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OPTIMALITY CONDITIONS FOR OPTIMAL CONTROL
GOVERNED BY BELOUSOV-ZHABOTINSKII
REACTION MODEL

SANG-UK Ryu

ABSTRACT. This paper is concerned with the optimality conditions for
optimal control problem of Belousov-Zhabotinskii reaction model. That
is, we obtain the optimality conditions by showing the differentiability of
the solution with respect to the control. We also show the uniqueness of
the optimal control.

1. Introduction

Belousov-Zhabotinskii (BZ) reaction model is known as a typical example
of self-organization in the chemical reactions ([5]). In order to investigate the
mechanics of the BZ reaction model which is considered to consist of more
than ten elementary chemical reactions, Keener and Tyson [4] introduced the
following model.

oy 9% 1 y—a :
E—a@‘i‘e—g[y(l—y)—c(l)‘f'u)(m)} in I x (0,77,
0 0? 1 .

(1.1) 8_/t) = ba—z/; +-(y—p) i Ix(0T]
%on=2%rn=20n=22011=
0,0 = (L = SL0.0 =L@ n=0 o 07T,

y(SC,O) :yO(x)v p(z,O) :po(x) in [.
Here, I = (0, L) is a bounded interval in R. The variables y(x,t) and p(z, 1)
describe the concentrations of HBrOy and Ce'* at z € I and a time t € [0, 7],
respectively. a > 0 and b > 0 represent the diffusion rate of each species.
Finally, €, ¢ and ¢ are positive constants where 0 < ¢ < 1 and 0 < ¢ < 1. The

control term u(t) denotes a light induced bromide production rate to intensity
of illumination at a time ¢t € [0,77] ([9], [10], [11], [12]).
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In this paper we are concerned with the optimality conditions for the fol-
lowing optimal control problem:

(P) minimize J(u)
with the cost functional J(u) of the form

T T
T(u) = / ly(us) — yall 2yt + / 10(u) — pallZps pydt
ol ory, we HYO,T),

where y = y(u) and p = p(u) is governed by (1.1).

The optimal control problem for the reaction diffusion model are studied in
many papers. In [2], Garvie and Trenchea studied the optimal control problem
for a nutrient-phytoplankton-zooplankton-fish system. Hoffman and Jiang [3]
considered the optimal control problem of a phase field model for solidification.
In particular, Ryu and Yagi [8] studied the optimal control problem for the
chemotaxis model. Recently, Ryu [7] showed the existence of the global weak
solution and the optimal control for (1.1). In this paper, we obtain the opti-
mality conditions by showing the differentiability of the solution with respect
to the control. We also show the uniqueness of the optimal control.

The paper is organized as follows. Section 2 is a preliminary section. In
Section 3, we obtain the optimality conditions for the prolem (P). Section 4
show the uniqueness of the optimal control under the some assumption.

Notations. Let J be an interval in the real line R. LP(J;H), 1 < p < oo,
denotes the L? space of measurable functions in J with values in a Hilbert
space H. C(J;H) denotes the space of continuous functions in J with values
in ‘H. For simplicity, we shall use a universal constant C to denote various
constants which are determined in each occurrence in a specific way by a, b, c,
€, v, m, l and I. In a case when C' depends also on some parameter, say 6, it
will be denoted by Cy.

2. Preliminaries

We shall state some inequalities on the Sobolev spaces ([1]). When s > 1,
H*(I) c C(I) with

I -lle < Csll - las(n)-
In particular, H'(I) C LI(I) with
(21) I Naaty < Coall - Wil 1557,

S 1=

= =

=
~ .

where 1 < p< g <oo,r=

We take the identificatio
LQ(I) C (Hl(I))’. Then, L7 (I

o T

2(I) and (L?(I))" and consider that H(I) C
(H(I))' for every ¢’ € [1, 00| with

q’HyHLq/(I)a y € LT (I).

~ B s
IN ~—
@) N

(2.2) Nyl e )y
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We set three product Hilbert spaces V C H =H' C V' as
V=HYI)x HY(I), H=L*1I)xL*I), V =(H' ) x(H ).

We set also a symmetric bilinear form on V x V:

a(va/) = (Al/Qy’Al/Qy)L%I) + (Aé/Qy’Aé/Qy)L%I)’ Y= <y>7 V= <?{> <V

P p
satisfying
a(Y, V)| < MY [v[[Y ]y, Y.Y €V,
MKHZMW%,YEV
with some 0 and M > 0. Here, A; = aa >+ 1 and Ay = a =~ + 1 with the

same domain D(4;) = HZ(I) = {z € H*(I); (0) = g;( ) =0} (i =1,2).
Then this form defines a linear isomorphism A = (AO Ao ) from V to V', and
the part of A in H is a positive definite self-adjoint operator in H.

