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Abstract: Mathematical models are actively used to reduce the experimental expenses required to understand physical
phenomena. However, they are different from real phenomena because of assumptions or uncertain parameters. In this
study, we present a calibration and validation method using a paper helicopter and statistical methods to quantify the
uncertainty. The data from the experiment using three nominally identical paper helicopters consist of different groups,
and are used to calibrate the drag coefficient, which is an unknown input parameter in both analytical models. We
predict the predicted fall time data using probability distributions. We validate the analysis models by comparing the
predicted distribution and the experimental data distribution. Moreover, we quantify the uncertainty using the Markov
Chain Monte Carlo method. In addition, we compare the manufacturing error and experimental error obtained from the
fall-time data using Analysis of Variance. As a result, all of the paper helicopters are treated as one identical model.
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Fig. 1 Specifications of paper helicopter used in the

experiment (R=72mm, Ry=32.4mm, B=22.8mm,

T=42mm, T,,=30.6mm)
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Fig. 2 The Preparation of the Falling test of paper
helicopter
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Figure 12.4 Validati libration, and prediction (Oberkampf and Barone, 2004)

Fig. 3 Overall procedures of calibration, validation, and
prediction®

Mgy, = 0.595g
Ppaper = 76.843g/m?

SRS SRR I
TFAAHORE
5= W o= A (Calibration), 7% (Validation),
(Prediction)®] Ao = o]FojxH o]= Fig.
oA EAIA o R YERfolXIt. Fig. 3 o e
2 FaAEd (6= FEoeF
WAL AY ol E o]&ste] ErH o s
FAsh= o R oSEdoe] A7 HolEE rkgst]
3ff At AT ESAAAE arelehA] & A
s AAggd £ A3dE 4
A g skl S HE
WA= WY S, B AT A E Markov Chain
Monte CarloMCMC) 7|H<
712 mAe] T g gk A= HolE 7t
pul H

FolHS W Markov Chain ¥EH WHE 53
sSetrg el =dYE FEHoR FASE

WRiol

o5 3l 10*3]e] Atk Al ey
MCMC = F4 3= E7E Beas A&l
FEFS A= a7 Bol A7 "l deel
Astdths wle] UARE 2 ATl 34
el e7p AR sho]7] wiizel A8kl
Agretrta dddeh gk B delAE MeMC
7IHs TEste WYE T 7P 2y 2ol
Metropolis-Hasting algorithm & ©]-&-&} 3t}

okr A3 % Linear 2F Quadratic Y3} 9o
ostil Fol WelFeo] dahAhe Tt Ao



Fol Aelge atalA

sebrgo] o8] FEFS etk
Cpi= Al eHH o= gl ol 4
dubdeld), Fo| AzFEe Y} Palo] UAEA

=411 = o] =
7] wWiEel ©d grem AFE] otk whehA
FEArE LS 7R vixe dehE R
Aolalglal, MCMC 7oz Bixgo] ukdd

SeAIRhE RERER A5 & An
AEERE e FERIL 2PN DL
gole] wxel Mug Fd AFS = WEe

o] %4 7 (Predictive Validation)©| 2} gt}

>
%
N
)
O{N

T P E
Agow Yol
SIESA=R= k)

Lok
i
ME
ol off HI N

dole] el
AsS APty ol 9

delFE e FAS Hehgole] wWste] mE oS
Yala7to] Aol A éx%&] FE A geplt
BASF=AE Lot & 5 Utk

(1) shtel 071X16”’:‘ RS
ZANA =A=

ot
1
)
D
o
o,
=Y
)
K
AN
e
R S
o ol

=]
il
=
il
Rl o fo afn r

—“7]Xﬁ5]"jj =] tﬂoﬂ Er]
48275 0% o 83

=P BRN
e L e )
ot i fu Ok

N e
o |
E 06 ﬂj
S0 J
y J
0.1 r)r
7

0
85 9 95 10 10.5 11
Fall time (sec)

