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EQUIVARIANT CROSSED MODULES AND
COHOMOLOGY OF GROUPS WITH OPERATORS

Puam THI Cuc AND NGUYEN TIEN QUANG

ABSTRACT. In this paper we study equivariant crossed modules in its link
with strict graded categorical groups. The resulting Schreier theory for
equivariant group extensions of the type of an equivariant crossed module
generalizes both the theory of group extensions of the type of a crossed
module and the one of equivariant group extensions.

1. Introduction

Crossed modules and categorical groups have been used widely and indepen-
dently, and in various contexts. In 1976 Brown and Spencer [3] showed that
crossed modules are defined by G-groupoids, and hence crossed modules can be
studied by means of category theory. The notion of G-groupoid is also called
strict 2-group by Baez and Lauda [1], or strict categorical group by Joyal and
Street [11].

A categorical group is a monoidal category in which every morphism is in-
vertible and every object has a weak inverse. (Here, a weak inverse of an object
x is an object y such that x ® y and y ® x are both isomorphic to the unit
object.) A strict categorical group is a strict monoidal category in which every
morphism is invertible and every object has a strict inverse (so that  ® y and
y ® x are actually equal to the unit object).

Graded categorical groups were originally introduced by Frohlich and Wall
in [9]. Cegarra et al. [6] have proved a precise theorem on the homotopy
classification of graded categorical groups and their homomorphisms thanks
to the 3-dimensional equivariant cohomology group in the sense of [7]. Then,
these results were applied to give an appropriate treatment of the equivariant
group extensions with a non-abelian kernel in [6].

Brown and Mucuk classified group extensions of the type of a crossed module
in [2]. Another generalized version of group extension is the equivariant group
extension stated by Cegarra et al. thanks to the graded categorical group theory
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(see [6]). One can recognize a generalization of both theories by means of I'-
crossed modules and strict graded categorical groups, which we deal with in
this work.

The plan of this paper, briefly, is as follows. After this introductory Section
1, Section 2 is devoted to recalling some fundamental results and notions of
reduced graded categorical groups, the obstruction theory of a monoidal I'-
functor and a result on factor sets that will be used in the next section. In
Section 3 we introduce the notion of strict graded categorical group, and show
that any I'-equivariant crossed module is defined by a strict graded categorical
group. Then, we prove that the category r Grstr of strict I'-graded categorical
groups and regular I'-graded monoidal functors is equivalent to the category
rCross of I'-equivariant crossed modules (Theorem 7). A morphism in the
category rCross consists of a homomorphism of I'-equivariant crossed modules,
(f1,fo) + M — M, and an element of the group of equivariant 2-cocycles
Z%(mgM, 1 M’). This result contains a classical one, Theorem 1 [3].

Last, Section 4 is dedicated to stating Schreier theory for equivariant group
extensions of the type of a I'-crossed module by means of I'-graded monoidal
functors (Theorem 10, Theorem 12), then the classification theorem of group
extensions of the type of a crossed module of Brown and Mucuk (Theorem
5.2 [2]) and that of I-group extensions of Cegarra et al. (Theorem 4.1 [6]) are
obtained as particular cases.

2. Reduced graded categorical groups

Throughout T' is a fixed group. Let us recall that a I'-group II means a
group II enriched with a left T-action by automorphisms, and that a (left) T'-
equivariant II-module is a I'-module A, that is, an abelian I'-group, endowed
with a II-module structure such that o(za) = (0z)(ca) for allo € T', 2 € II and
a € A. A T-homomorphism f : II — II' of T'-groups is a group homomorphism
satisfying f(ox) =of(x), c €T, z € I

We regard the group I' as a category with one object, say *, where the
morphisms are elements of I' and the composition is the group operation. A
category P is I'-graded if there is a functor gr : P — I'. The grading gr is
said to be stable if for any object X € ObP and any o € I' there exists an
isomorphism f in P with domain X and ¢gr(f) = 0. A TI'-graded monoidal
category P = (P, gr,®,1,a,1,r) consists of:

1. a stable I'-graded category (PP, gr), I'-graded functors ® : P xpP — P and
I1:T =P,

2. natural isomorphisms of grade l axy,z : (X@Y)®Z 5 X®@(Y®Z),1x :
I®X 5 X,rx : X®I 5 X such that, for all X,Y, Z, T € ObP, the following
two coherence conditions hold:

ax,y,zeraxey,zr = (idx ® ay,zr)ax,yezr(ax,y,z ®idr),

(idx ®ly)ax,y =rx ®idy.
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A graded categorical group is a graded monoidal category P in which every
object is invertible and every morphism is an isomorphism. In this case, the
subcategory KerP consisting of all objects of P and all morphisms of grade 1
in P is a categorical group. B

If P, P’ are I'-monoidal categories, then a graded monoidal functor (F,F,
F.) : P — P consists of a I'-graded functor F' : P — P, natural isomorphisms
of grade 1 ﬁxyy : FX® FY — F(X ®Y), and an isomorphism of grade
1 F, : I' — FI, such that, for all X,Y,Z € ObP, the following coherence
conditions hold:

ﬁX,Y®Z(idFX ® ﬁY,Z)aFX,FY,FZ = F(aX,Y,Z)ﬁXQ@Y,Z(ﬁX,Y ®idrz),

F(Px)ﬁX,I(idFX ® F) =rrx, F(lX)ﬁI,X(F* ®idrx) =lpx.

