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OPTIMAL CONTROL OF THE VISCOUS WEAKLY
DISPERSIVE BENJAMIN-BONA-MAHONY EQUATION

LEI ZHANG AND BIN Liu

ABSTRACT. This paper is concerned with the optimal control problem
for the viscous weakly dispersive Benjamin-Bona-Mahony (BBM) equa-
tion. We prove the existence and uniqueness of weak solution to the
equation. The optimal control problem for the viscous weakly dispersive
BBM equation is introduced, and then the existence of optimal control
to the problem is proved.

1. Introduction
It is well known that the Benjamin-Bona-Mahony (BBM) equation
(1.1) Uy — Ugpt + Uy + Uty = 0

was initiated by Benjamin, Bona, Mahony in [2], which is motivated by the
Korteweg-de Vries (KdV) equation [4]

(1.2) Ut + Uppe + Ug +utty =0

for modeling water waves of small amplitude and large wavelength. In all these
equations, u denotes a wave amplitude or velocity, = is proportional to the
physical distance and t is proportional to the elapsed time.

When the non-linear terms of Eq.(1.1) are replaced by uPu, for p > 0, the
resulting equations reads

(1.3) Up — Ugzt + Uy + uPuy = 0,

which is called a generalized BBM equation. It has been found that (1.1)
possesses global solutions for smooth initial data [2] for p = 1, which can be
easily extended to the general case (1.3), and the solitary wave solutions of
(1.3) are stable when p < 4 [2].

A great deal of research has been devoted to the BBM equation. For exam-
ple, Avrin and Goldstein [1] studied the global existence for the BBM equation
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in arbitrary dimensions. Chen [3] discussed the periodic initial-value problem
for BBM equation. Nickel [8] obtained the elliptic solutions to a generalized
BBM equation. Zeng [18] obtained the existence and stability of solitary wave
solutions of equations of BBM type. Moreover, we also remark that some stud-
ies are concerned with the control of BBM equation, such as [7, 9]. In [9], Rosier
and Zhang studied the unique continuation property and control for the BBM
equation on a periodic domain. And in [7], Micu discussed the controllability
of the linearized BBM equation.

On the other hand, many results have also been obtained for the opti-
mal control of partial differential equations, we refer to [6, 10] and refer-
ences therein. Specially, here it is worth mentioning about the optimal con-
trol problems for the viscous weakly dispersive equations. For example, Shen
and Gao [11] discussed the optimal control of the viscous weakly dispersive
Degasperis-Procesi equation. Vedantham [17] studied the optimal control of
the viscous Burgers equation using an equivalent index method. Sun [13] ob-
tained the maximum principle for optimal distributed control of the viscous
Dullin-Gottwald-Holm equation. Tian [16] considered the optimal control of
the viscous Camassa-Holm equation. Lenells and Wunsch [5] discussed the
weakly dissipative Camassa-Holm, Degasperis-Procesi and Novikov equations.
Smaoui [12] studied the boundary and distributed control of the viscous Burg-
ers equation. L. Tian and C. Shen [15] considered the optimal control of the
viscous Degasperis-Procesi equation.

To the best of our knowledge, few papers can be found in the literature for
the optimal control problem of the viscous weakly dispersive BBM equation.
So, being inspired by the above mentioned, the purpose of this paper is to
study the optimal control problem for the following viscous weakly dispersive
BBM equations

(1.4) Ut — Uzt — E(U — Ugz )gm + Uz + Uz + AU — Ugg )y = 0,

where A(u— 1z ), is a dispersive item, &(u — Uz ) 2o 1S & viscous item, e > 0 and
A > 0 are two constants. More specifically, we are concerned with the following
control system

min{J(y,@)} = 31|Cy — z[IF + §11©172 ()

