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VARIATIONAL RESULT FOR THE BIFURCATION
PROBLEM OF THE HAMILTONIAN SYSTEM

TACKSUN JUNG AND Q-HEUNG CHOI

ABSTRACT. We get a theorem which shows the existence of at least four
27-periodic weak solutions for the bifurcation problem of the Hamiltonian
system with the superquadratic nonlinearity. We obtain this result by
using the variational method, the critical point theory induced from the
limit relative category theory.

1. Introduction

Let H(t,z(t)) be a C? function defined on R! x R?*" which is 27-periodic
with respect to the first variable ¢, and A € R. In this paper we consider the
number of the 2m-periodic weak solutions for the bifurcation problem of the
following Hamiltonian system

p(t) = —Aq(t) — Hy(t, (1), q(t)),
q(t) = Ap(t) + Hy(t, p(t), (1)),
where p, ¢ € R™. Let z = (p, ¢) and J be the standard symplectic structure on

R2" i.e.,
0 —I,
=0 %)

where I, is the n x n identity matrix. Then (1.1) can be rewritten as
(1.2) —Jz=Xz+ H,(t,2(t)),
where 2 = 92 and H. is the gradient of H. We assume that H € C?(R' x

dt
R?" R!) satisfies the following conditions:

(H1) H € C*(R* x R?™ R), H(0,6) = 0, where § = (0,...,0).
(H2) There exist 1 < p; < pa <2p1 +1, a1 >0, ag > 0, 51 > 0 such that

o || 2(t)||pen T = By < H(t,2(1)) < as]|2(t)|r2n">T" for every z € R?™.

(1.1)

(H3) H is a 27-periodic function with respect to ¢.
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Several 6 ([1], [5], [6], [7] etc.) studied the nonlinear Hamiltonian system.
Jung and Choi ([5], [6], [7]) considered (1.1) with nonsingular potential nonlin-
earity or jumping nonlinearity crossing one eigenvalue, or two eigenvalues, or
several eigenvalues. Chang ([1]) proved that (1.1) has at least two nontrivial
2m-periodic weak solutions under some asymptotic nonlinearity. Jung and Choi
([6]) proved that (1.1) has at least m weak solutions, which are geometrically
distinct and nonconstant under some jumping nonlinearity.

We are looking for the weak solutions of (1.1) under the conditions (H1)-
(H3). The 2w-periodic weak solution z = (p,q) € E of (1.1) satisfies

2m
/ (2= M2(t) — JH.(t, 2(1))) - Jwdt = 0 for all w € E,
0

i.e.

/O 15+ Aqlt) + Hy(t2(0) -6 — (G — Ap(t) — Hylt, (1)) - 6lde = 0

for all { = (¢,v) € E, where F is introduced in Section 2.
Our main result is as follows:

Theorem 1.1. Assume that H satisfies the conditions (H1)-(H3) and that jo
and j1 are negative integers with j1 < jo < 0. Then there exists a small number
§ > 0 such that for any X with j1 —§ < XA < j1 < jo < 0, system (1.1) has at
least four montrivial 27-periodic weak solutions.

The outline of the proof of Theorem 1.1 is as follows: In Section 2, we intro-
duce the perturbed operator A. = eI + A of the operator A (A(z(t)) = —J2(t))
to make the compactness of the operator |A.|~! and so prove the (P.S.)*
condition for the associated functional of the perturbed problem A.(z) =
Az + ez + H,(t,z(t)). We also recall the critical point theory induced from
the limit relative category, which plays a crucial role to prove the multiplicity
result. In Section 3, we prove the existence of the first weak solution and the
second one of (1.1), and in Section 4 we prove the existence of the third weak
solution and fourth one of (1.1) by the critical point theory induced from the
limit relative category, and prove Theorem 1.1.

2. Abstract critical point theory

Let L2([0,27],R?") denote the set of 2n-tuples of the square integrable 27-
periodic functions and choose z € L?([0,2x], R?"). Then it has a Fourier ex-
k=+too . ikt 1 27

pansion z(t) = >, =770 are™, with ap = 5= [ z(t)e”*tdt € C*", a_p = ax

and Y, o5 lax|? < co. Let
Az z(t) = —J2(t)
with domain

D(A) = {z(t) € H'([0,27],R*") | 2(0) = z(2)}
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— {2(t) € L2([0, 27, R*") | S (e + [k])|axl? < +oo},
kEZ
where € is a positive small number. Then A is self-adjoint operator. Let {My}
be the spectral resolution of A, and let 7 be a positive number such that
T ¢ o(A) and [—7, 7] contains only one element 0 of o(A) and r be a positive
number such that r ¢ o(A), [jo—r, jo+7] contains only one element j, of o(A),
[j1 — 7, j1 + r] contains only one element j; of o(A) and j; +r < jo — r. Let

T —+o0 —T
Poz/ dM,, P+:/ dM,, P_:/ dM,,

Jji—1 Jo+r j1+r
P(_ooajl_l] :/ dM/\a Pj :/ dM,\, Pj :/ dM,.
-0 Jjo—r J1—r

Let
Lo = Py L?([0,27],R?"), Ly = P, L*([0,2n],R?"),
L_=P_L*([0,27],R*), L(—ooji—1] = P—ooji—11L7([0,27], R*"),
Lj, = P;,L*([0,27],R®*"), L; = P;, L*([0,2x],R*").
For each u € L?([0,27],R?"), we have the composition
U =1ug+ uy +u_,

where ug € Lo, us+ € Ly, u— € L_. According to A, there exists a small
number € > 0 such that —e ¢ o(A). Let us define the space E as follows:

