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EXISTENCE AND LARGE TIME BEHAVIOR OF
SOLUTIONS TO A FOURTH-ORDER DEGENERATE
PARABOLIC EQUATION

Bo LianG, MEISHAN WANG, AND YING WANG

ABSTRACT. The paper is devoted to studying a fourth-order degener-
ate parabolic equation, which arises in fluid, phase transformation and
biology. Based on the existence and uniqueness of one semi-discrete prob-
lem, two types of approximate solutions are introduced. By establishing
some necessary uniform estimates for those approximate solutions, the
existence and uniqueness of the corresponding parabolic problem are ob-
tained. Moreover, the long time asymptotic behavior is established by
the entropy functional method.

1. Introduction

In the paper, we mainly study the following fourth-order degenerate para-
bolic problem:

(1) ug + A(|AulP~?Au) — V - (f(2)|Vu|?2Vu) = g(x) in Qr,
(2) u=Au=0onT,
(3) u(z,0) = up(x) on ,

where Q C R¥ is a bounded domain, 9 is smooth enough, Q7 = Q x (0,7,
I'=900x(0,T) and p,q > 1. The equation (1) can be taken as the generalized
Cahn-Hilliard equation or thin film equation. Particularly, if p = 2, it becomes
the Cahn-Hilliard model, which appears in the description of phase transfor-
mation theory (see [3]). By replacing |Au|P~2 with u™ (m > 0), the equation
(1) is just the thin film equation, which can be used to study the motion of a
very thin layer of viscous in compressible fluids along an inclined plane. The
unknown function u represents the thickness of the film (see [8]).
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Mathematically, there have been some research results about the fourth-
order degenerate parabolic equations. For the one dimensional thin film equa-
tion, Bernis, Friedman [2] and Griin [6] have obtained the existence of a class
of weak solutions from some energy estimates. Moreover, Carrillo and Toscani
addressed the long time behavior of solutions in [4] by the entropy functional
method. In addition, Xu and Zhou (see [10] and [11]) have studied the non-
linear fourth-order equation u; + V - (|[VAu[P~2VAu) = f and they got the
existence and stability of weak solutions.

It is pointed out that the comparison principle does not hold for the fourth-
order partial differential equations and so we have to rely on the energy estimate
method to obtain the existence of solutions.

The weak solution of (1)—(3) is defined as follows.

Definition. A function w is said to be a weak solution of the problem (1)—(3)
if the following conditions hold:
1. w e C([0,T]; LP(Q)) N LP(0, T; H)
in Q;
2. For each ¢ € LP(0,T;H), it has

T
ou
- p—2
/0 <at,<p>dt+ //T |Au|P~* AuApdzdt
+/ f(2)|Vu|T 2 VuVedzdt = // g(x)pdzdt,
Qr T

where we have used the following notations:
H =Wy () nWAr(Q),
H = (Wo (@) nW>P(Q))',
;. P . 1 1
=L (ie,—4+-=1
Pop— (le’ P p )
and (-, -) denotes the inner product between H’ and H.

, % € Lp/(O,T;/H'), u(z,0) = up(x)

The main results of the paper including the existence and long time behavior
are as follows.

Theorem 1.1. Assume ug € LP(Q) N L3(Q), f € L=(Q), f >0, g € L' (Q)
and q < NN—f; if p < N. Then the problem (1)—(3) admits a unique weak

solution.

Theorem 1.2. Let u be a weak solution of (1)~(3). Assume |lugl|r2(q) > 0,
feL>Q), f>0and g=0. Then it has

1

(luolztpy +CE=10t) 77, p>2;

HUOHLZ(Q)eict7 p=2.

1wl 20 (1) <

For p < 2, there exists a time constant t > 0 such that v =0 for all t > t.
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Throughout the paper, C is denoted as a general positive constant, and may
change from line to line. The paper is arranged as follows. We will prove the
existence and uniqueness of solutions in Section 2. The long time asymptotic
behavior will be established in Section 3.