Then, (1.1) is formulated to the following abstract form

(2.3) %+AY F,(Y), 0<t<T,
Y (0) = Yp

in the space V'. Here, F,(-) : V — V' is the mapping

y+e?y(l—y) —clp+u)( L
1Mm< [-w+( 1m(+ﬂ>

and Y} is defined by Yy = (po) ad = {u € H(0,7); |ull gror) < m, 0 <
u(t) <l} and K = {(58) €H;0<yoe L*(I)and 0 < py € LQ(I)}.
Then, we obtain the following result ([7]).

Theorem 2.1. For any Yy € K and u € Ugq, (1.1) has a unique global weak
solution
0<Y e HY0,T;V)NC(0,T];H) N L*0,T;V),
equivalently,
0<ye ' (0.7:(H (D)) NC(0.T); LA(1) N L*(0,T: H' (D)),
0<peH0,T;(H (1)) ne(o, T]; L*(I)) N L0, T; H(I)).
Moreover, we also obtain the stability result with respect to the control.

Theorem 2.2. For any Yy € K, let Y1 = (zi) and Yy = ( ) be the solutions
with respect to uy,us € Uyq. Then, we have the following estzmate

(2.4) 1¥1(t) = Ya(O)ll Lo 0,720) < Cllua(t) — ua ()l 0,7
for all t €10, 7).
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Proof. Let w = u; —ug, y = y1 —y2 and p = p; — p2. Then y and p satisfies
the following;:

o o~ - 2qy
5‘*’141?/—94‘6 [y(l—y)—C(p1+u1)(m)
~ (Y2 —4
cp+a)(0))
9p S 1~ L 1vs
(2.5) 5 TAP =g (L—e)p,
TP TR PONE N

y(x,0) =0, p(z,0)=0.
Taking the scalar product with § to the first equation of (2.5), we have
1d
2 dt
< Cs(llpr 3y + vl oy + w2l + 1)
< (lglZ2 () + 16122(1)) + Clal?
and taking the scalar product with p to the second equation of (2.5), we have
Ld, o L 12 <12
§E|‘p”L2(I) + §||P||H1(1) < C(Hy||L2(I) + HpHLZ(I))'
From (2.6) and (2.7), we obtain
1d
2dt
Using Gronwall’s inequality, we obtain that

IV @012, +6 / 17 (1)13.ds

< Olfil2a el CUM@IBHBEIR+DE < ¢)g)2,

_ J
(2.6) ||y|\%2(1)+§|\y||§,1(1)

2.7)

~ 5~ - :
Y117+ 51V < CUIR + V2[5 + DIV + Clal

(07T)
for all ¢ € [0,T]. Hence, we obtain the desired result. ]

3. Optimality conditions for the optimal control

For each u € Ugug, (2.3) has a unique weak solution Y (u) € H(0,T;V') N
C([0,T); H) N L2(0,T;V). Thus, the problem (P) is obviously formulated as
follows:

(P) minimize J (u),

where -
T(u) = / 1Y () = Yallodt + vl oy, € Una

Here, Y; = (gj) is a fixed element of L2(0,7T;V) with yq, pa € L*(0,T; H'(I)).
v is a positive constant.
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Theorem 3.1 ([7]). There exists an optimal control @ € Uuq for (P) such that
J(2) = min J(u).

u€Uqq

To derive the differentiability of Y (u) with respect to the control u, we
note that the mapping F,(:) : V — V' must be Fréchet differentiable with the
derivative

P V)2 <z1 + 6_2[21(1 —2y) — czg(ﬁ) —c(p+ u)((;jlr—zl)z)}>,

etz +(1—e 1)z
where Y = (V), Z = (Z}) € V.
Then, we have the following conditions.
Lemma 3.2. For eachn > 0, there exist increasing continuous functions fi,, v :
[0,00) — [0,00) such that for Y)Y, Z, P €V,
(fiii)  [(FL(Y)Z, Py vl

< { Ml ZI Pl + (Y v + Dpg (1Y 21| 2]l Pl v, a-e. (0,

0,T)
M ZIvIIPlly + UY v + D (Y 20 2l | Pllas a-e. (0,

1),
T),
(tiv) |FL(7)Z - FL(Y)Zl
< v(IY s+ 1Y [3)IY = Yl Zlv, ae. (0,T).
Proof. Indeed, by (2.1), (2.2), it is seen that
1201 = 29)[[ a2 1)y < Cllza(l = 2y) | L2y
< Cllzll2y (T + [yl Lo )
< Cllaalliean @+ yllm ), v,z € HY(I)

and

Tl
e <C 2
Hp((erq)Q) iy = ClPalen

< Cliplle=mllzllzzr
<Clpllmmlzllzzn. v, p,z1 € H'(I).

