k. Then for i >kt fulfij, fullfrrfji, in fact X;X;5401 X5 X X X; X544, or
Trilfigs frall fra fye, in fact Xo X X3 X fii. For i < k: fulfij, fu)| frfjs, in fact
X; X ;41 X,|X; XX Xj41. Hence, by [6, Theorem 4.1], one can state that I(G)
is generated by an s-sequence (see also [3, Theorem 2.2]). O

3. Monomial d-sequences and symmetric algebras of graph ideals

The concept of d-sequence was firstly given by Huneke [2] for the study of
Rees rings. We are interested in monomial d-sequences.
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Let R be a Noetherian ring, f1,..., ft € R be a monomial sequence. We say
that fi1,..., f: is minimal if it is a minimal system of generators of the ideal
I=(f1,...,ft), which is equivalent to f; does not divide f; for all i # j.

Definition 3.1. A monomial (minimal) sequence fi,...,f; € R is called a
d-sequence if (f1,..., fi—1) : fif; = (f1,..., fic1) : fj forall 4,5 with 1 <4 <
7 <'t, or, equivalently, if and only if

( fi Ji—1 ) _ ( f1 fiz1 )
o, fifs) 7 fiers fif) s 57 Ui £
Further definitions and notations are in [6] and [4].

Lemma 3.1 ([6, Theorem 2.1]). Let f1,..., f: be a squarefree monomial se-
quence. Then f1,...,ft is a d-sequence if and only if there is no i # j such
that fi| f; and [fi, fi]| fi, V1 <i<j <k <t

Corollary 3.1 ([1, Corollary 3.3]). Any d-sequence is a strong s-sequence.

Corollary 3.2. If f1,..., fi is a d-sequence, then (f1,..., ft) is an ideal of
linear type.

We are interested to give a classification of graphs G having generalized
graph ideals generated by d-sequences.

Let’s recall the definitions of certain examined graphs.

Cycle graphs on vertex set [n], denoted by C,, consist of a unique cycle of
length n, that is an alternating sequence of n+1 distinct vertices and n edges
that begins and ends at the same vertex.

Complete graphs on vertex set [n], denoted by KC,,, are those for which there
exists an edge for all the possible pairs {v;,v;} of vertices of it.

Star graphs on vertex set [n] = {{vi}, {v1,...,vi=1,vit1,v,}} with center
v;, denoted by star;(n),i = 1,...,n, are complete bipartite graphs of the type
Kina1.

Definition 3.2. The generalized graph ideal of G, denoted by I,(G), is the
ideal of R generated by all the squarefree monomials X;, --- X;,  of degree q
such that the vertex v;, is adjacent to v;,,, forall 1 <j <q—1.

Definition 3.3. A path of length ¢ — 1 in G, or (¢ — 1)-path, is an alternat-
ing sequence of vertices and edges {v1, f1,v2,...,V4-1, fg—1,Vq}, Where f; =
{vi,vi41} is the edge joining v; and v;41, and all the vertices are distinct.

Paths consisting of the same elements, different only on the order, are equal.

Remark 3.1. I,(G) is associated to the paths of length ¢—1 in G. More precisely,
the generators of I,(G) correspond to the (¢ — 1)-paths in G.

In particular, I5(G) is the generalized graph ideal generated by degree two
squarefree monomials corresponding to the edges of G. I2(G) is the edge ideal
of G, simply denoted by I(G).
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Now we expose a classification of graphs G having generalized graph ideals
generated by d-sequences, for fixed ¢ > 3.

Proposition 3.1. Let G be a graph with n > 3 wvertices, Is(G) = (f1,..., ft).
Then f1,..., ft form a d-sequence if and only if G is one of the following:

Cs3 = K3, the triangle;

E(G) = {{v1,v2},{v2,v3}} and I3(G) = (X1 X2X3);

E(g) = {{1}1,’02}, {1)2,’03}, {1)3,’04}} and Ig(g) = (X1X2X37X2X3X4);

E(g) = {{’UZ‘, ’UiJrl}, 1= 1, 2, 3, 4} and Ig(g): (XlXQXg, X3X4X5, X2X3X4);
any other one consisting of the union of two or more among them.

Proof. Let G be a graph on [n] vertices. Suppose that I3(G) = (f1,..., f:) and
fi,-.., ft form a d-sequence, for any ¢. Then it is necessary that G is one of
the graphs described in the statement.