Yt — EYza + NYo + UzlY + Uy — UglUpy = f + B0,

y(x,0) = u(x,0) — ug,(2,0) =9 € H,

w(0,8) = u(1,t) = uz (0,8) = up (1, 1) = e (0,1) = uze(1,1) =0,

(1.5)

where y = u; —uz,. The aim is to match the given desired state z by adjusting
the body force, @ is a control belongs to the Hilbert space L?(Qo) with min-
imal energy and work, the first term in cost functional measures the physical
objective, the second one is the size of the control, where § > 0 plays the role
of a weight.
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The paper is organized as follows: In Section 2, we obtain the existence and
uniqueness of weak solutions to (1.5), and establish the inequality for the norm
of weak solutions with initial values and control items. In Section 3, we discuss
the optimal control of the viscous weakly dispersive BBM equation and prove
the existence of the optimal control.

2. Existence and uniqueness of weak solution for the viscous
weakly dispersive BBM equation

For fixed T > 0, set 2 = (0,1), Q@ = (0,T) x Q and Qop C @ be an open set
with positive measure. Let V = Hi(0,1), H = L?*(0,1), V* = H=1(0,1) and
H* = L?(0,1) are dual space respectively. It is well known that V is dense in
H, and

Ve H=H" V"

moreover, the embedding being dense. The extended operator B* € L(L?(Qy),
L?(V*)) is introduced as

B*g = q, quOv
! {o, 7€ Q\Qo.

We also supply H with the inner product (-,-)z and the norm || - ||z, and
define ||ul|gm ) = [[D™ul|g, here D™ = 0™ /0z™ (m = 0,1,2,...). A new
space W(0,T; V) is introduced as

W(0,T;V)={f:feL*0,T;V), f € L*(0,T;V*)},

which is a Hilbert space endowed with common inner product.
Now, consider the following viscous weakly dispersive BBM equation

Ut — Ugat — E(U - uxm)zz + Uy + Uy + )\(u - Uzz)m = f + B*C‘_}a
(2.1) u(z,0) = up(x),
w(0,t) = u(1,t) = uz(0,t) = ug(1,t) = g (0, ) = uge(1,8) =0,

where z € (0,1), t € [0,T], f + B*@ € L*(0,T;V*). Setting y = u — ty,, from
(2.1), we obtain a quasi-linear evolution equation:

Yt — EYza + Yz + UgY + Uy — Uglye = f + B*©,
(2.2) y(x,0) = u(x,0) — uge(x,0) =,
w(0,t) = u(1,t) = ux(0,t) = uy(1,t) = g (0,8) = uyr(1,t) = 0.

In order to prove the existence of weak solution to the viscous weakly dis-
persive BBM equation, we give the definition of the weak solution in the space
wW(0,T;V).
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Definition 2.1. A function y(z,t) € W(0,7;V) is called a weak solution to
Eqs.(2.2), if
(2.3)
%(ya U)H + E(yzv Uz)H + /\(yma U)H + (umyv U)H + (uma U)H - (uzuzza U)H
=(f+Bw,v)vv
for allv € V, a.e. t € [0,T] and y(x,0) = 2.

Remark 2.1. Since W(0,T;V) is compactly embedded into C(0,T; H) ([6],
[19]), then y(z,0) = ¢ € H is valid.

Theorem 2.1. Letv € H, f € L?(0,T;V*). Then for any & € L*(Qo), there
exists a unique weak solution to the Eqs.(2.2) in the interval [0,T].

Proof. Since —9? is a Laplacian operator with one dimension, we can choose
the base functions {w;}jen in V with w; being the eigenfunctions subject to
the Dirichlet condition:

(24) {—6% wj:)\j wj, inQ,

w; =0, on S

We also normalize w; such that ||w;|| gz = 1 [19]. By the elliptic operator theory,
{w;} forms base functions in V. Now we use the Faedo-Galerkin method to
find the approximate solution.

For Vm € N, define the ansatz space by

Vin = span{wy, wa, ..., wy} C V.