E = D(|A]?) = {z € L*([0,27], R*") > (e + [k]ak]* < oo}
kEZ
with the scalar product
(z,w)p = e(z,w)r2 + (|A|22, |A|Zw) 2
and the norm )
1 1
2] = (2,20 = O _ (e + [k]]arl*)=.
kezZ

The space E endowed with this norm is a real Hilbert space continuously
embedded in L%([0,27],R?"). The scalar product in L? naturally extends as

the duality pairing between E and E' = W~2-2([0, 27], R%"). We note that the
operator (eI + |A|)~! is a compact linear operator from L?([0,27],R?*") to E
such that

2m
%PHNYWJMZ/ (w(t), =(t))dt.

0

Let

A, =€l + A
Let ) 1 1
EO = |AE|_§LO’ E"" = |A€|_§L+) E_= |Ae _§L—a
_1 1 1
E(7m7j171] = |Ae| ZL(fooyjlfl]a Ejo = |A€| 2Lj0; Ejl = |A€| Zle-
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Then £ = Ey @& Ey & E_, and for z € E, z has the decomposition z =
20+ z+ + 2_ € F, where

(2.1) 20 = |Ad Puo, 2y = |Ad Pug, 2o = |Ad Fu_.

Thus we have

lz0ll50 = lluollzes  Nz+llEy = lutllys lNz—lle- = llu-|lz_
and that Eo, Fy, E_, B j-1], Fj, Ej, are isomorphic to Lo, Ly, L,
L(_coji—1] Lj, Lj, respectively. Moreover F = E(_, j, 1)@ Ej, ® Ej, © E..
Let us define a functional
1
Fu) = 5wl + 1Mol = [IM-uollTe = llu-l*)z2 — $e(2),

2m

where c(z) = ¢(2) + §l2[720 ¥(2) = [g [32(1)* + H(t,2(t)]dt, My =
[ dMy, M_ = [°_dM,. By H e C2,4(2) = [T7[32(t)2 + H(t, 2(1))] € C*.
Let

F(z)=Xz(t)+ H.(t,2(t)), Fe(z)=ez+ F(z) = ez + Az(t) + H, (¢, 2(1)).

Then (1.2) can be rewritten as

(2.2) Ac(z) = Fe(2).

The Euler equation of the functional f(u) is the system

(2.3) up = |A| 2Py F(2),

(2.4) u_ = —|A] I P_F.(2),

(2.5) Myug = |Ac| "2 M PyF.(2), M_ug= —|A]| "2 M_PyF.(2).

The system (2.3)-(2.5) is reduced to
(2.6) Az =P F(20+2y +2_) or zp=(A) 'PiF.(20+ 24 +2_),

(2.7) Az =P F(20+2y+2) or z_=(A) 'P_F.(20+ 24 +2_),

(2.8) AcMi2z9 = M PyF(20+24++2-), AM_zo=M_PyF.(20+2z4+2_).

It follows from (2.3)-(2.8) that z = zo+ z4 + z_ is a solution of (1.2) if and only
if u =g+ uy +u_ is a critical point of f. By (2.1), we define a functional

I(z) = f(u(z)).

The functional I(z) is of the form
1 1 1 1
I1(z) = SUIIAZ 24172 + N1 Ae[? My 20|72 — [(=Ac))? 2|72

— [(=1Ad)? M_z0][72) — ve(2).
Thus it suffices to find the critical points of the functional I to find the critical
points of the functional f. By the following Lemma 2.1, the weak solutions of
(2.2) coincide with the critical points of the functional I(z).
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Lemma 2.1. Assume that H satisfies the conditions (H1)-(H3) and \ ¢ Z.
Then 1(z) is continuous and Fréchet differentiable in E with Fréchet derivative
(2.9)

27
DI(z)w = / (JAz(t) — (A +€)Jz(t) — JH,(t, 2(t))) - Jwdt for all w € E.
0
Moreover DI € C. That is, I € C'.

TILA z— 5222 H(t,z(t))]dt is continuous

Proof. First we prove that I(z) = [ [5

in K. For z,w € F,
[1(z +w) —1(z)]

/0W%AE(Hw).(Hw)—/OW[H(t,z+w)+¥(z+w)2]
—/O W%Aﬁ(z)-z—l—/o W[H(t,z)—i—e—g)\zQ]

[5G w Adw) 2+ )

27
—/ [H(t,z4+w) — H(t,z) + %(2z-w+w2))]‘ .
0
We note that

/(JQF%[AG(Z%erAE(w).Z+A6(w).w‘

O(|[wl| gzn)

H(t,z 4+ w) (t,z)]dt’ <

2m
[ 0) w4 Ol lan
(2.10) = O(wlzn).
Thus we have
(2 +w) — I(z)] = O([|w]|gzn).
Next we shall prove that I(z) is Fréchet differentiable in E. For z,w € E,

|I(z 4+ w) —I(z) — DI(z)w|

/2W1A (z+w)- (z+w)/027F[H(t,z+w)+6

/02 /O%[H(t,z) 4y

2
/QWJA€ Jw—l—/QTr[(JHZ(t,z)—|—(6+)\)Jz)-Jw]
0 0

(z +w)?]

l\3|H

[ 3w =+ ) -
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_/027T[H(t,z—|—’w) — H(f,Z) —Hz(t,z) Sw + #uﬂ)] )

By (2.10), we have

/0 7T[H(zf, z4+w) — H(t,z) — H.(t,2)]dt = O(||w]||g2n).