Suppose by contradiction that G is the graph on [6] vertices with edge set
E(g) = {{’Ui,’UiJrl},i = 1, 2,3,4,5} and consider Ig(g) = (X1X2X37X2X3X4,
X3X4 X5, X4X5Xs); regardless of the order, by Lemma 3.1, the sequence of the
generators of I3(G) will never be a d-sequence. For such graphs it is possible
to generalize to [n] vertices.

The same reason can be done for graphs on [n] vertices with edge set
{{v1,v2}, {va, v3}, {v2,v4}, ..., {v2, v, }} and for any other graph.

Conversely, suppose that G is one of the graphs in the statement; in par-
ticular, without lack of generality, if it is the graph on [5] vertices with edge
set {{v1,v2},{ve,v3}, {vs,va}, {va,v5}} and I3(G) = (f1, f2, f3) such that f1 =
X1XoX3, fo = X3 X4 X5, f3 = XoX3Xy, then f1, fo, f3 is a d-sequence because
[fl, fg] = Xg divides fg. [l

Proposition 3.2. Let G be a graph with n > 4 vertices, 14(G) = (f1,..., ft).
Then f1,..., fi form a d-sequence if and only if G is one of the following:
Cy4, the square;
84 =C4 U {one diagonal};
K 4, the square together with its diagonals;
E(G) = {{v1,va}, {va,vs},{vs,v4}} and I4(G) = (X1 X2 X3X4);
E(g) = {{’UZ', ’UiJrl},’i == 1, 2, 3,4} and I4(Q) = (X1X2X3X4, X2X3X4X5);
E(g) = {{’UZ', ’UiJrl},’i == 1, 2, 3,4, 5} and I4(Q) = (X1X2X3X4, X3X4X5X6,
Xo X3 X4 X5);
E(G) = {{v1,v2},{va,v3}, {vs, 04}, ..., {v3,0n}} and I4(G) = (X1 X2X3X4,
e ,X1X2X3Xn);
Cs3 U stary(n—2), the union of C3 and the star graph with center a vertex
Vo Ong;
any other one consisting of the union of two or more among them.

Proof. Let G be a graph on [n] vertices. Suppose that I4(G) = (f1,..., fi) and
fi,..., ft form a d-sequence, for any ¢. Then it is necessary that G is one of
the graphs described in the statement.
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Suppose by contradiction that G is the graph on [7] vertices with edge
set E( = {{quz-l-l} 1= 1 6} and I4(g) (X1X2X3X4,X2X3X4X5,
X3 Xy X5X6, X4 X5 X6X7); regardless of the order, by Lemma 3.1, the sequence
of the generators of I,(G) never will be a d-sequence. For such graphs it is
possible to generalize to [n] vertices.

A similar reasoning can be made for any other graph.

Conversely, suppose that G is one of the graphs in the statement; in partic-
ular, without lack of generality, if it is the graph on [n] vertices with edge set
{{v1, v}, {va,v3}, {vs,va}, {vs,v5},...,{vs,vn}} and I(G) = (f1, fay.- -, ft)
such that fl = X1X2X3X4,f2 = X1X2X3X5,...,ft = X1X2X3Xn, then
fi,..., ft is a d-sequence because [f;, f;] = X1X2X3 divides fp,V 1 < i <
I<k<t. Il

Proposition 3.3. Let G be a graph with n > 5 vertices, Is(G) = (f1,..., ft).
Then f1,..., ft form a d-sequence if and only if G is one of the following:
Cs, the pentagon;
S5 = C5 U {any proper subset of the diagonals of C5};
K5, the pentagon together with all its diagonals;
E(G) = {{v1,v2},{ve, v}, {vs,va},{va,v5}} and I5(G) = (X1 X2 X35X4X5);
E(G) = {{vi,viz1},1=1,2,3,4,5} and
I5(G) = (X1X2X3X4X5,X2X3X4X5X6);
EG) = {{vi,viy1},i=1,...,6} and
I5(G) = (X1X2X3X4X5,X3X4X5X6X7,X2X3X4X5X6);
E(g) = {{v1,v2}, {v2, v3}, {vs, va}, {va, v5}, ... {va, vn}} and
I5(G) = (X1 Xs X5 X1 Xs, .., X1 Xo XX X,0);
C4 U stary,(n—3), the center of the star graph is any vertex v, of Cg;
S4 U starg(n—3), v, vertex of Sa;
K4 U stary,(n—3), v, vertex of K 4;
C3 U stara(n—3) U starg(2), va # vg vertices of Cs;
C3 UCY such that a vertex of C3 is in common with one of C’;
any other one consisting of the union of two or more among them.