Set
g = 3 (i),
i=1

which satisfied the following identities:

(2.5)
Ymt — EYmaa + Aymw + UmaYm + Uma — UmazUmzx = f + B*@a
ym(z, 0) = Ym,

U (0,8) = U (1,8) = Uma(0,8) = Uma(1,t) = Umaz(0,1) = Umaa(1,t) = 0,

where Yy, = U — Umage and Yy, (0) = ¥, — ¢ strongly in H as m — oo.

Now, we prove the existence of weak solution by analyzing the limiting
behavior of sequences of smooth functions {u,,} and {y,,}.

Since Eqgs.(2.5) are first-order differential equations, thus by the usual Picard
iteration method used in ODE, one can conclude that there exists a ¢, > 0
such that, the problem Egs.(2.5) admits a unique local solution in [0, ¢,,]. We
will show that the solution is uniformly bounded as t¢,,, — T
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Multiplied Egs.(2.5) both sides by u,, and integrating with respect to x over
Q, we get
1d

(26) 5 mll3 + o) + e(lmll? + uml3e) = (F + B, wnhv- v
Integrating (2.6) from 0 to ¢, we have
1 t
g0+ ) 2 [l + )
‘ 1
@D = [ Bauve s+ 5O+ ).

Since f + B*w € L?(0,T;V*), so there exist a constant C; > 0 such that
(28) Hf+B*CD||L2(O,T;V*) S Cl,
and M; > 0 such that
1
(2.9) §(Ilum(0)|\§{ + [[um(0)[[3) < M.

By Young’s inequality, we obtain

t t
’/ (f +B*@, um)v- vds S/ 1f + B*&|[v+[[umllvds
0 0

1 t t
g—/ ||f—|—B*Cu|%,*ds+s/ |2 ds
€Jo 0

1 ~ t
<17+ Bl +2 [ unlpds
0

02 t
—1+€/ [t ||?ds.
0

(2.10) <=

It follows from (2.7)-(2.9) that

1 t t 02
§(||um|\%;+||um||"’v>+s/ (et |2 + ||| 22)ds < s/ s + =+ M.
0 0
So,
2
(2.11) lumllF + llumlly, < ng +2M, = C3
for Vt € [0, T], and C > 0 is a constant. Which implies, by (2.11),

[umllr < Cay Nlumllv < Co.

Again, multiplied Egs.(2.5) both sides by — ., and integrating on (0, ¢)x {2,
we obtain

1 t
5 Uy + lwml32) +5/0 (lmllzz + Nl 75 ) s

t t
= 7/ <f+B*Qaummx>V*,VdS+/ (umumxaummm>Hd5
0 0
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(2.12) + %(Hum(o)l\?z + [lum (0)172)-

Thus, from (2.8), we have

t
‘/ <f+B*@;umzz>V*,Vds‘
0

IN

t
/ 1f + B*&llv+|[tm|| psds
0

1 . ‘
< 2+ Bl +e | lunliods

a

(2.13) <=

t
b [ s
0

By Poincaré inequality and Sobolev embedding theorem, we get

t
0

t
< / et 2]t o ezl s
0
t
< KCa [tV i 1o
0

t
(2.14) Skcz/ [l ds,
0

where k is an embedding constant. From (2.12)-(2.14), we obtain

t 2
2C
(2.15) [uml¥ + lumlFe < chz/ [t |32 ls + Tl +2M,
0
where Ms satisfies
1
5 (em O + um(0)[72) < Mo.
By using Gronwall’s inequality, we get from (2.15) that
202
€
Thus we know that ||, |72 < Cs.