Let (F,ﬁ,F*), (F’,}F’,FL) be two I'-graded monoidal functors. A graded
monoidal natural equivalence § : F = F' is a natural equivalence of func-
tors such that all isomorphisms 6x : FX — F’'X are of grade 1, and for all
X,Y € ObP, the following coherence conditions hold:

(1) Fly(0x ®0y) = Oxey Fx,y, 0rF, = F,.

The authors of [6] showed that any I'-graded categorical group P = (P, gr, ®,
I,a,1,r) determines a triple (II, A, h), where
- the set IT = 7P of 1-isomorphism classes of the objects in P is a I'-
group,
- the set A = mP of l-automorphisms of the unit object I is a I'-
equivariant II-module,
- the third invariant is an equivariant cohomology class h € HZ(II, A) in
the sense of [7].
Based on the data: a I'-group II, a I'-equivariant II-module A and an element
h € Z3(I1, A), the I'-graded categorical group Jr(IT, A, h) was constructed in
[6] as follows. Objects of [(II, A, h) are elements x € IT and their morphisms
are pairs (a,0) : © — y consisting of an element ¢ € A and o € T" such that
or =y.

b
The composition (z (a2), Y ), z) is given by

(b,7)(a,0) = (b+Ta+ h(z,T,0),70).
The graded tensor product of two morphisms is given by

) (b:9)

(za’ (atybth(z,a’,0),0)

(a,0 b,o
(@ 'y e = y)=( yy')-

The unit constrains are identities, 1, = (0,1) = r, : © — x. The associativity
isomorphisms are

a, .= (h(z,y,2),1): (zy)z — z(yz).
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The stable I'-grading is gr(a,0) = o. The unit graded functor I : T' —
Jp(IT, A, h) is given by

I+ 5 %) = (1 2% 1),

In the case where II, A, h are three invariants of a I-graded categorical group
P, then [.(II, A, h) is graded monoidally equivalent to P. We call [..(II, A, h)
a reduction of the I'-graded categorical group P, and simply denoted by Sp.

A T-functor F : [(IL, A, h) — [(I', A", 1) is of type (¢, f) if

F(z) = ¢(x), F(a,0)=(f(a),0), z€Il,a€ A, cd €T,

where ¢ : IT — I’ is a I-homomorphism (so that A’ becomes a I'-equivariant II-
module via ¢) and f: A — A’ is a homomorphism of T-equivariant II-modules
(that is, a homomorphism which is both of I'- and II-modules). In this case,
we call (¢, f) a pair of T'-homomorphisms, and call the function

(2) E=*h — f.h
an obstruction of the I'-functor F', where ¢*, f, are canonical homomorphisms
Z3(IL A) L 731, AY) £- Z3(1r, A)).

From Propositions 4 and 5 [15] on the monoidal functors of type (¢, f), one
obtains the following proposition with some appropriate modifications.

Proposition 1. Let P and P’ be I'-graded categorial groups, Sp and Sp: be their
reductions, respectively.

i) Every T'-graded monoidal functor (F,ﬁ) : P — P induces one Sf :
Sp — Spr.

i) Every I'-graded monoidal functor fF(H,A,h) — fF(H’,A’,h’) s a I'-
functor of type (@, f).

The following proposition is a part of Theorem 3.2 [6].

Proposition 2. Let P, P’ be two I'-graded categorical groups. Any I'-graded
functor (F,F) : P — P induces a pair of I'-homomorphisms (o, f), which

realizes a I'-graded monoidal functor, if and only if its obstruction & vanishes
in H3(moP, mP’"). Then, there is a bijection

Hom,, 1)[P,P'] <+ HE (P, m P'),

where Hom, 1)[P,P'] is the set of all homotopy classes of monoidal I'-functors
from P to P’ inducing the pair of T'-homomorphisms (¢, f).

e Definition of factor sets with coefficients in a categorical group.

The notion of factor set in the Schreier-Eilenberg-Mac Lane theory for group
extensions has been raised to categorical level by Grothendieck [10] and was
also applied in [4], [5], [17]. In this paper we use this notion to define a strict
graded categorical group.
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Definition. A factor set F on I' with coeflicients in a categorical group G (or
a pseudo-functor from T" to the category of categorical groups in the sense of
Grothendieck [10]) consists of a family of monoidal autoequivalences F° : G —
G, 0 € T', and isomorphisms between monoidal functors 677 : F°F™ — F°7,
o, € I'| satisfying the conditions:

i) F! =idg,

ii) 019 = idps =071, 0 €T,

iii) 8777 0 97T FY = 0777 o F7O™7 for all o, 7,y € T.

We write F = (G, F?,0%7), or simply (F,6).

The following lemma comes from an analogous result on graded monoidal
categories [5] or a part of Theorem 1.2 [18]. We sketch the proof since we need
some of its details.