2. Existence and uniqueness

In order to prove Theorem 1.1, let us define a semi-discrete problem of (1)—
(3) at first:

1
(4) E(Uk —up—1) + A(JAugp P2 Aug) = V- (f(2)|Vur|* > Vug) = g(z) in Q,
(5) ur =Aur =0 on 99,

for each positive integer n, ux = u(x,kh), h = % and k =1,2,...,n. To gain
its existence, we need introduce a functional of uy:

fi 2 1 p
(6) M[uk]th/Q|uk| dz+p/ﬂ|Auk| dz

+ é/ﬁf(x)|Vuk|‘de +/Q (g(x) + %uk_l) ugdz.

Next we employ (6) to establish:

Lemma 2.1. The problem (4)—(5) admits a unique weak solution u; € H
satisfying
1
(7) E/(Uk —uk_l)wdx—i—/ | Aug|P~2 Aup Avpda
Q Q

+/ f($)|vuk|q_2vwcv¢d$=/g(m)wdx,

Q Q
1 1

(8) —/ |uk|2dx+/ |[Aug|Pde < —/ |ug_1|2dz + C,
h Ja Q h Jo

k
(9) /|uk|2dz+h2/|Aui|pdx§/ |u0|2d:c+CT,
Q —Ja Q

fork=1,2,....n andy € H.

Proof. By applying Young’s inequality, Holder’s inequality, the Sobolev em-
bedding theorem (see [1]) and LP-estimate (see [5]), we have

/Q <g(z) + %ukl) updz

IN

(10)

1
Hh + EUkil

lull e o)
Lr'(Q)

’
p

IN

1 1
%HAukHZ[)‘p(Q) + C Hh + EUk_l

()
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Hence, accordmg to (6) and (10), we get
Mlug] > — / lug |2dx + —/ |Aug|Pde + — / f(@)|Vug|?dz —
> —

which can show that the functional Muy] is bounded:
—C < inf Mv] < M[0] =
veEH

Furthermore, there exists a minimizing sequence {u!}%°, C H satisfying
(11) Mluk] — inf Mv]
veEH

when | — 400, and then the LP-estimate of the second-order elliptic equation
yields

||u§c||W2vP(Q) < C||Au§g||Lv(Q)-
Therefore, there exist a subsequence of {ul} and a function uj € H such that
uﬁc — uy weakly in H. For p > 1, applying the weakly lower semi-continuity,
we have

M{u] <liminf M[ul] = inf M[v],

l—o0 vEH

which implies M[ug] = inf,ey M[v]. A standard proof guarantees that the
function wy, is a weak solution of (4)-(5).
We take ¢ = uy, as a test function in (7) to get

1
—/ |uk|2dx+/ |Auk|pdx—|—/ F(@)|Vug|2da
Q

< Up_1|°dx + /uk2dx+/gxukdx.
< 5 [ hurPdo+ 5z [ s+ [ g

Similar to (10), we can prove that [, g(z)urdz < 3 [, [Aug[Pdz + C, and then
we have (8). The inequality (9) can be obtained from (8) directly.

Finally, for given ug_1, we will show the uniqueness. Let w; and ws be two
solutions of (4)—(5), and take w; —ws as a test function in the difference of the
corresponding equations to get