Now, we will give a uniform L?(0,T; V) bound on the sequence {y,,}.
Multiplied Eqs.(2.5) both sides by y,, and integrating over €2, yields that

1d 2 9 /1 5 /1
24" m mx md - maUmazx md
(2.17) 2dt”y 17 + ellymlly + ; Uma 2, d i U UrmzaYm T

= <f + B*‘Da ym>V*,V-

By Poincaré inequality and Sobolev embedding theorem, we have

1 1
‘/ Umaz y72n dm‘ = 2‘/ Um Yma Ym dl"
0 0

< 2ffumllzes [[ymlla [lymllv

(2.16) % < (—2 4 2My)e* 702 = C2.
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<2k Jumllv Yymllz 1ymllv
(2.18) < 2kC |lymlla lymllv,

and
1 1 1
0 2 0

1
< Sllmalle Tumells lymell

k
< Sllumallv flumllv ymllv
- kEC2C3
-2
It then follows from (2.17)-(2.19) and Young’s inequality that

(2.19) [ymllv-

~—~

2||f + B*©|

d
E”yMH%{ +2¢lym}; < ve +kCoCs)ymllv + 4k Collyml| zllymllv

<

™o

. e
QU7 + Bl + k205 +

32 €
In view of (a + b)? < 2(a? + b?

~—

, from above inequality, we have
32

Allf + B[y +k*C305) + K C3llyml 7 -

O |~

d
(2.20) E”yMH%{ +elymlly <

=

Integrating (2.20) on interval [0, t], we obtain

t t
(2.21) Iyl + ¢ / lyml2ds < Ms + M, / Yol Zeds,
0 0

where M3 = 2(4C? + k*TC3C3) + ||¢[|3, My = 2k*C3 are positive constants.
By using Gronwall’s inequality to (2.21), there exists a M5 > 0 such that

(2.22) [ymlla < Ms.
Thus, combine (2.21) with (2.22), there exists a Mg > 0 such that
(2.23) lymll2(0,7:v) < M.

In what follows, we shall give a uniform L2(0,T;V*) bound on the sequence
{ymt}'

By Egs.(2.5) and Sobolev embedding theorem, we obtain

ymellv=="sup (Yme, d)v+v

llollv=1
< f + B ollv- +ellymllv + AMlymlla + llum |z llymllv + uml &

+ 2o

kC3
(224) < |f+B@lv- + (e +Co)lymlv + Co+ 2 + AM.
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It follows from (2.24) that

.~ k
(2:25) [lymellv- < 31f + B'@I[5 +3(c + Co)?lym|[T, +3(Ca + 5C5 + AMs)*.

Integrating the above inequality with respect to ¢ on [0, T], we get
[ymtl a0y < 3IF + B ®ll720, 750+ + 3 + C2)?[ymll720,71)

k
+3T(Cy + 503? + A\M3)?

< 30% +3ME(e + C2)? +3T(Ca + gcg + AM5)?
(2.26) = M3
Thus, from (2.23) and (2.26), we have
2:27)  Nymlivo.r.v) = lmlZ20,7v) + [1YmelZ20.70+) < Mg + M7 < o0,

So, there exists a subsequence of {y,,}, without loss of generality, denote the
subsequence by {y,,}, such that

(2.28) Ym —y weakly in L?(0,T;V),
and
(2.29) iym - iy weakly in L?(0,T; V™).
dt dt
Since W (0,T;V) is compactly embedded into L?(0,T; L>°(12)) [14], we have
(2.30) Yym —y strongly in L*(0,T; L°°(2)).
By Remark 2.1, it is shown that
(2.31) Ym — y strongly in C(0,T; H).
Moreover,

U, —> Uy Uy — Uz, Umgz — Uzg, strongly in the space C(0,T; H).