Thus
[I(z +w) — I(z) — DI()w| = O(||w]zen). O

Now, we recall the critical point theory on the manifold with boundary. Let
FE be a Hilbert space and M be the closure of an open subset of E such that
M can be endowed with the structure of C? manifold with boundary. Let
f: W — R be a O%! functional, where W is an open set containing M. For
applying the usual topological methods of the critical points theory we need a
suitable notion of critical point for f on M. We recall the following notions:
lower gradient of f on M, (P.S.)} condition and the limit relative category (see

[4]).
Definition 2.1. If z € M, the lower gradient of f on M at z is defined by

- [ Df(2) if z € int(M),
(2.11)  grady f(z) = { Df(z) + (Df(z),v(2))] v(z) if = € OM,

where we denote by v(z) the unit normal vector to M at the point z, pointing
outwards. We say that z is a lower critical for f on M, if grad,, f(z) = 0.
Since the functional I(z) is strongly indefinite, the notion of the (P.S.)*
condition and the limit relative category is a very useful tool for the proof of
the main theorems.
Let (E,)n be a sequence of closed subspaces of E with the conditions:

(2.12) E,=E, ®Ey®E,,, where E,,, C Ey, E,  C E_ for all n,

(En 4 and E,_ are subspaces of E), dim E,, < +o00, E, C E,y1, UpenEy, is
dense in E. Let Pg, be the orthogonal projections from F onto E,. M, =
MnNE,, for any n, be the closure of an open subset of E,, and has the structure
of a C? manifold with boundary in F,,. We assume that for any n there exists
a retraction r,, : M — M,,. For given B C E, we will write B,, = BN E,,.

Definition 2.2. Let ¢ € R. We say that f satisfies the (P.S.)% condition
with respect to (My,),, on the manifold M with boundary, if for any sequence
(kn)n in N and any sequence (uy), in M such that k, — oo, u, € My, , Vn,

flun) — ¢, grady, f(un) — 0, there exists a subsequence of (uy), which
converges to a point v € M such that grady, f(u) = 0.

Let Y be a closed subspace of M.

Definition 2.3. Let B be a closed subset of M with Y C B. We define the
relative category catar,y (B) of B in (M,Y), as the least integer h such that
there exist h + 1 closed subsets Uy, Uy, ..., Uy with the following properties:
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BCcUyUULU---UUp;
Ui,...,Uy are contractible in M;
Y C Uy and there exists a continuous map F : Uy x [0,1] — M such that

F(z,0) =z Vz € U,,
F(z,t)eY VzeY, Vtel0,1],
F(z,1) €Y VzeUy.

If such an h does not exist, we say that catysy (B) = +oo.

Definition 2.4. Let (X,Y) be a topological pair and (X,,), be a sequence of
subsets of X. For any subset B of X we define the limit relative category of B
in (X,Y), with respect to (X,)n, by
(2.13) cat(x yy(B) =lim sup cat(x,y,)(Bn)-
n—o0

Now we consider a theorem which gives an estimate of the number of critical
points of a functional, in terms of the limit relative category of its sublevels.
The theorem is proved repeating the classical arguments, using the nonsmooth
version of the classical Deformation Lemma for functions on manifolds with

boundary.

Let Y be a fixed subset of M. We set
(2.14) Bi ={B C M |cat{yy(B) > i},
(2.15) ¢i = inf sup f(x).

BeBi zeB
We have the following multiplicity theorem.

Theorem 2.1. Let i € N and assume that
(1) ¢ < 400,
(2) sup,ey () < ci,
(3) the (P.S.)% condition with respect to (Mpy), holds.
Then there exists a lower critical point x such that f(x) = ¢;. If

Ci =Cit1 =+ = Ci4k—1 = C,
then
caty({z € M| f(z) = ¢, grady, f(z) =0}) > k.
Proof. Let ¢ = ¢;; using the (P.S.)% condition, with respect to (M,,),, one can

c

prove that, for any neighborhood N of

K. = {SC | f(SC) = gradiff(z) = 0}5
there exist ng in N and ¢ > 0 such that ||grady,|| > 0 for all n > ng and all
x € E,\N with ¢ — 6 < f(z) < ¢+ 6. Moreover it is not difficult to see that,
for all n, the function f, : E, — RU {400} defined by f, = f(z), if z € M,,
fn (z) = 400, otherwise, is ¢-convex of order two, according to the definitions

of [5]. Then the conclusion follows using the same arguments of [1, 8] and the
nonsmooth version of the classical Deformation Lemma. O
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Now we state the following multiplicity result (for the proof see Theorem
4.6 of [8]) which will be used in the proof of our main theorem.

Theorem 2.2. Let E be a Hilbert space and let E = X1 ® Xo ® X3, where X1,
X5, X3 are three closed subspaces of E with X1, X5 of finite dimension. For
a given subspace X of E, let Px be the orthogonal projection from E onto X.
Set
C =z € B||Pxall > 1}
and let f: W — R be a C™' function defined on a neighborhood W of C. Let
1<p<R, Ri >0. We define
A= {z1 + 2| 11 € X1,22 € Xo, [|21]| < Ry, 1 < [Ja2]| < R},
Y= {$1 +$2| x1 € X1,29 € Xo, ||$1|| < Ry, H.TQH = 1}
U{z1 + 22| 21 € X1,22 € X, [|21]| < Ry, |22 = R}
U{z1 +22] 21 € X1, 22 € Xo, |21 = Ri, 1 < 22| < R},
S={zreXo® Xs| ||zl = p},
B={zeXo®Xs| |z < p}.
(a) Assume that
sup f(X) < inf f(S5)
and

(b) Assume that the (P.S.). condition holds for f on C, with respect to the
sequence (Cp)n, Ve € [a, B], where

o=inf f(S), B=supf(A).