1
E/Q(wl — wy)?dx

= — / (|Aw P2 Aw; — [Aws P72 Aws ) (Aw; — Aws)dx
Q

- / F@) (Vs |72 Vawr — [V "2 Vws) (Vi — Vaoy)da
Q
<0,

where we have used the fact (|z|™ 2z — |y|™ 2y)(z —y) > 0 for m > 1 and
2,y € R (or RY). Therefore, one has w; = wy a.e. in Q. O
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Fix a positive integer n, and define the first approximate solution as

w™ (z,t) = ZXk ug(z

where (« ) |
1, te((k—1)h kb,
Xk(t) = { 0, elsewhere,

for k =1,...,n. We need some uniform estimates in n as follows.
Lemma 2.2. [t has
(12) ™| Lo 0,7522(2)) + 1w (| L0, 7530) < C-
Proof. For any t € (0,T), there exists a positive integer & € {1,...,n} such
that t € ((k—1)h, kh], and then we have [|w(™ (2, 1)[|72q) = [lux(2)F2q) < C-
It giVeS ||w(n)HL°°(O,T;L2(Q)) S C

According to (9), we have [f, |Aw™ Pdadt = R Y [ |[Aug|Pdz < C.
A simple argument completes the proof. O

The second approximate solution is defined by

(13) ut™ () ZXk up(@) + (1= A (8))up—1(2)],

where
% —(k—=1), ifte ((k—1)h,kh],
0, otherwise.
The following uniform estimates hold for u(™.

Lemma 2.3. It has

H oum

(n)
L?'(0,TH) ’ Hu HL“’(O,T;LZ(Q)) <C.

Proof. In view of (13), we have

Au(™) 1 <
=7 E Xk(uk - kal)a
o he

P’ T
dt < /
H 0
ZXk(t)/ |Auk|p72AukA1/)d:c
Q

T
SC/
0 Tr=1

T, n
C/o I;Xk(t)/gf(iﬂﬂvuﬂqQVUkV7/)dZE

and then
/T H ou™ '

dt

(n)
(%)

n

’
p

dt

p/
dt
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+c/ 0 [ ot @da|

(| Aw ”>||Lp am F IV, o4

dt

<
for any ¢ € H with ||| < 1. Tt yields the first estimate } 8:) -
LP’(O,T;’H/)
C.
By (9), it follows that
T 2
e n)|2
Hu( )||LQ(O,T;L2(Q)) S/O </Q|u( )| d1'> dt
T n ) s
_ ca/ </ un(@) + (1= Me()upr (@)]| dz ) dt
0

_ caz / " ( / F(Ous(@) + (1 —Ak(t))uk_l(x)]fdx)%dt

—1)h

<ca2h( [P + s @)Pyc)

<,

2

where the constant C' > 0 is independent of o > 1, and thus

[ u n)||L°°(O,T;L2(Q)) = O}LH;O Hu HLa(o,T;L?(Q)) =C O

Theorem 1.1 is proved as follows.

Proof of Theorem 1.1. By Lemma 2.2, there exist a subsequence of w(™, a
function v € LP (Qr) and a vector function vy € (L? (Q7))N such that

w™ 5y weakly™ in L(0,T; L2(Q2)),

w™ — y weakly in LP(0,T; WP(Q)),
|Aw™ P72 Aw™ — v weakly in LP (Qr),
IVw™ P2V — 4y weakly in (L (Qr))N

when n — oo. Lemma 2.3 yields

ou™ dp
N P’
5 5t weakly in L? (0,T;H’),

u™ 2 p weakly* in L>°(0,T; L*(2)).

According to (7), for any test function ¢ € C§°(Qr), we have

// (w™ — u™)pdxdt
T
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\ /| IRVGIIEN ))(ukukwdzdt‘

QTkl

Z/ Xk(t)hq/ | Aug [P~ Aup Apdz
1”0 Q

+ / hpdx >dt
Q

T
h/ ( |Aw™ P2 Aw™ Apdz| +

‘ / hedx )dt
Q

< Ch =0,
when n — co. It gives p = w a.e. in Q7. Now we can perform the limit n — oo
in the following equality:

T /7 oum
/ <—,<p> dt+// |Aw™ P72 Aw™ Apdadt
0 ot Or
+/ f(x)|Vw(")|q_2Vw(")V<pdxdt:// g(x)pdadt
Qr T

for any test function . Hence, by n — oo, we get
T
0
(14) / <—u, <p>dt + // vy Apdadt +/ f(@)vaVedzdt
0 ot T Qr

://Tg(x)godxdt.