In following, we are going to verify the y is a solution of (2.2). Setting
n=~&,{t)v € 2(0,T;V), here {(t) € 2(0,T), v € V. From (2.5), we obtain

T
/ (f + B*@,ny- vt
0
T

T T
:/ <ymt777>v*,vdt+€/ (Ymas ) adt + X | (Yma, n) dt
0 0 0
T

T T
0 0 0

Again, from (2.28)-(2.31), we have

T
’/ (umzym _umya‘P)Hdt}
0
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T
0
T
< / etmall 2l el im — et + / et — wull 2l el v 1
0 0
< HUmHC(o,T;H)H‘PHL?(O,T;V)||ym - y||L2(0,T;L°o)

+ 1yl 20,759y l@l L2 (0,739 1m — ullc(o,1m)
— 0, m — 400, Vo € L*(0,T;V)

SQ]/ (tme)? — (1) ||H|\¢|\Hdt\

| /\

2
§T2 | (Uma)” — (ux) ||C(0TH)||80||L2(0TH)

— 0, m— +oo, Yo € L*(0,T;V).
Letting m — 400 in (2.32), yields that

T
|+ mam
0
T T T
:/ <yta77>V*,th+5/ (ym,m)HdH/\/ (Y, M) mdt
0 0 0

T T T
(2.33) —|—/ (umy,n)Hdt—i—/ (um,n)Hdt—/ (Ug sy ) rdt.
0 0 0

Since 2(0,T;V) is dense in L?(0,T;V), the above equality holds for all func-
tions n € L2(0,T;V). Hence, we have specially

d
g — (s +eWa, )i + AN Yzs i + ey, M) g + (e, ) g — (Uptgr, n) o

=(f+B'0,nv-v

for each n € V and a.e. t € [0,T].
From (2.31), we have y,,(0) — y(0) strongly in H. So, it also weakly con-
vergence in H, by the uniqueness of the limit, we have

(2.34) y(w,0) = ¥,
On the other hand, it is clear that the uniqueness of the weak solution follows

from the inequality (2.20) immediately.
Thus the proof is therefore complete. O

In the following, we shall establish the inequality for the norm of weak
solution with initial value and control item, which is necessary in discussing
the exitance of optimal control.
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Theorem 2.2. Let ) € H, f € L?(0,T;V*). Then for Yo € L*(Qo), there
exists constants L1, Lo > 0, such that

HyH%/V(O,T;V) < Li(lIf + B*(‘DH%Z(O,T;V*) + 1ell3) + Lo.

Proof. Multiplied Eqs.(2.2) by u, and integrating over €2, which implies

1d .
(2.35) 5 7 (lullZ + 1ulle) + ellully + llulfz) = (f + B @, u)v- v
Similar to the argument in the Theorem 2.1, we have
(2.36) lullaz < C2,  lully < Cs,

where (5 is a constant the same as in Theorem 2.1.
Similarly, multiplied Egs.(2.2) by —u,. , and integrating over 2, we obtain

(2.37) [[tml g2 < Cs,

where Cj is also a constant from (2.16).
Again, multiplied Egs.(2.2) by y and integrating over €2, which yields

1d ! ! .
(2.38) 5=yl + elvlly +/ ugy?dz —/ ugtigayde = (f + B*@,y)v- v
0 0
since
1
(2:39) | [ wavida] < 2k Jullv ol ol < 26Callll ol
0
(3.40)
1
1 k kC2C5
| [ tetanyde] < Gluallm sl losllr < 5l Bl < =22 il
0

From (2.38)-(2.40), we get

1d . kC2C3
(241) 5—lyllE +elyly < (1f + B'@llv- + ==)llyllv + 2kCs[lyllallyllv-
Using Young’s inequality yields
1d . kECyC3
s Wl +elylly < (1f + B@llv- + === )llyllv + 2kCallyllullyllv
2 . kC2Cs 8
< Z(If + B@llv- + —22) + SRRy + <l
then d kCyC
1 2 . 2C3 8
55”?/”%1 < E(Hf + B wllv- + T)Q + Ek?2022|\y|\12r{-
Using Gronwall” inequality to the last inequality, we have
Lo
g€ ¢ 2 2 . kCQCg 8
Iyl < = (201 + B @l + T2 + SK2C 3
2
ce T FOT 4 k20302