Proof. Let G be a graph on [n] vertices. Suppose that I5(G) = (f1,..., f:) and
fi,-.., ft form a d-sequence, for any ¢. Then it is necessary that G is one of
the graphs described in the statement.

Suppose by contradiction that G is the graph on [8] vertices with edge
set E(g) = {{’Ui,’UiJrl}, i = 1,.. ,7} and consider 15(9) = (X1X2X3X4X5,
X2X3X4X5X6, X3X4X5X6X7, X4X5X6X7Xg); regardless of the order, by
Lemma 3.1, the sequence of the generators of I5(G) never will be a d-sequence.
For such graphs it is possible to generalize to [n] vertices. A similar reasoning
can be made for any other graph.

Conversely, suppose that G is one of the graphs in the statement; in partic-
ular, without lack of generality, if it is the graph on [n] vertices with edge set
{{v1,va}, {v1,v4}, {v2, 03}, {v3,v4},{va,05},...,{va,vn}}, namely the graph
Cs U star4(n—3), and I5(g) = (fl, .. .,ft) such that fl = X1 X9 X3X4 X5, fg =
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X1 XoX3X4Xs, ..., fi = X1 XoX3X4 X, then f1,..., fi is a d-sequence because
[fiafj] = X1 X2 X3X, divides fk,v 1<y <j < k<t O

Proposition 3.4. Let G be a graph with n > 6 vertices, Is(G) = (f1,..., ft).
Then f1,..., ft form a d-sequence if and only if G is one of the following:

Cg, the hexagon;

S¢ = C¢ U {any proper subset of the diagonals of C¢};

K¢, the hexagon together with all its diagonals;

)
) = (X1X2X3X4X5X6);
={{v,viz1},i=1,...,6} and
) = (X1X2X3X4X5X6,X2X3X4X5X6X7);
={{v,viz1},i=1,...,7} and
) = (X1 X2 X3 X4 X5 X6, X3 X4 X5X6X7 X5, XoX3X4X5X6X7);
= {{v1,v2},{v2,v3}, {v3, v4}, {va, 05}, {v5,06},...,{vs,vn}} and

Is(G) = (X1 X2 X3 X4 X5 X6, ..., X1 X0 X3 X4 X5X,,);

Cs U stary(n—4), the center of the star graph is any vertex vy of Cs;

S5 U starg(n—4), v, vertex of Ss;

K5 U star,(n—4), v, vertex of Ks;

C4 U stary(n—4) U starg(2), va,vg adjacent vertices of Ca;

Sy U starg(n—4) U starg(2), va,vs vertices of S4 not belonging to its
diagonal;

C3UCy such that a vertex of C4 is in common with one of Cs;

C3 US4 such that the vertex v ¢ {diagonal of S4} is in common with one
of C3;

C3UCY U starg(n—4) with v, common vertex of C3,Cl5; vg (B#a) vertex of
C3U C/g,
any other one consisting of the union of two or more among them.

Proof. Let G be a graph on [n] vertices. Suppose that Is(G) = (f1,..., fi) and
fi,..., ft form a d-sequence, for any ¢. Then it is necessary that G is one of
the graphs described in the statement.

Suppose by contradiction that G is the graph on [9] vertices with edge set
E(g) = {{’Ui, ’Ui+1}, 1= 1, ey 8} and 16(g) = (X1X2X3X4X5X6, X2X3X4X5X6
X7, X3X4X5X6X7X8, X4X5X6X7X8X9); regardless of the order, by Lemma
3.1, the sequence of the generators of Is(G) never will be a d-sequence. For
such graphs it is possible to generalize to [n] vertices. A similar reasoning can
be made for any other graph.

Conversely, suppose that G is one of the graphs in the statement; in partic-
ular, without lack of generality, if it is the graph on [n] vertices with edge set
{{v1,v2}, {v1,v3}, {va,vs}, {vs,va}, {vs,v5}, {va,v5}, {vs,06},...,{vs,vn}},
namely the graph C3 UC%5 U stars(n—4), and Is(G) = (f1, fa, ..., ft) such that
fi = XiXo X3 Xy X5Xe, fo = X1 XoX3XuX5X7,..., fi = X1 XoX3XyuX5X,,
then fi,..., fi is a d-sequence because [f;, f;] = X1 X2X3X4 X5 divides fi,V 1 <
1<j<k<t. O
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Let’s consider a significant class of generalized graph ideals generated by a
d-sequence.