(c) Moreover we assume 8 < +o0o and f|x,¢x, has no critical points z in
X1 @ X3 with o < f(2) < B.
Then there exist two lower critical points z1, zo for f on C such that a <

flzi) < B, i=12.
3. Existence of two solutions on Ej,

Throughout this section we assume that H satisfies the conditions (H1)-
(H3), A ¢ Z and A < 0. Let I(z) be the functional defined in Section 2, i.e.,

1 1 1 1
I(z) = §(H|Ae|22+|\%2 + ([ Ael 2 My zo] 72 — [|(=]Acl) 22|72

— [I(~1Ac) 2 M_z0[122) — e (2),

2w

where 1e(2) = ¥(2) + §ll2[172, ¥(2) = [5" [52(t) + H(t, 2(t))]dL.
We shall show that the functional I(z) satisfies the geometric assumptions
of Theorem 2.2.

Lemma 3.1 ((P.S.)* condition). Assume that H satisfies the conditions (H1)-
(H3) and A\ ¢ Z. Then I(z) satisfies the (P.S.) condition with respect to (Ey)n
for any v € R.
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Proof. Let (k,)n and (z, ), be two sequences such that k,, — 400, and for any
sequence (zy ), with z, € Ey,,
I(zn) =
and
DI]% (Zn) — 9,
where Ij, is a restriction of I on Ey, and 6§ = (0,...,0). It follows from
DI]% (Zn) — 6 that
Pg, 2n — Pg,, A;l(()\ +€)zn + H.(t,2,(1))) — 0,

where AZ! is a compact operator. We claim that (z,), is bounded. By con-
tradiction, we suppose that ||z,| — oo. If w, = Hi—nll’ we can suppose that
wy, — wo weakly for some wy € E. We have
H.(t, 2n(t))

[zl
H.(t, zn(t))

[zl

04— (Pp,, wn— A" Pg, (A +e)wn + ), W)

= PEkn <wna wn> - <A;1PE1€” ((>‘ + E)U}n + )7wn>

Since A-! is a compact operator, (A + €)w,, is bounded and w — 0,

Zn”
AN Pg, (A + ew, + W)) converges to AZL((A + €)wp) and we have
0 = (wo, wo) — (A7 (A + €)wo), wo) = [Jwol* — (A7 (A + €))wo, wo),
from which wy is a solution of the equation
Acow = (A + e)w.

Since A ¢ o(A), wy = 0, which is a contradiction to the fact that ||wo| = 1.
Thus (zp,)s is bounded. We can suppose that z, — zo weakly in E for some z
in . We have

(Pg,, DI(zn), Py 2n + P_2y)
= || P, Py2nll? = || Pr,, P-2n|?

27
- Pg,, / (Azn(t) + ezn(t) + Ho(t, 21)) (Py2n + P—zy) — 0.
0

By (H1) and the boundedness of H.(t,z,) - (Pyzn + P-zy),

2w
tin [P, Pl = [P, Poall = [ (a(0) + ex(0) + Ha(t,2)z,
n—oo 0
ie., || Pg,, Prznll® — ||PE,, P-2zn||* converges strongly, which implies that, up
to a subsequence, Pg, 2, converges strongly to z, and we prove the lemma and
have

DI(z) = lim Pg, DI(z,)=0,

n—o0

so z is the critical point of I. O
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Let us set

X1 =B o X, =E;,, X3=E,.

Ji
Then FE is the topological direct sum of the subspaces X1, X5 and X3. Let Px
be the orthogonal projection from E onto X. Let us set

(3.1) C={z€ E|||Px,z|]| > 1}.

Then C' is the smooth manifold with boundary. Let C,, = C N E,. Let us
define a functional ¥ : E\ {X; ® X3} — E by

Px,z 1

3.2 U(z)=2— =P z4+ (1 — +—=——)Px,%.
1 1w L
We have
1 PX z PX z
(3.3) VI(z) w=w— ——(Px,w— {(——,w 2.
[1Px, ]| 1Px, 2l [[1Px, 2|

Let us define the constrained functional I : C' — R by
(3.4) I=TIo0W0.

Then I € C’llo’cl,. It turns out that
(3.5)
PX1®X3DI(Z)+(1 W)szDl( ) if z Eint(C’),

gradcl(2) :{ Px,ex,DI(2) — (DI(2), (p2 )+ 2% it 2 € C.