It is necessary to prove that v; = |[Au[P7?Au and vy = |Vu|?"2Vu. Taking
u as a test function in (14), we have

(15) 1/ |u(x,T)|2dzfl/ |u0|2dz+// v1 Audzdt
2 Ja 2 Ja r
—|—/ f(x)UQVudxdt:// g(z)udzdt.
QT T

In addition, by choosing ¢ = w(™ in (7), we obtain

(16) / ™ (2, T)*de — 5 / luoda + / / Aw™ [Pdzdt

+/ f(@)|Vw™ [Pdadt
Qr

/ / w™dzdt.
T

IN

dt

+ ‘ / FIVug| "2 Vu,Vedr
Q

IN

‘/ fIVw™|17290w™ ¥ pda




1066 B. LIANG, M. WANG, AND Y. WANG

Notice that for any test functions ¢1, 2 and any constant € > 0,

(17) // |C n)|p 2cln) |7718|p 27715)( B Ula)dxdt >0,

(18) // IESP P26 — IaelP~2mae) (¢S — o )dardt > 0,
T

where C "= Aw®™ | gy, = Au —epq)), §2n = Vw™ and ne. = V(u — ep2)).
In view of (16)-(18), by letting n — oo, we have

/|uzT|d:c——/|u0| dx—// (u—epr)Pdadt

+ // |A(u — 1) [P 2 A(u — epr) Audadt + // v1A(u — epq)dadt

T

- / f(@)|u — epa|Pdadt + / f(@)v2V(u — epa)dadt
Qr Qr

+ / F(@)|V(u — e92)|P~2V (u — epa) Vudadt
Qr

S//Tg(x)udxdt.

Employ (15) to obtain

// (A —ep1)P2Au — ep1) — v1] Aprdadt

+ / F(@)[IV(u—ep2)[P72V(u — ep2) — v2] Vipodadt < 0.
Qr
By taking € — 0, one has
// [|AuP7?Au — v ] Aprdadt + // f(@)[|[VulP7>Vu — vy] Vipadadt < 0.
T Qr

Taking @2 = 0 and applying the arbitrariness of ¢;, we conclude that
|Au[P~2Au = v1 a.e. in Q7. By defining va = [Vul|P~2Vu in (QL)N = ({z €
Qf(x) = 0} x (0,7))N, we get v2 = |[Vu[P72Vu a.e. in (Q7)Y. Then (14)
becomes

T
(19) / <@,<p> dt + // |AulP~2 Aulpdadt
o \Ot Or

+/ f(@)|VuP~2VuVedrdt = // g(z)pdzdt.
Qr T
A standard argument can show that u € C([0,T]; LP(Q2)) from

u € LY (0,T;H') and u € LP(0,T; W>P(2))

(see [9]).
Similar to the proof of Lemma 2.1, we can prove the uniqueness. (]
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3. Long time behavior

In this section, we give the proof of the long-time behavior of solutions when
h=0.

Proof of Theorem 1.2. We define an entropy functional as following

It is easy to check that
dH (t
®) = f/ |Au|pd:c—/ f(z)|Vu|tdz.
dt Q Q

Combining Poincaré inequality with Sobolev imbedding theorem, we get

(20) dfd{—ft) <_C (/Q |u|2dz>% .

When p > 2, by solving the differential equation y/ = —Cy%, we have
2 _ﬁ
ullznte) < § (ol +CE=1t) 77 p>2
l[uollL2(@)e ™", p=2.

On the other hand, for p < 2, one has

2— 2- p
5ty < ol — € (1 )1,

where the constant C is independent of t. Therefore, there exists a time ¢ such
that [lul|12(q) < 0 for all t > . It yields the assertion of Theorem 1.2. O
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