Lemma 3. Fach T'-graded categorical group (P, gr) determines a factor set F
on I' with coefficients in the categorical group Ker P.

Proof. For ¢ € T, we define a monoidal autoequivalence F° = (F ",ﬁ )
KerP — KerP as follows: for each X € KerP, since the grading gr is sta-
ble, there exists an isomorphism Y% : X = F°X, where F°X € KerP, and
gr(Y%) = o. In particular, when o = 1 we take F'X = X and T} =idx. A
morphism f : X — Y of grade 1 in KerP is carried to the unique morphism
Fe(f) in KerP determined by

Fo(f) =TS o fo(T%)™
The natural isomorphism ﬁj‘(y :FPX®@ F°Y = F°(X ®Y) is determined
by
Fyy=(T%®Yy)o (Tkev)
Furthermore, for each pair o, 7 € I" there is an isomorphism of monoidal func-
tors #%7 : F°FT = F°7_ with 019 = idpo = #%', which is defined, for any
X € ObP, by
0% =Ty 0 T 0 (TF) .

The pair (F, ) constructed as above is a factor set. O

3. Strict graded categorial groups and I'-crossed modules

The objective of this paper is to extend the results on crossed modules
and on equivariant group extensions. The notion of I'-crossed module is a
generalization of that of crossed module of groups of Whitehead [19]. First,
observe that if B is a I-group, then the group AutB of automorphisms of B is
also a I'-group with the action

(cf)(b) = a(f(c™'b)), be B, f € Aut B.

Then, the homomorphism p : B — Aut B,b — pp (s is the inner automor-
phism of B given by conjugation with b) is a homomorphism of I'-groups.
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Indeed, for all 0 € I';a,b € B, one has
pov(@) =cb+a—ob=0cb+oc ta—b)=oc(uw(ca)) = (cmw)(a).

Definition. Let B, D be I'-groups. A I'-crossed module is a quadruple (B, D, d,
9¥), where d : B — D, ¥ : D — AutB are I'homomorphisms satisfying the
following conditions:

Cl. Y9d = M,

Ca. d(V2(b)) = p (d(D)),

Cs. 0(9:(b)) = Ypu(ob),
where 0 € I',;x € D,b € B, i, is the inner automorphism given by conjugation
with z.

A T'-crossed module is also called an I'-equivariant crossed module by Noohi
[12].
Examples. Standard examples of I'-crossed modules are:
1. (B, D,i,u), where i : B — D is an inclusion I'-homomorphism of a
normal subgroup.
2. (B,D,0,9), where B is a D-module, 0 : B — D is the zero I-homomor-
phism, and ¢ is the module action.
3. (B,Aut B, 11,0), where o : B — Aut B is the I'-homomorphism of any
I'-group B which is given by conjugation.
4. (B,D,p,?), where p : B — D is a I'-surjective such that Kerp C Z(B),
¥ is given by conjugation.

Note on notations. For convenience, we denote by the addition for the operation
in B and by the multiplication for that in D. In this paper the I'-crossed module

(B,D,d,?) is sometimes denoted by B LY D, or B — D. In this section
notations M, M’ refer to the I'-crossed modules (B, D,d,d), (B’,D’,d',¢'),
respectively.

The following properties follow from the definition of I'-crossed module.

Proposition 4. Let M be a I'-crossed module.
i) Kerd is a T'-subgroup in Z(B).
i) Imd 4s both a normal subgroup in D and a T'-group.
iii) The T'-homomorphism ¢ induces one ¢ : D — Aut(Kerd) by

Pz = Uz |Kerd-
iv) Kerd is a left T'-equivariant Cokerd-module under the actions

sa = pz(a), os =[oz], a € Kerd, = € s € Cokerd.

The groups Kerd and Cokerd are denoted by 7 M and mgM, respectively.

It is well known that each crossed module of groups can be seen as a strict
categorical group (see [3], [11, Remark 3.1]). Crossed modules of groups can be
enriched in some ways to become, for example, crossed bimodules over rings,
or equivariant crossed modules. In the former case, each crossed bimodule can
be seen as a strict Ann-category [13]. In the later case, we shall show that each
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crossed module of I'-groups can be identified with a strict I'-graded categorical
group. We now state this definition.

Recall that if (F, F , F) is a monoidal functor between categorical groups,
then the isomorphism F, : I’ — FI can be deduced from F and ﬁ, SO we can
omit F, when not necessary. A monoidal functor (F, F) : G — G’ between two
categorical groups is termed regular if

Fz)@ Fly)=F(zr®vy), F(b)®@ F(c)=F(b®c)

for all z,y € ObG, b,c € MorG. A factor set (F,0) on I" with coefficients in a
categorical group G is regular if 077 = id and F'? is a regular monoidal functor,
forall o €T

Definition. A graded categorical group (PP, gr) is said to be strict if

i) KerP is a strict categorical group,

ii) P induces a regular factor set (F, #) on I" with coefficients in the categorical
group KerP.

Equivalently, a graded categorical group (P, gr) is strict if it is a I-graded
extension of a strict categorical group by a regular factor set.

For each I'-crossed module M, we construct a strict I'-graded categorical
group Prq := P associated to M.