’ IIPXQZHE 1Px5 2l

We note that if Z is the critical point of I and lies in the interior of C, then
z = U(Z2) is the critical point of I. Thus it suffices to find the critical points,
which lies in the interior of C, for I. We also note that

(3.6) lgradgI(2)|e > || Px,ax, DI(P(E) |z V2 € dC.
Let us set
Sas(p) ={z € Xo @ X3 | |Iz| e = p}, p>0,
Sas(p) = W (Sas(p)),
A13(R,Ry) = {z1 + 29 | 21 € X1,22 € Xo, |21l < R1,1 < ||22||g < R},
A1(R,R1) = U7 (Ap(R, Ry))
Y12(R,Ry) = {z1 + 29|21 € X1,20 € Xo, |21]lE < Ry, ||22]|lg = 1}

U{z1+ 22| 21 € X1,22 € Xo,||21]lg < Ry, ||22llg = R}
U{z1+ 22| 21 € X1,22 € Xo,||z21]lg = R1,1 < ||22]|E < R},
S12(R, Ry) = U Y(Z12(R, Ry)).
We will prove the multiplicity result by using Theorem 2.2 for I, C, Sos (p),

A12(R, Ry) and $15(R, R1). Now we have the following linking geometry for
1.
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Lemma 3.2. Assume that H satisfies the conditions (H1)-(H3), and that jo,
J1 are negative integers with j1 < jo < 0. Then there exist small numbers
§>0,R>p>0,R >0, R>1andp >0 with R > p such that for any A
with j; — 0 < XA < jo <0,

(3.7) sup  I(2) <0< inf I(d).
Z€T12(R,R1) WES23(p)
Moreover
—o0o < inf I(w), sup  I(2) < oc.
@6323(17) EEAlz(R,Rl)

Proof. 1t suffices to show that there exist 0>0,R>p>0,R >0and R > 1
such that for any A with j1 —d < A < jo <0, z = ¢(2), w = P(w),

sup I(z) < inf I(w)

2€%12(R,R1) wES23(p)
because
(3.8) suap  I(2)= sup I(z), inf  I(@)= inf I(w).
2€%12(R,R1) 2€%12(R,R1) BESa3(p) wES23(p)

Let z = 21 + 29 € X7 & X5. By (H2), we have

1 1 1 1
I(z) = §(|||Ae|22+||2L2 + [ Aelz My 201 = [|(=]Acl) 2 2|7

~IIADEM 0l — [ G0+ 02+ He (o)

j1te—A—ce Jjot+te—A—e I
si—g——wmm+ﬁ—3——wmm7/’MMWH—Mﬁ
0

<

N | &

jo+e—A—¢ m
ol + 22 e — [ el - i
0
Since jo — A > 0 and p; +1 > 2, there exist small numbers §>0,R>0,
Ry > 0 and R > 1 such that for any A with j; —d < A < jp <0,z € X1 &
Xo, SUp,ex,,(rry) [(2) < 0. If 2 € A1a(R, R1), then sup,ea,,(r,r,) {(2) <

8)121)122 + 252 25|? + 2761 < oo. On the other hand, if z € X5 @ X3, then

N

1 1 1
I(z) = 5(|||A5|2Z+||%2 + 1A 2 My 20]? — [[(—=]Ac) 22— |72

IAD A2l ~ [ GO+ 922 + He )l

. _ )\ _ 2m

> MHZH%Z _/ aslz|PHdt.
2 0

Since jo — A > 0 and ps + 1 > 2, there exists a small number p > 0 with

R > p > 0 such that for z € X» ® X3, inf,cg,,(,) I(2) > 0. If 2 € Baz(p), then

inf.ep,,(p) I(2) > —00. Thus we prove the lemma. O
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Lemma 3.3. Assume that H satisfies the conditions (H1)-(H3), and that jo,
J1 are negative integers with ji1 < jo < 0. Then for any A\ with j1 < A <0, I
has no critical point Z such that I(2) = ¢ and Z € OC, where inf I(3) <

- Z€Ba3(p)
¢ < sup. I(E) < 0.

6212(R Ry)
Proof. Tt suffices to prove that I has no critical point z = t(2) such that
I(z) = cand z € X; & X3. We notice that from Lemma 3.2, for fixed z; € X7,
the functional z3 — I(z1 + z3) is weakly convex in X3, while, for fixed z3 € X3,
the functional z; +— I(z; + z3) is strictly concave in X;. Moreover (0,0) is a
critical point in X; @ X3 with I(0,0) = 0. So if z = z; + 23 is another critical
point for I|x, ¢x,, then we have

0=1(0,0) < I(z3) <I(21+23) <I(21) <1(0,0) =0.
So I(z1 + z3) = 1(0,0) = 0. O

Lemma 3.4. Assume that H satisfies the conditions (H1)-(H3), and that jo,
J1 are negative integers with j1 < Jo < 0. Then there exists a small number
6 > 0 such that for any A with ji — b< A< jo < 0, I has no critical point 3

such that inf I(2) < I(3) <sup <0 and zZ € 0C.

Z€ Ba: ( ) 26212(R7R1 ( )

Proof. Tt suffices to show that I(z) has no critical point z such that

inf I(z)<I(z2) < sup I(z)<0and z € X; & X3.
z€B23(p) z€¥12(R,R1)
By contradiction we suppose that we can find two sequences (), in R with
71— 0 < A\ < Jjo <0 and (Zn)n in X; & X3 such that A\, — X\ € [j17j0)7
Inf.eB,y(p) 1(2) < I(2) < SUP.ex,,(r,Ry) {(2) <0 and DI|x,gx,(2n) = 0. We
claim that (2n)n is bounded. If not we can suppose that ||z,|| — 400 and set
” . Since w,, is bounded, up to a subsequence w,, converges weakly to

wo, for some wo € X1 @ X3. Furthermore since Px, z, € E_, | P+ Px,zn|| =0
and we have

(3.9) (DI(zpn), Px, 2n)
[P+ Px, 20 |* = | P- P, 2l = (A + €)2n + Ha(t, 20), Px, 20)
= —IP-Px,znl* = {(A + €)zn + H.(t, 2n), Px, 2n) — 0.