(I1f + B*@|7- +

8 22 2
<z " 0= 2
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(2.42) < Cu(llf + B*®ll3- + 1¢l1F) + Cs,
where o 162
Bp2eir S r2C3T 2
o € e 16 .22 o ge ¢ 03
Cy = max{72k2022 ,ee F G }’ Cs = 5 _

In addition, by using Young’s inequality, (2.41) and (2.42), which yields

d
— Nyl +ellylly,
dt

8 . kCsC.
< 2[0S + Br@llv- + 22)? + 2GRyl
8 k2C30%2
< 2@If + Balfe + T2+ 4RRCEyll)
16 32k2C2C . 3262C2C,
< (Z+ E 2+ Bl + Syl
| 3HC3Cs | 4K°C3C3
S g
(243) < Galllf + Bl + Il3) +Cr,

32k2C2C, 32k2c§c4} Cn = 32k2C2C5 i 4K*C3iC3
€ ’ € ’ :

where Cg = max { 16 4 - -

Hence, integrating (2.43) over [0, t], we have

Cos . 1+C6 T
HyH%Q(O,T;V) < ?”erB W||2L2(O,T;V*) + —YlH +

(2.44) < Gs(||f + B*QH%Z(O,T;V*) + ||7/1HH) + Co,
where C's = max { Ce 1+CGT} and Cy
Meantime, from Eqgs.(2.2), we get

lyellve = sup (ye,P)ve v
lollv=1
< |Nf+Bwllv- +ellyllv + Mylla + llullalyllv + lulla
2
k
(2.45) <If + B'@llv- + (e + Co)llyllv + Allylle + C2 + 55
By using Schwarz inequality and (2.37), we obtain

Ve < (If + B*®|

k
1yt ve+ e+ Co)llylly + Mlylla + Co + 5C3)°
k
<A|f+ B @} +4(e + Co)llylly + 4N[lyllF + 4(Ca + 5C5)?
< (A+aNCH)(If + BOlT- + 1vlE) + 4e + C2)lly [y,

k
+4(Cy + 50&)2 + 4\2Cs.
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Integrating last integrating over [0, 7], we have
||yt||2L2(O,T;V*)
< (4+4XCo) max{T, 1}(|| f + B*®|72(0.1.v+y + 19117)
k
+4(e + Co)llyll Lz 0, + [4(Co + 5 C5)° + AN G| T
< [(4 4 4X\2Cy) max{T, 1} + 4Cs(c + K2)*J(If + B*@| 320 11+
k
+[[015) +4AT((Co + 5C5)° + A*C5] + 4(e + Co)*
(246) = Cw(lf + B*@l720.7.v+) + 1011H) + Cu1,

where

Cio = (4 + 4)\204) maX{T, 1} + 408(6 + K2)27
k
Cyy = 4T[(Cy + §C§)2 + N2C5] + 4(e + Cy)?

are positive constants.
Combine (2.36) and (2.38), we obtain

1913 0.0y = 1917200707y + 191172 0,79+
< Li(lf + B ®ll720,7,v-) + 19ll7) + Lo,

where L1 = Cg + C1g, Ly = Cg + C11.
This completes the proof of the theorem. (I

3. Optimal control problem

In this section, we discuss the optimal control problem associated with the
viscous weakly dispersive BBM equation.
Consider the following control system:

min{J (5, @)} = ICy — 2113 + 51812 qu

Yt = EYaa T Az + Ul + Uz — UpUaa = [ + B*W,

y(x,0) = u(x,0) — ug,(2,0) =9 € H,

w(0,t) = u(1,t) = ux(0,t) = ug(1,t) = gz (0,t) = uze(1,1) =0,

where y = u; — Uz, and @ is a control in L?(Qo), C € LW (0,T;V),S) is a
given continuous observation operator, S is a real Hilbert space, and

(3.1)

. _ 1 0, _
min{(y,@)} = 51y — 2% + 316132 gy,

is performance index of tracking type, here z € S is desired state and § > 0 is
fixed.