Objects of P are elements of the group D, a o-morphism x — y is a pair
(b,0), where b € B,o € T', such that oz = d(b)y. The composition of two
morphisms is defined by

(3) (x (bi;) Y (C’—T>) z) = (x —>(Tb+c’w) 2).

This composition is associative and unitary since B is a I'-group.
For any morphism (b, o) in P, one has

(b,0)~ = (=070,

so that P is a groupoid. The tensor operation on objects is given by the

) , (69)

b,
multiplication in the group D, and for two morphisms (z ey y), (' "7y,

then

(4) (1' (b;a)') y) ® (SC/ (c,a’) y/) — (:CZ'/ (b+19y570)

yy'),
which is a functor thanks to the compatibility of the action ¢ with the I'-action
and conditions of the definition of I'-crossed module, as below.

For morphisms (z :g) Y (@) x), (¢ Ly y () Z') in P,

(:C (IE}T) y (C,T) ZL') ® (SC/ (b 70) y/ (C 17-) Z/)

(3) (.CC (tb+c,70) Z)®(:C/ (tb'+c",70) Z/)

(4) ; (Tbtct+9. (T +c'), o) ’
(zx zz'),
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(b,0) ') () ()
(2 —=y)® (@ ——=y)]olly —= 2) @ (y —> 2')]

)

)
= (z2’ ———=yy') o (yy

(c+9.¢ 1
/ ) ZZI)

(3) ; (T (b+9yb ) +ct+9.c 7o) ’
= (zx zz').

The fact that ® is a functor is equivalent to

b+ c+ 0, (b + ) =7(b+9,0) +c+ 9.

This follows from
r(0,0) L 01y (7H) = Dy () ‘D e (0:(7)).
The associativity and unit constraints with respect to tensor product are
strict. The graded functor is defined by gr(b,o) = o, and the unit graded
functor I : ' — P by

I+ % %) = (127 1),
Since ObP = D is a group and x ® y = zy, every object of P is invertible,

whence KerP is a strict categorical group.

We next show that P induces a regular factor set (F, 6) on I" with coefficients

in KerP. For each z € D,o € T, we set F7(z) = oz, T = (x 2, ox). Then,

according to the proof of Lemma 3, we have F?(b,1) = (ob,1) and 77 = id.
Now, it follows from the I'-crossed module structure of B — D that F7 is a
regular monoidal functor.

Thus, P is a strict I'-graded categorical group.

Conversely, for each strict I'-graded categorical group P, we construct a I'-
crossed module associated to P as follows.

Set

D=0bP, B={x % 1|xzeD, grib)=1}.
The operations in D and in B are given by
=2y, b+c=>bRc,

respectively. Then, D becomes a group in which the unit is 1, the inverse of x
isz~! (z®2~! = 1). Bis a group in which the zero is the morphism (1 ~ 1)
and the negative of (z KN 1) is the morphism (2! KN 1)(b®b=id).

By the definition of P, its kernel KerP is a strict categorical group and P has

a regular factor set (F,0). Thus, D, B are I'-groups in which the actions are
respectively defined by

ox =F°(x), x € D,o €T,
ob=F?(b), be B.
The correspondences d : B — D and ¢ : D — Aut B are given by

dlz = 1) =z,
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idy+btid, 1

T = 2,

b _
Iy(z = 1) = (yay
respectively. Since B, D are I'-groups, it is easy to see that d, ¥ are I'-homomor-
phisms.

Definition. A homomorphism (f1, fo) : M — M’ of I'-crossed modules con-
sists of I'-homomorphisms f1 : B — B, fo: D — D’ satisfying

Hy. fod=df1,

Hy. f1(0:5) =9}, f1(b) for all « € D,b € B.

The following lemmas state the relation between homomorphisms of I'-

crossed modules and graded monoidal functors between corresponding asso-

b, .
ciated graded categorical groups. Observe that a morphism (z ﬂ> y) in

Pp_,p can be written as

(0,0) o (b,1) y

)

and a T-graded monoidal functor (F, F) : Poq — Pay defines a function f
D2UD xT — B by

= (0,0)
(5) (f(2,9),1) = Fo, (f(z,0),0) = F(z = ox)
Lemma 5. Let (f1, fo) : M — M’ be a homomorphism of T'-crossed modules.
Then, there exists a T'-graded monoidal functor (F,F) : Pyq — Pay defined

by F(z) = fo(x), F(b.1) = (fi(b),1), if and only if | = p*p, where o €
ZZ(Cokerd,Kerd'), p: D — Cokerd is a canonical projection.

Proof. Since fy is a homomorphism and Fz = fy(x), ﬁmy :FeFy — F(xy)is a
morphism of grade 1 in P’ if and only df (z,y) = 1/, or f(z,y) € Kerd' C Z(B’).

Also, since fy is a I-homomorphism, (Fz M Fox) is a morphism

of grade o in P’ if and only if df (z,0) = 1/, or f(z,0) € Kerd C Z(B'). In
particular, when o =1 then f(z,1r) = f1(0) = 0.