Moreover since Px,z, € F4, || P-Px,z,|| = 0 and we have

(3.10) (DI(zn), Pxy2n) = || Py Px,znl|* — (A €)zn+ H.(t, 2), Pxy2n) — 0.
Adding (3.9) to (3.10), we have

(3.11)

Tim (1P Py 2l = [P Py 2l) = T (A4 )2 + Ha b, 20), Py, 20)
Dividing (3.11) by ||2,]|? and going to the limit, we get

(3.12) 1P+ Pxwoll = || P-Px,woll* = (A + €)wo, Px,@x,wo),
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from which wq is the unique solution of the linear equation
Acz=(A+e€)z.

Since A ¢ o(A), wy = 0, which is a contradiction to the fact |wg| = 1.
Thus (z,), is bounded. By the same arguments used for (wy,),, we get,
up to a subsequence, (z,), converges strongly to a point z € X; @& X3 with
inf.epy,(p) [(2) < 1(2) < SUPLex,(r,Ry) [(2) < 0and DI|x,gx,(2) = 0, which
contradicts Lemma 3.3. Thus we prove the lemma. (I

Lemma 3.5. The functional —I satisfies the (P.S.)*
to (Cp)n for any —¢ such that

= condition with respect

0< inf (=D@E)<-¢< sup (—D)(3).
Z€X¥12(R,R1) 2€Bas(p)
Proof. Let (hy), be a sequence in N with h,, — 400 and (2,), be a sequence
in C with %, € Cy,, for alln, —I(%,) — —¢ and gradg, (*ﬂEhn )(Zn) — 0. Set
zn = U(Z,). Then I(z,) — c. We first consider the case z, ¢ 9C},, for large
n. Since for large n Pg, o Px, = Px, o Pg, = Px,, we have

gradg, (—1)(z2) = Pr,, V' (Z)D(=1)(20) = ¥'(2,)(Pr,, D(~1)(20))
1

= PEhn PXIQBXSD(iI)(Zn) + PEhn (1 T NP
| Px,%nl 5

)Px, D(—I)(2n) — O.

Thus
Px,ex;PE,, D(=1)(z,) = 0 and
1
[ Px,2n|
It is impossible that ||Px, %]z — 1 because dist(zy, X2) — 0. Thus
Pg, D(=I)(zn) — 0.

Using (P.S.)% for I of Lemma 3.1 it follows that (z,), has a subsequence
(2K, )n such that zx, — z for some z in X5. Since ¥ is invertible in int(C),
2k, — ¥71(2). Next we consider the case 7, € dCy,, for infinitely many n. We
claim that this case cannot occur. If 2, € OC},,, then | Px,Z,||g = 1. Thus we
have

grad(_;hn (717)('{71) = PEhn (PX1€BX3D(7I)(ZTI) - <D(7I)(Zn)7 PX2Z~H>+PX2Z~H)
— 0.

(1- )Px,D(—=1I)(z,) — 0.

Using the properties of the projections, we get
PEhn PX1€BX3D(_I)('Z’@) — 0,

which contradicts to Lemma 3.3. In fact, let z be the limit point of the subse-
quence zx, of Z,, then Z € 9C and

gradg (~)(2) = Px,exagrad(~1)(z) — (grad(—)(z), P, )P, 2. [
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Theorem 3.1 (Existence of two solutions on Ej,). Assume that H satisfies the
conditions (H1)-(H3), and that jo, j1 are negative integers with j; < jo < 0.
Let X\ ¢ Z and A < 0. Then there exists a small number 6, > 0 such that
for any X with j1 — 61 < XA < jo < 0, system (1.1) has at least two nontrivial
2m-periodic weak solutions on Fj, .

Proof. We note that the critical points of the functional I coincide with the
critical points of the functional —I. Thus it suffices to find the number of the
critical points of —I, which is appropriate functional for applying Theorem 2.2,
to find the number of the critical points of I. Let us set

8, = min{0,0},

where § is a small number introduced in Lemma 3.2 and § is a small number
introduced in Lemma 3.4. By Lemma 3.2, there exist R > p > 0, Ry > 0,
R >1 and p > 0 with R > p such that for any A with j; — §; < A < jo <0,

sup (=1)(2) = sup (=I)(z) <0< inf  (=I)(2)

2€823(p) 2€823(p) 2€812 (R, )
- inf  (=I)(2).
z€X¥12(R,R1)
and
inf  (~D)(z)=— sup I(2) > oo,
2€A12(R,Ry) 2€A12(R,Ry)
sup (—I)(2) =~ inf I(2) < oo,
3€Bas(p) Z€B23(p)

so the condition (a) of Theorem 2.2 for the functional —I is satisfied. By Lemma
3.5, the functional —T satisfies the (P.S.)* ; condition with respect to (Cy,),, for
any —¢ € [a, ], where o = infgezu(éﬂl)(f[)(,%) and 8 = supgeBzg(p)(fI)(E),
so the condition (b) of Theorem 2.2 is satisfied. By Lemma 3.4, for any A\ with
j1— 01 < A < jo <0, I has no critical point Z such that infzeBQQ(p) I(2) <
I(3) < SUD-cs (iR I(3) < 0 and 2 € C, so the condition (¢) of Theorem
2.2 is satisfied. Thus by Theorem 2.2, for any A with j1 —d1 < A < jo <0
there exists two lower critical points 27, z5 for —I on C such that