Fig. 4 Predictive Validation area metric for 10.67m /
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Table 1 One-way ANOVA (10.67m / 1 clip), Reference
(9) for more information of One-way ANOVA

Source | DF SS MS F P
Factor 2 |0.036 | 0.018 0.95 0.404
Error 18 | 0.336 | 0.019
Total 20 | 0.372
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Table 2 Predictive Validation area metrics of one Table 3 Predictive Validation area metrics of three
helicopter for four conditions under the helicopters for four conditions under the
quadratic and linear model quadratic model
Conditions Quadratic Linear Conditions H1 H2 H3
del del
: moce moce 10.67m/ Iclip | 0057 | 0.067 | 0.052
10.67m / 1clip 0.0221 0.0229 (for calibrations) | (1.00) (1.00) (1.00)
(for calibrations) (1.00) (1.00) ] 0.040 0.056 0.085
6.82m/ Iclip : . ‘
6.82m / leli 0.0561 0.0681 (0.71) (0.84) (1.63)
-.02m/ Iclip (2.53) (2.97) . 0.032 0.056 0.082
6.82m / 2clips
0.0422 08157 (0.55) (0.84) (1.57)
6.82m / 2clips ('1 91) (3'5 58) 10.67m / 2clis 0.068 0.097 0.053
- - ) P (1.19) (1.44) (1.01)
10.67m / 2clips et o
(1.02) (59.46) Table 4 Predictive Validation area metrics of three
helicopters for four conditions under the linear
omz Ao Al WAL L mode
=2 0 29} vlwsle] wusit B 4 Q) o] E Conditions H1 H2 H3
23 A 7FR Fo] dAgFEHE s mo o 10.67m/ 1clip 0.057 0.069 0.043
for calibrations) (1.00) (1.00) (1.00)
JER o] A2 H (
Feel Audnt. 6.82m / Lcli 0054 | 0075 | 0.098
o o ) ) P (0.95) (1.08) (2.27)
3.2.2 Predictive Validation area metric 0.832 0.819 0.781
3 2] SLE] = = 6.82m / 2clips ) : .
A7 Fol AEFEE kRS SIA ' PS 1 (4700 | (11.83) | (18.11)
shte] dAeFeels 7Pdol AYEAr] wiEe] 7t . 1376 1.310 1.392
. 10.67m / 2clips
*o] dlg|EE o] =A flolEE 3htel luEE oA (24.30) (18.93) (32.29)
=49 dolE % 4 sl ole] Wk & 21 A
SAelHE ol &aix Hotmde] wgk wy B Fo|nk wigtE A gl dis] Age] AjfsittE AL
H5S Aldate] Table 2 o Aokt ojm i},

Table 2 = 717} 1 A9} 2 Z} 5’~71 e mEs
ol4sle] WA =A9 EASFE pala o]Hom 3237|F HApAlE2te] v|m B4
oE A9 YAk aﬂ*—Téﬂ‘% o] QA= & A} Tdd AI9dHs A dTE
Validation area metric &] =X = UEFA Flolt} P Park®e] =0 AE= HI, H2, H3 2] 5 3 714
=35 ote] = WA FH9 area metricol] ik Fol dFE A3t del mdo] Zpzt dxith
2719 area metric®] B]= UER Aolty w4 Aol  HI, H3 ¥ quadratic 2@o] © Hgallal, H2 &=
area metric®] TXE FEsH= 7|Fo] Hal 7T linear =2o] Adlslt}= ARo] Ut} o= =
Al e Aviyg 2 Ao wel Ui Ay wde AdAAIet Hlaskr] flsf 3 A Fol AFE
A S Aret 4 9t} Quadratic ERo] = WA &l Z}ZF  Predictive Validation area metric &
ZZ700 A 0.05719] area metricS YEIW A& 7|Fo R glskeit).
6.82m / lclipS 2.53%, 6.82m / 2clips®l A= 1.914H, Table 3, 4 = & A3 3 7k &4 ALe] Fol