The fact that f; is a group homomorphism is equivalent to the condition
of F' preserving composition of morphisms of grade 1. The condition of F
preserving the composition of morphisms of form (0, o) is equivalent to

(6) 7f(z,0) + f(ox,7) = f(x,T0).

e The condition of ﬁm,y being natural isomorphisms.
- For morphisms of grade 1, consider the diagram

F(x)F(y) F(xy)

Foy

F(b,1)®F(c,1)

lF[(ba1)®(071)]

F(2)F(y') — F(z'y).

1yl

Yy
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Since the homomorphisms fy, f1 satisfy the condition Hs, the following equa-
tion holds:
F(b,1)® F(c,1) = F[(b,1) ® (¢, 1)].
Then, since f(x,y), f(z',y") € Z(B'), the above diagram commutes if and only
if
flz,y) = f(',y).
So, F defines a function ¢ : Coker? d — Ker d’,
o(r,s) = f(z,y), r =pz, s=py,

where p : D — Cokerd is a canonical projection.

- For morphisms of form (0, o), the diagram

F(x)F(y) fo F(zy)

F(0,0)®F(0,0) F[(0,0)®(0,0)]

Fox)F(oy) —— F(oz)(oy) = Fo(wy)

commutes if and only if

af(x,y) - f(O’.T, Uy) = f(.%', U) + 19/}7(095),]8(9; U) - f(xya U)’

or
(7) O'f(.’L',y) - f(O'.’L', Uy) = f(.’L', U) + (U‘T)f(ya U) - f(xya U)‘
e The commutativity of diagram
f(z,0),0
F:L'( u )Fox
F(b,1) F(ob,1)

Fy — F
Yiwore 7Y

leads to

f(x,0) + fi(ob) = o f1(b) + f(y,0).
Since f; is a I-homomorphism, it follows that f(z,0) = f(y, o). This gives a
function ¢ : Cokerd x I' — Ker d'

50(7’5 J) = f(l', J)v r=px.

Therefore, one obtains a function

¢ : Coker® d U Cokerd x T' — Ker d’
which is normalized in the sense that

90(15 S) = 50(7’5 1) =0= 90(7"7 1F)

The first two equations hold since F(1) = 1’ and (F, F) is compatible with the
unit constraints. The last one holds since f(z,1r) = 0.
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The compatibility of (F, ﬁ) with the associativity constraints implies

(8) Vpa(f(y, 2)) + f(@,y2) = f(@,y) + f(ay, 2).
It follows from the relations (6)-(8) that ¢ € Z3(Coker d, Ker d’). O

Note that the strict I'-graded categorical group P induces a I'-action on the
group D of objects and on the group B of morphisms of grade 1, we state the
following definition.

Definition. A I'-graded monoidal functor (F, F) : P — P’ between two strict
I’-graded categorical groups is called regular if:

S1. F(z @ y) = F(z) ® F(y),

Sy. F(ox) = oF(z),

S3. F(ob) = aF(b),

Si. F(b)®@ F(¢) =F(b®c)
for x,y € ObP, and b, ¢ are morphisms of grade 1 in P.

The I'-graded monoidal functor mentioned in Lemma 5 is regular.

Thanks to Lemma 5, one can define the category rCross whose objects are
I-crossed modules and whose morphisms are triples (f1, fo, ¢), where (f1, fo) :
M — M’ is a homomorphism of I'-crossed modules and ¢ € Z2(Coker d, Ker d').
The composition with the morphism (f], f§,¢’) : M’ — M" is given by

(f{vf(l)vgol> © (flaanSﬁ) = (f{flaféva(f{)*gO+ (f())*(QOI))

Lemma 6. Let P and P’ be corresponding strict I'-graded categorical groups
associated to T'-crossed modules M and M’, and let (F, F) : P — P’ be a regular
I-graded monoidal functor. Then, the triple (f1, fo, ), where

i) fo(z) = F(x), (f1(b),1)=F(b,1), o€, be B, z,y € D,

ii) p*o = f for f is given by (5),
is a morphism in the category rCross.

Proof. By the condition S1, fj is a group homomorphism, and by the condition
Sa, fo is a I-homomorphism. Since F' preserves the composition of morphisms
of grade 1, f; is a group homomorphism. Moreover, fi is a I'-homomorphism
thanks to the condition S3. Each element b € B can be seen as a morphism

@ 2 1) in P, and hence (fo(db) L2Y, 11y

means H; holds:

is a morphism in [P/, that

foldb) = d'(f1(b)).
By the condition Sy and the fact that f; is a homomorphism, H, is satisfied:

f1(ye) = Ifo(y)fl(c)-

Thus, (f1, fo) is a homomorphism of I'-crossed modules. By Lemma 5, the
function f determines a function ¢ € Z2(Cokerd, Kerd'), where f = p*p, p :
D — Cokerd is the canonical projection. Therefore, (f1, fo, ) is a morphism
in rCross. O
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Denote by
rGrstr
the category of strict I'-graded categorical groups and regular I'-graded monoi-
dal functors, we have the following result.

Theorem 7 (Classification Theorem). There exists an equivalence

® : rCross — rpGrstr,
(B—-D) — Pp,p

(fi.forp) = (FF)
where F(x) = fo(x), F(b,1) = (f1(b),1), and

(0.0) _
F(x =" ox) = (¢(pz,0),0), Fry= (p(pz,py),1)
forx,ye D, be B, o €T.