0< inf (=DE)<(-D(Z)< sup (D)), i=1,2.
Z€X12(R,Ry) 2632;(/1)

Thus the functional I has at least two lower critical points z1, z2 on X5 with

inf I(z) <I(z)< sup  I(z) <0, i=1,2.
2€Bas(p) 26312 (R,R1)

Thus system (1.2) has at least two nontrivial solutions on Xy = E;,. Thus
Theorem 3.1 is proved. O
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4. Existence of two solutions on Ej;, and proof of Theorem 1.1

Let us set
X = E(*oo,jlfl]a Xo = Ejl’ X3 = E[jmoo)'

Then F is the topological direct sum of the subspaces X7, Xo and X3. Let Px
be the orthogonal projection from E onto X.

Lemma 4.1. Assume that H satisfies the conditions (H1)-(H3), and that jo,
J1 are negative integers with j1 < jo < 0. Then there exist small numbers
§o>0, R >p' >0, R, >0, R >1 and p' >0 with R’ > p' such that for any
A with j1 — 02 < A < j1 < jo <0,

(4.1) sup  I(2) <0< inf I(w).
€12 (R, RY) WESa3(p’)
Moreover
—oo< inf  I(d), sup (%) < oo.
WE Bas(p’) zeA12(R,RY)

Proof. Tt suffices to show that there exist d2 > 0, R’ > p’ > 0, R} > 0 and
R’ > 1 such that for any A with j; —d2 < A < j1 < jo < 0, 2 = ¢(2), w = (),

sup  I(z) < inf I(w)

ZEE12(R/,R/1) wESZS(PI)
because
(4.2) sup  I(3) = sup  I(2), inf I(w)= inf I(w).
ze%12(R,RY) z€X12(R',RY) WESa23(p’) weSa3(p’)

Let z = 21 + 22 € X3 @ Xo. Then [||Ac[2 242, = 0, [||Ac|Z My 2]2, = 0. By
(H2), we have

1 1 1 1
1) = 5 (IR0 3 4+ 1Al M 20l — (-|Ad) 22|
2w
1 1
~IADEMzo ) - [ 5+ 2 + H(e o))
i1+e—A—¢ 2
<Ll [ el - il
0
92 2 o p1+1
< §|‘Z1||L2 - [ |2] — Bi]dt.
0

Since j; — A > 0 and p; + 1 > 2, there exist small numbers d» > 0, R’ > 0,
R} > 0and R’ > 1 such that for any A with j1 —d2 < A < j1 < jo <0,z € X1
Xo, SUp.ex,,(rr,my) [(2) < 0. If 2 € App(R', RY), then sup.ea,,r,ry) 1(2) <
%2|21/|2, + 2781 < 0. On the other hand, if z € X5 & X3, then

1 1 1 1
I(z) = §(|||Ae|22+||2L2 + [ Aelz My 201 = [|(=]Acl) 22— ]| 7
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N ) 27 1 )
— [[(=[Acl)2 M_z| )—/ [5(A+e)2" + Ht, 2(t))]dt
0

- A= 2

> MHZH%Z _/ aslz|PHdt.
2 0

Since j3 — A > 0 and ps + 1 > 2, there exists a small number p’ > 0 with

R’ > p' > 0 such that for z € Xo ® X3, inf.cg,,(,) I(2) > 0. If z € Bas(p'),

then inf.cp,, (/) I(2) > —oc. Thus we prove the lemma. O

Lemma 4.2. For any A with j1 —1 < A < j1 <0, there exists ' <0 sych that
for any A with j1 —1 < A< X < j1 < jo <0, if Z is a critical pint for I|x, ¢x,
with T < I(2) <0, then Z =6.

Proof. By contradiction, we can suppose that there exist A < 0, a sequence
(An)n such that A, = X € (A, 1), and a sequence (2,,), in X7 ® X3 such that
I(z,) — 0 and Px,ex,DI(z,) = 0. We claim that (z,), is bounded. If not we
suppose that ||z, || = +oo. Let us set w,, = T2 We have up to a subsequence
that w, — wy weakly for some wy € X1 @ X3. Furthermore

(4.3)

)

= <DI(Zn)a PX1€BX3’Z’G>
= |‘P+PX1€BXSZHH2 - ”P*PXlEBXSZnHQ - <(/\n + €>Zn + Hz(tv Zn)ﬂ PXl@Xzzn>'
Dividing (4.3) by ||z, ||* and going to the limit as n — oo, we have
HZ tazn
IPewnl = P woll? = (3 -+ o+ 22, Py

= <((>\ + 6)’11_)0, w0)>7
from which wq is a solution of the equation

Acow = (A + e)w.

Since A ¢ o(A), wo = 0, which is a contradiction to the fact that ||wo| = 1.
Thus (2, ), is bounded. We can suppose that z, — zo weakly in E, for some zg

in E. We claim that, up to a subsequence, (z,), converges strongly to a point
z € X1 @ X3. We have

(4.4) 0= (Px,ax,DI(z0), 2n) = 21 (20) + / RH(E ) — H. (b 2) - 20]dt.
0

It follows from (4.4) that

2 2
lim H,(t,zn) - zndt =2 lim H(t, z,)dt.