10.67m / 2clips 70 7]59] 1.02000) et FFH] 3l linear ¢ quadratic 2E-S 283
area metricS WEPH O ZM quadratic =2-S ©]-&35}o] BoES w Yshr|Zke] 3k Predictive Validation area

T FdE A ST GEAI S oA S5 Al metric & YERH 03, Table 5, 6 & Park®<]
Ageitte= AS delEth Linear RHo] A= WA oAl Student A 7} Al 3 714 FU AL

Z7o A 2] area metricS 7|F2o2 Fo|vk W3k Fo] AeFE o Y} AZtE dolE ol i3l linear 2}
ZAdME 2979 AE9 area metricS YFERHATH quadratic 22 2] Predictive Validation area metric 2]
SHAITE 9 7Sl digk Wishr) ol 2B = ZAi}olt}, Table 3 oA & = Ql%©| quadratic 22
108] ©]49] area metricS YEFHATE o= Fo] AE3stele W 3 7HA] Fo] dEFHl U3t area
el Fele] FAZ Aafvigls A9 linear  metric & FA|7F EE A WA A9
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Table 5 Predictive Validation area metrics of three

helicopters under the quadratic model
(Student A in Park’s paper)
Conditions H1 H2 H3

3.78m/ 2 clips 0.032 0.017 0.028
(for calibrations) (1.00) (1.00) (1.00)
. 0.091 0.475 0.091
3.78m/Lclip | o en | (27.04) | (3.25)
. 0.043 0.060 0.078
4.39m/2clips |15 | 353) | (279

Table 6 Predictive Validation area metrics of three
helicopters under the linear model (Student A
in Park’s paper)

Conditions H1 H2 H3
3.78m/ 2 clips 0.032 0.018 0.028
(for calibrations) (1.00) (1.00) (1.00)
3.78m/ 1 clip 0.642 0.040 0.464
(20.06) (2.22) (16.57)

Table 7 One-way ANOVA (Student A of the Park's
paper), Reference (9) for more information of
One-way ANOVA

Source | DF SS MS F P
Factor 2 |0.628 | 0314 | 3433 | 0.000
Error 27 | 0.247 | 0.009
Total 29 | 0.874
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Appendix

Table A1 Fall time data for four conditions

Condition 1 Condition 2 Condition 3 Condition 4
Height:10.67m and clips:1 | Height:10.67m and clips:2 | Height:6.82m and clips:1 | Height:6.82m and clips:2
MN | HI | H2 | H3 |[M.IN| Hl | H2 | H3 |MIN| HI | H2 | H3 | M\N| HI | H2 | H3

1 9.67 | 9.60 | 9.48 1 7.77 | 7.62 | 7.55 1 6.24 | 6.01 | 6.05 1 5.06 | 5.01 | 5.05
2 195719701978 2 | 786|783 |78 | 2 |603]6.16[599| 2 |4945.05]479
3 194509271953 3 [773 17731790 | 3 |6.16 612|612 3 |485]|495]493
4 19321969 947 | 4 | 771788800 4 |6.09]614][610| 4 |494|5.05]5.00
5 19331966956 | 5 |793 768|784 5 |600|584 615 5 [502]5.01]499
6 19391949 9.61 6 | 769|771 795 6 |585|612 59| 6 |495]5.01]|4.96
7 196619571959 | 7 |772 77931768 7 606623606 7 |504]491]499
AVG | 948 | 9.57 | 9.57 |AVG| 7.77 | 7.74 | 7.83 | AVG| 6.06 | 6.09 | 6.06 | AVG| 4.97 | 5.00 | 4.96
STV | 0.15 ] 0.15 ] 0.11 | STV | 0.09 | 0.09 | 0.16 | STV | 0.12 | 0.13 | 0.07 | STV | 0.07 | 0.05 | 0.08
COV ] 0.02 | 0.02 | 0.01 |COV | 0.01 | 0.01 | 0.02 | COV ]| 0.02]0.02 ] 0.01 |COV|0.01 | 0.01 | 0.02