Proof. Let P, P’ be the I'-graded categorical groups associated to I'-crossed
modules M, M’; respectively. By Lemma 5, the correspondence (f1, fo, ) —
(F, F) defines an injection on the homsets,

(O3 HOIHFCI-OSS(M, M’) — Homr‘GI‘StI‘(]P)M7 ]P)M/)

By Lemma 6, ¢ is surjective.

If P is a strict I'-graded categorical group and Mp is its associated I'-crossed
module, then ®(Mp) = P (rather than an isomorphism). Thus, ® is an equiv-
alence. O

When I' = 1, the trivial group, then the category ;Cross = Cross has
crossed modules as objects, the morphisms are triples (f1, fo, ¢), where (f1, fo) :
M — M’ is a homomorphism of crossed modules and ¢ € Z?(Cokerd, Kerd'),
and the category 1 Grstr = Grstr has strict categorical groups as objects, the
morphisms are regular monoidal functor. Thus, one obtains the following result.

Corollary 8 (Theorem 5 [14]). There ezists an equivalence

P . Cross —  Grstr,
(B — D) — PB—)D

(flvaa(p) = (Fvﬁ)
where F(x) = fo(z), F(b) = f1(b), Fry = @(T,7) for z,y € D, b€ B.

The two categories mentioned in Corollary 8 have two corresponding sub-
categories:

- The category 2-Gp of G-groupoids (by Brown and Spencer [3]) is a sub-
category of the category Grstr in which the morphisms consist of monoidal
functors (F, F') with F = id.

- The category CrossMd of crossed modules (in the sense of usual) is the
subcategory of the category Cross in which the morphisms consist of triples

(flaanSD) Wlth @Y = 0.
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The categories 2-Gp and CrossMd are equivalent via a functor which is a
restriction of ®. Thus, Corollary 8 contains Theorem 1 [3].

4. Equivariant group extensions, I'-crossed modules and
equivariant group cohomology

In this section we develop a theory of equivariant group extensions of the
type of a I'-crossed module which extends both group extension theory of the
type of a crossed module [2, 8, 16] and equivariant group extension theory [6].

Definition. Let B % D be a D-crossed module and Q@ be a I'-group. An

equivariant group extension of B by Q of type B Y Disa diagram of I'-
homomorphisms

£ 0 B—sg-2.Q 1,
||
B—%-D

where the top row is exact, the family (B, E,j,9°) is a I'-crossed module in
which 9° is given by conjugation, and (id, €) is a homomorphism of I'-crossed
modules.

Two equivariant extensions of B by @ of type B 9, D are said to be equiv-
alent if there is a morphism of exact sequences

0 1, E—<=-D

Bj]pr
Bj,E’p,(H) :

1

0

)

such that ¢’ = €. Obviously, « is a I'-isomorphism.
In the diagram

" -Q 1,

E
Y

9) 0 B2
B—%> D% Cokerd

where ¢ is a canonical I'-homomorphism, since the top row is exact and gocoj =
qgod = 0, there is a I'-homomorphism v : @ — Cokerd such that the right
hand side square commutes. Moreover, 1 is dependent only on the equivalence
class of the extension £, and we say that the extension £ induces 1. The set of
equivalence classes of equivariant extensions of B by @ of type B — D inducing
1+ Q — Cokerd is denoted by

Ext, 5 (Q, B,v).
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Now, in order to study this set we apply the obstruction theory to I'-graded
monoidal functors between strict I'-graded categorical groups r Dis@ and
Pp_ p, where the discrete I'-graded categorical group r Dis @ is defined by

pDisQ:/F(Q,o,O).

This is just the strict I'-graded categorical group associated to the I'-crossed
module (0, @, 0,0) (see Section 3). Thus, the objects of r Dis @ are the elements
of @ and its morphisms ¢ : x — y are the elements ¢ € ' with ox = y.
Composition of morphisms is multiplication in I'. The graded tensor product
is given by
(x> y) @@ 2 y)=(zz’ = yy').
We first prove the following lemma.

Lemma 9. Let B — D be a I'-crossed module, and let ¢ : () — Cokerd be
a T'-homomorphism. For each T'-graded monoidal functor (F,F) : rDis@Q —
Pp_,p which satisfies F(1) = 1 and induces a pair of I'-homomorphisms (1,0) :
(Q,0) — (Cokerd, Kerd), there exists an equivariant group extension Ep of B
by Q of type B — D inducing .

The extension & is called an equivariant crossed product extension associ-
ated to the I'-graded monoidal functor F'.

Proof. Let (F, ﬁ) : rDis@ — P be a I'-graded monoidal functor. By (5), it
defines a function f: Q@ x QU (Q x ') — B which is normalized in the sense
that

(10) flz,1r) = 0= f(z,1) = f(1,y).

The first equality holds since F' preserves identities, the rest ones hold since
F(1) =1 and F is compatible with the unit constraints.
It follows from the definition of morphism in P that

(11) oF(z) = df (z,0)F(ox),

(12) F(x)F(y) = df (z, y)F(zy).
According to the proof of Lemma 5, the function f satisfies the equations (6)-
(8), but it here takes values in B instead of Kerd'.