It follows from (4.3) that

lim [HPJrPXlEBXSZn”Q - ”P*PXlEBXSZn”Q]
n—oo
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= lim [<(>\n + E)Zn + Hz(tﬂ Zn)v PX1€BX3'ZTI>]

n—oo
2w

= lim [(An + €)22 +2H(t, z,)]dt.

n—oo 0

Thus || Py Px,exs2nl|? — ||P-Px,ax;2n||? converges strongly, so (Px,axs%n)n
converges strongly to a point z € X; & X3. We claim that z = 6. We assume
that z # 6. By (H2),

2m
200 ||2|P5T —dnBr <2 [ H(t, 2(t))dt < 2a0|2|53H!
0

forsome 1 <p; <pa<2p1+1, a3 >0, as >0, 51 > 0. We also have
0= (DI(zn), Px,zn)
= || Py Px, 2n||? — || P—Px, znll* = ((An + €)2n + H.(t, 2,), Px, 2n).
Since || Py Px, zu||> = 0,
(4.5) —[|P_Px,z||? = (Mn + €)2n + H.(t, 21), Px, 2n)-
If z € X4, then
—IPx, 2|12 < (j1 — 1+ €)||Px, 2]|3: for j1—1<0

and
(4.6)
(1= 1+ lIPx, 232 = —[[Px, 2l = (A+ )| Px, 2[5 + 204 | Px, 225+ — 4.

If z € X3, then
1P, 21 < [ Pxozl|7e-
and
A7) 0<[IPxyzl72 < |Pxo2l® < (A + )| Pxy 2l 72 + 200 Pxy 2|3
Adding (4.6)x(—1) to (4.7), we have
(A =1+ DIPx, 272 = (A + )] Pxy 2|7
< — 201 ||Px, 2|25 + 47By + 200 Px, 2|22
The left hand side of the above inequality is positive but the right hand side is

not always positive, which is a contradiction. Thus z = 6. ([

Lemma 4.3. The functional —I satisfies the (P.S.)*; condition with respect
to (Cp)n for any —¢ such that

0< inf (=) <-¢< sup (=I)(2).

Z€X12(R,RY) 2€Bas(p’)

Proof. The proof of Lemma 4.3 has the same process as that of Lemma 3.5. [
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Theorem 4.1 (Existence of two solutions on Ej, ). Assume that H satisfies the
conditions (H1)-(H3), and that jo, j1 are negative integers with j; < jo < 0.
Let X ¢ Z and A < 0. Then there exists a small number d3 > 0 such that
for any X with j1 — 62 < XA < j1 < 0, system (1.1) has at least two nontrivial
2m-periodic weak solutions on Fj, .

Proof. We note that the critical points of the functional I coincide with the
critical points of the functional —/. Thus it suffices to find the number of the
critical points of —I, which is appropriate functional for applying Theorem 2.2,
to find the number of the critical points of I. By Lemma 4.1, there exist small
numbers d; > 0, R > p' > 0, R} > 0, R > 1 and p’ > 0 with R’ > p’ such
that for any A with j; — d < A < j1 < jo <0,
sup  I(3) <0< inf I(0),
zeSi9(R,RY) WES23(p’)
so the condition (a) of Theorem 2.2 for the functional —I is satisfied. By
Lemma 4.3, the functional —I satisfies the (P.S.)* ; condition with respect to
(Cp)n for any —¢ such that
0< inf (=DE)<—-¢< sup (=1)(2),
EEEIZ(Rllel) EEBQE:(p/)
so the condition (b) of Theorem 2.2 is satisfied. By Lemma 4.2, for any A
with ji1 —1 < A < ji, there exists I' < 0 such that for any A with j; —1 <
A< X< j1 <jo<0,if Zis a critical pint for I|x,ex, with I' < I(2) < 0,
then Z = 0. Thus I has no critical point Z such that inf._, ~ I1(2)<1I(2) <
SUD: s (70, RY) I(2) < 0 and Z € 9C, so the condition (c) of Theorem 2.2 is
satisfied. Thus by Theorem 2.2, for any A with j; —d2 < A < ji < jo <0 there
exists two lower critical points 21, zo for —I on C such that

0< inf (=DE)<(-D(Z)< sup (D)), i=1,2.
zZeX¥12(R,R1) 2632;(/1)

Thus the functional I has at least two lower critical points z1, z2 on X5 with

inf I(z) <I(z)< sup I(2)<0, i=1,2.
z€Ba3(p) 2€%12(R,R1)
Thus system (1.2) has at least two nontrivial solutions on Xy = Ej,. Thus
Theorem 4.1 is proved. O

Proof of Theorem 1.1. Assume that H satisfies the conditions (H1)-(H3), and
that jo, j1 are negative integers with j; < jo < 0. Let A ¢ Z and A < 0. Let &,
be the small number in Theorem 3.1 and d be the small number in Theorem
4.1. Let us set

0= min{él, 62}

The common part of (j1 — 1, 7o) and (j1 — 2, 71) is
(j1 —0,71)-
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Thus for any A with j; — 6 < A < j1 < jo < 0, Theorem 3.1 and Theorem
4.1 hold simultaneously. Thus by Theorem 3.1, system (1.2) has at least two
nontrivial solutions on Ej, and by Theorem 4.1, system (1.2) has at least two
nontrivial solutions on Ej,. Thus for any A with j1 — 0 < XA < j1 < jo < 0,
system (1.2) has at least four nontrivial solutions, two of which are on Ej, and
two of which are on £}, . Thus we prove Theorem 1.1. (]
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