The optimal control problem for the viscous weakly dispersive BBM equation
is

min{J(y, )},
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where the optimal control pair (y, @) satisfies Egs.(2.2) with the given initial
value and boundary condition.

The following theorem is presented to demonstrate the existence of the op-
timal control to the viscous weakly dispersive BBM equation.

Theorem 3.1. Let v € H, f € L*(0,T;V*). Then there exists an optimal
control @ for the control system (3.1).

Proof. For each w, from Theorem 2.1, there exists a unique weak solution y of
Eqgs.(2.2). In view of (3.1), we get

L0
(3.2) J(y,w) > 5”“’”%2@0) >0

for each control pair (y,@) € W(0,T; V) x L?*(Qo). Thus there exists a constant
~v > 0, such that

J(y,w).
Choosing the minimizing sequence {(y",©")}nen satisfy Eqgs.(2.2), such that
(3.3) vy= lim J(y",a").

n—-+oo

v = inf
W(0,T5V)x L?(Qo)

From Theorem 2.2, we know that
(34) lyllwo,rv) = +00 = [|@]|L2(qe) — +00-

So, it follows from (3.2)-(3.4) that {(y",@")}nen is bounded in the Hilbert
space W(0,T;V) x L?(Qo), and there exists (y*,0*), such that

(3.5) {y" — y*, weakly in W(0,T;V)

O" — 0*, weakly in L?(Qo).

Thus, from (3.5), we have

T
lim [ (g —y" o(t))v-vdt =0, Yo e L*(0,T;V).
n—-+o0o 0

Again, from Remark 2.1, we know that "™ — y* strongly in C'(0,7; H). Fur-
thermore, ™ — u*, u? — u’, u?, — wu}, strongly in the space C(0,T; H).
Since W (0,T; V) is compactly embedded into L?(0,T; L>°(Q)) [14], then y™ —
y* strongly in the space L?(0, T'; L>°(2)). Moreover, in view of {y"} convergence
weakly in W(0,T; V), then ||y*|lw (o,r;v) is bounded, and so is ||y*(| £2(0,7;L)-

We remark that the above estimates are sufficient to pass to the limit in
the linear terms of Eqs.(2.2). As far as nonlinear term of Eqs.(2.2), by using

Holder’s inequality, we get
T
‘/ (uyy" —u;y*,w)Hdt}
0

T T
<| [ e -y )omd] | [ (- pue
0 0
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IN

T T
/O IIU"IIJLI||<P||v|Iy”—y*IILoodtJr/0 [ = || mllellv Iyl oodt

lu" | o,z m 1ol L2 0,0 1Y™ = ¥ 20,15 1)

IN

+ ||y*||L2(0,T;L°°) ||80||L2(0,T;V) flu"™ — U*”C(O,T;H)
— 0, n— +oo, Yo € L*(0,T;V),

T 1 T 9 )
[, =i opma] = 3| [ 2)? - ) et

1 ’ n\2 *\ 2
<3l [ e - @ lulelaal

< §T§ [(ur)? — (U;)QHC(O,T;H)||<P||L2(0,T;H)
— 0, n — 400, Yo € L*(0,T; V).

From ( , we know that

/ / B* @*)pdxdt — 0, n — +oo, Yo € L*(0,T;V).

Since y™ — y* strongly in C'(0,T; H), we can infer that y"™(0) — y*(0) weakly
in H as n — +oo. Then, we have

y*(0) =.

From the analysis above, we deduce that (y*,o*) satisfies Egs.(2.2), and such
that

J(y*, @) = min{J(y,o)}.
Hence, there exists an optimal control to the control system (3.1). O

Remark 3.1. In view of the relation u = (1 — 92) "1y, there exists an optimal
control (u*,@*) for the viscous weakly dispersive BBM equation (2.1).
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