Firstly, we construct the equivariant crossed product Ey = B x¢ Q). The
I'-group structure of Ejy is given by the rules

(b, x) + (¢,y) = (0+ Vra(c) + f(2,9), 2y),
U(ba ‘T) = (Ub + f(.’L', U)a O-:C)'
Thanks to the conditions (6), (10) and (12), B x¢ @ is actually a group. The

zerois (0,1) and —(b, z) = (', 27 1), where 9, (') = —b— f(x,2~1). Moreover,
Ey is a I'-group owning to the conditions (7), (8) and (11).
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Then, the following sequence is exact
Ep: O%BQEOPJQ—)L

where jo(b) = (b,1), po(b,x) = x, b € B, = € Q. Since jo(B) is a normal
subgroup in Ey, jo : B — Ey is a I'-crossed module in which the action 9¥° :
Ey — Aut B is given by conjugation. B

Next, we embed Ep into the diagram (9) as follows. Since (F, F') induces a
I-homomorphism v : @ — Cokerd by ¥ (z) = [Fx] € Cokerd, the elements Fz
are representatives of Cokerd in D. Then, the map € : Fy — D given by
(13) e(byx) =db.Fx
is a I’-homomorphism thanks to the conditions (11) and (12).

It is easy to see that € o jo = d. Besides, for all (b,x) € Ey, ¢ € B, one has
19&@)(0) = U (p,2)(c), as calculated below:

19?17@) (C) = Jo_l[u(b,z) (C, 1)] = :ub[ﬂFz(C)]a

Ve(o,2) () = Vab.ra(c) = p[Ira(c)]-
Finally, for all z € Q,

so that the extension £ induces the I'-homomorphism ¢ : @ — Coker d. O

Under the hypothesis of Lemma 9, we state the following theorem.

Theorem 10 (Schreier theory for equivariant group extensions of the type of
a I-crossed module). There is a bijection

Extp_, p(Q, B,¥) +» Hom(y ) [DisrQ, P, p].

Proof. First, every I'-graded monoidal functor (F, F') is homotopic to one (G, G)
in which G(1) = 1. Hence, we can restrict our attention to this kind of
I-graded monoidal functor (F, Fv) : Disr@Q — Pp_p. The, by Lemma 9,
each I'-graded monoidal functor (F, F ) defines an equivariant extension & €
Exth_, »(Q, B, v). The correspondence [F, F] — [Er] defines an injection

Q : Hom(y, )[DisrQ, Pp_sp] — Exty_, 5 (Q, B,v)

thanks to Step 1 below.

Step 1: The I'-graded monoidal functors F,F' : r Dis@Q — P are homotopic
if and only if the corresponding associated equivariant extensions Ep,Epr are
equivalent.

We first recall that every graded monoidal functor (F, F ) is homotopic to
one (G, @) in which G(1) = 1. Hence, we can restrict our attention to this kind
of graded monoidal functors.

Let F,F' : rDis@Q — P be homotopic by a homotopy « : F — F’. Then,
there exists a function ¢ : Q — B such that o, = (g(z), 1), that is,

(14) Fz =dg(z)F'z.
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The naturality of « gives

(15) f(x,0) + g(ox) = og(x) + f'(2,0).
The coherence condition (1) of the homotopy « implies g(1) = 0 and
(16) fl@y) +g(xy) = g(x) + Iragy) + f(2,y).

Let Eps be the extension associated to F’ by Lemma 9. We write
o Er — Ep.
(b,z) = (b+ g(x),x)

Then, thanks to the equations (15) and (16), a* is a I-homomorphism. Further,
the following diagram commutes

0 B—Ls gL 1, Ep =D
H -7(/) l p/o H E/
0 B EF’ Q 1, EF’ —_— D

and hence o* is an isomorphism. It remains to show that &’a* = . It follows
from the equations (13) and (14) that

ga*(b,x) =€ (b+g(x),z) =db+ g(x))F'z
=d(b)d(g(z))F'z = d(b)Fx = (b, x).
Thus, two extensions £r and Ep/ are equivalent.
Conversely, if a* : Er — Eps is an isomorphism, then
a’(b,x) = (b+ g(x), z),

where g : Q@ — B is a function with g(1) = 0. Thus, a, = (g(z),1) is a
homotopy of F' and F’ as we see by retracing our steps.

Step 2: Q) is surjective.

Assume that & is an equivariant extension of B by @ of type B — D
inducing ¢ : Q@ — Cokerd as in the commutative diagram (9). We prove that &
is ecglivalent to an extension £ associated to some I'-graded monoidal functor
(F,F) : FDiSQ — PBﬂD.

For each = € @, choose a representative u, € F such that p(u,) = x, u; = 0.
An element in F can be uniquely written as b 4+ u, for b € B, x € Q. The
representatives {u,} induce a normalized function f: Q x QU Q x ' = B by

(17) Ug + Uy = f(x,y) + Ugy,

(18) oty = f(x,0) + oz,
and the automorphisms ¢, of B by
P = Py, b= ug +b—ug.
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It follows from the condition Hs of the homomorphism (id,e) of I'-crossed
modules that

Veu, = fu, = Pa-
Then, the I'-group structure of E can be described by

(b+uz) + (¢ +uy) = b+ pa(c) + f(2,Y) + Uay,

ob+ug) =0cb+ f(z,0) + tUy.