Theorem 3.1. Let G be the graph on vertex set {v1,...,v,} whose edge set is
E(g) = E(Cm) U {{Uia Um+1}a {'Um—i-l, Um+2}a sy {Um+k—1’ Um+k}}
U {{Uja Um-‘rk-‘rl}a {Uj; Um+k+2}a sy {Uja Un}}a

where Cy, is the cycle on vertices {v1,...,vm}, m <n, k an integer, v;,v; are
vertices of Cp, with i # j. Then the generalized graph ideal Ip,1r1+1(G) C R =
K[Xy,...,X,] is generated by a d-sequence.

Proof. The generalized graph ideal I,,,1x+1(G) is generated by the squarefree
monomials

fi=X1Xo X Xong1 - Xk Xkt 1,
f2 - X1X2 c 'Xme+1 T Xm+ka+k+2;

fnfmfk = X1X2 c 'XmeJrl e Xeran-

One has [fi, fj] = X1Xao - X Xmt1 - Xtk divides fi for all 1 <i < j <
k <n —m — k. Hence by [6, Theorem 2.1, f1, fa,..., fn—m—k i & monomial
d-sequence. O

Corollary 3.3. Let G be the graph on vertex set {vi,...,vn} of the above
theorem. Then the generalized graph ideal Iy1x4+1(G) C R = K[X1,...,X,] is
generated by a strong s-sequence.

Proof. Tt descends from [1, Corollary 3.3]. O

Finally, let’s use the theory of s-sequences for computing standard algebraic
invariants of the symmetric algebra of the generalized graph ideal I;,4x+1(G)
in terms of their annihilator ideals.

Proposition 3.5. Let G be the graph on vertex set {vi,...,vn} of Theorem
3.1. The annihilator ideals of the generators of Im4x+1(G) are

Li=(0), Ii=(Xmtkt1, Xintht2,- s Xmtkti-1) fori=2,...,n—m —k.
Proof. Let I(G) = (f1,..., ft), where
fi=X1Xo - X X1 X Xkt 1,
Jo=X1Xo Xy X1 Xonp ke Xt k42,

fr=X1Xo X Xms1 - XosnXn and t =n —m — k.

Set fnr = [f{—hfk] for h < k, h,k = 1,...,t. Then the annihilator ideals of

the monomial sequence fi, ..., fy are I; = (f1i, fai,-- -, fiz14) for i =1,... ¢t
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For i = 1 we have I; = (0) and by the structure of these monomials it
follows Io = (fi12) = (Xm4r+1)s I3 = (f13,f23) = Xgrs1, Xontbht2), - -
I = (fie: fats o fro1t) = (Xngrr1, Xongha2s - -, Xn—1). Hence

Ii = (Xomgkr1s Xmaka2s oo Xongkpio1) fori=2,....n—m—k. O

Remark 3.2. By Proposition 3.5 one has

in<(J) = ((Xm+u+1) T2y (Xontbt1, Ximthr2) Ts, - - o
(Xt ht1s Xmtkt2, s Xne1) Tnem—k)-
Theorem 3.2. Let G be as in Theorem 3.1. Then:
(a) Sympr(Im+x+1(G)) is Cohen-Macaulay of dimension n + 1;
(b) e(Symp(Im+r+1(9))) =n—m —k;
(c) reg(Sympr(Imtk+1(9))) = 1.
Proof. The s-sequence that generates I,,+x+1(G) is strong.

(a) It descends from [6, Theorem 4.8].
(b) By [1, Proposition 2.4], it follows that

n—m—=k

e(Symr(Ln+r+1(9 Z e(R/L;).
i=1
By Proposition 3.5 the annihilator ideals I; are generated by a regular se-
quence, then e(R/I;) =1 for i = 2,...,n —m — k, and e(R/(0)) = 1. Hence
e(Symp(Imix11(G))) =n—m —k.
(c) By [6, Theorem 4.8], one has

reg(Symp(Im+r+1(9))) < max {Z deg(fij) — (G —2)},

2<j<t

where t =n —m — k. Then

reg(Symp(Im+r+1(9))) < maX{Zdeg Xmyrri) = (= 2)}

2<5<t

:(]*1)*0*2):1-
Moreover J is generated by linear forms of degree two. Then

reg(Symr(Im+r+1(9))) = 1.
It follows that reg(Symr(1(G))) = 1. O
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