Since ¥(x) = Yp(uz) = ge(uy), €(uy) is a representative of ¢(x) in D. Thus,
we define a I'-graded monoidal functor (F, F') : Disp Q — P as follows.

Fr=c(u,), Flx % ox) = (f(x,0),0), ﬁmy = (f(z,y),1).

The equations (18) and (17) show that F'(o) and }T}y are actually morphisms
in P, respectively. The normality of the function f(x, o) gives F(id,) = idpy.
Clearly, F(1) = 1. This together with the normality of the function f(z,y)
imply the compatibility of (F, F) with the unit constraints. The associativity
law and the T'-group properties of B imply the equations (6)-(8), respectively,
in which ¥p, is replaced by ¢,. These equations show that (F, F ) is compat-
ible with the associativity constraints, ﬁzy is a natural isomorphism and F
preserves the composition of morphisms, respectively.

Finally, it is easy to check that the equivariant crossed product extension
Er associated to (F, F ) is equivalent to the extension £ by the I'-isomorphism
a: (b,x) = b+ uy. O

Moreover, each equivariant group extension of B by @ studied in [6] may
be viewed as an equivariant group extension of type of I'-crossed module
(B,Aut B, 1,0). Then, Pp_,autp is just the holomorph I'-graded categorical
group of a I'-group B, HolrB.

Corollary 11 ([6, Theorem 4.2]). For I'-groups B and Q, there exists a bijec-
tion
Extr(Q, B) <+ Homr [Disr@, Holr B].
Let P = Pp_, p be the I'-graded categorical group associated to the I'-crossed

module B — D. Since myP = Cokerd and mP = Kerd, the reduced graded
categorical group of P is

Sp = / (Cokerd, Kerd, h), h € Z2(Cokerd, Kerd).
I

Then, by (2), the pair of I-homomorphisms (¢,0) : (Q,0) — (Cokerd, Kerd)
induces an obstruction

Y*h € ZE(Q,Kerd).

Under this notion of obstruction, we state the following theorem.
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Theorem 12. Let (B, D,d,9) be a I'-crossed module, and let ¢ : @ — Cokerd
be a I'-homomorphism. Then, the vanishing of *h in H32(Q,Kerd) is necessary
and sufficient for there to exist an equivariant extension of B by Q of type
B — D inducing . Further, if *h vanishes, then the equivalence classes of
such extensions are bijective with HZ(Q, Kerd).

Proof. By the assumption, ¢*h = 0, thus by Proposition 2, there exists a I'-
graded monoidal functor (¥, \Tl) : 1 Dis@Q — Sp. Then, composition of (U, \Tl)
and (H,H) : Sp — P is a I-graded monoidal functor (F,F) : pDisQ — P.
It is easy to see that F' induces the pair of I'-homomorphisms (¢, 0), hence by
Lemma 9, we obtain an associated extension Ep.

Conversely, suppose that there is an equivariant extension as in the dia-
gram (9). Let P’ be the I'-graded categorical group associated to the I'-
crossed module B — E. By Lemma 5, there is a I'-graded monoidal func-
tor F': P’ — P. Since the reduced graded categorical group of P’ is r Dis @,
by Proposition 1, F' induces a I'-graded monoidal functor of type (¢,0) from
rDis@Q to Sp = fF(Coker d,Kerd, h). Now, by Proposition 2, the obstruction
of the pair (1, 0) vanishes in H3(Q, Ker d), that is, ¥*h = 0.

The final assertion of the theorem follows from Proposition 2 and Theorem
10. O

Note that if I' = 1, the trivial group, then the set EXt%HD(Q, B, ) is just
the set of equivalence classes of group extensions of the type of a crossed module
studied in [2, 8, 16]. Thus, we obtain the following consequence.

Corollary 13 ([2, Theorem 5.2]). Let (B, D,d, ") be a crossed module, and let
1 Q — Cokerd be a group homomorphism. Then, there exists a 3-dimensional
cohomology class k(B, D, ) € H3(Q,Kerd), called the obstruction, whose van-
ishing is necessary and sufficient for there to exist an extension of B by Q of
type B — D inducing . Further, if k(B, D, ) vanishes, then the equivalence
classes of such extensions are bijective with H?(Q, Kerd).

For the I'-crossed module (B, Aut B, 1, 0), since Coker u = Out B, Ker u =
Z(B), Theorem 12 contains Theorem 4.1 [6].

Corollary 14 ([6, Theorem 4.1]). Let B, D be I'-groups and let ¢ : Q —
OutB be a T'-homomorphism. Then, there exists the obstruction Obs(y) €
H3(Q, Z(B)) whose vanishing is necessary and sufficient for there to exist an
equivariant extension of B by Q inducing 1. Further, if Obs(v) vanishes, then
the equivalence classes of such extensions are bijective with H2(Q, Z(B)).
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