Hence, the condition (f.iii) is fulfilled.
On the other hand, for y,¥,p,p € H*(I),

2 (52 = ) e = = (=)

2| — - —— = ||zo( —=

g+aq y+q/llary (7 +a)(y+q)/ @y
< Cllz2llLoe )l — yllz2r)
< Cllzallzr ) lg — yll L2

/ 2q%1 29z
Hp((gjj—qP) *P((yiq)a)u(m(,))/

and
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H ( y2—(|1—Z; ) p((;—?—i}ﬁ)‘ L(I)

< C(+pllezy) g = yllzew + 16 = pleeo) l2alla @),
with the use of (2.1) and (2.2). Hence, the condition (f.iv) is fulfilled. O

Proposition 3.3. The mapping u — Y (u) from Uuq into HY(0,T;V') N
L?(0,T;V) is differentiable in the sense
Y(u+hv) =Y (u)
h
as h — 0, where u,v € Uyq and v+ hv € Uyq. Moreover, Z =Y’ (u)v satisfies
the linear equation

— Z in H*(0,T;V')NL*(0,T;V)

(3.1) % FAZ - F(Y()Z =B,(Y(u), 0<t<T,
Z(0) =0,

where B, (Y (u)) = (_eizcg(ﬁ)).

Proof. Let u,v € Ugg and 0 < h < 1. Let YV}, = Y (uy) = (yZ) and Y =Y (u) =
(z) be the solutions of (2.3) corresponding to u, = u + hv and u, respectively.
Step 1. Yy — Y strongly in C([0,T];H) as h — 0. As in the proof of
Theorem 2.2, we obtain that
IYa(t) = Y ()5, < Cllun(t) = u®)|F20,7) < CR {012 0,1)
for all ¢ € [0,T]. Hence Y, — Y strongly in C([0, T]; H) as h — 0.
Step 2. {Xr—y}m is bounded in H'(0,T;V') N L2(0,T;V). Let ¥ =

h
% = (g) We consider
dy F, (Y3,) — F,(Y
(3.2) E—i—AY a ")h ( ):o, 0<t<T,
Y (0) =0.

By (2.2) and y;, > 0, we have

Fu (Yh) th
33 [ B = 1))
(3:3) h V!
=H—cv(”“q)H <Cl
Yn +q/ N HL (D))
and
F.(Yn) — F,(Y)
3.4 H ‘
(3.4) - »

V!

_ H <g+ e? [g(l —Yn—y) - cﬁ(ZZIZ) - c(p+U)(%)})‘
eyt (1—et)yp
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< C(IYally + 1Y [lv + DY [l

Taking the scalar product with Y to (3.2) and using (3.3), (3.4), we obtain that
1d
2dt

Using Gronwall’s inequality, we obtain that

1Y @)l15 + gl\?(t)lli < ORI + 1Y @13 + DIY (O3, + Clof.

t
o < T NE £ 2 s
HY(t)H%rL + 5/0 ||Y(t)||$,ds < CHU||2L2(O,T)€IU CIYa()H+HNY ()15 +1)d

for all t € [0,7]. Hence, ¥2=X is bounded in H'(0,7;V’) N L%(0,T; V).

Step 3. Y’I;Y converges weakly to the solution Z of (3.1) in H(0,T;V') N
L?(0,T;V) as h — 0. Since the equation (3.1) is linear, we see from Lemma
3.2 that there exists a unique solution Z of (3.1). Also, we see from Step 2 that

Y, —Y

— Z weakly in H*(0,S;V') N L*(0,T;V)
and

(3.5) Yo ¥

— 7 strongly in L*(0,T;H)

as h — 0. Let us verify that Z = (2) is a solution of (3.1). First, we show
that for O = (V1) € L*(0,T;V)
T
oo [ RO
as h — 0. Indeed, by direct calculation
Eu(Yn) = Fu(Y)
h
_ (i) = e (358) — o) (it )
B ( e~y + (1 — e Dby )

(1))t / (FL(Y)Z, W () it

- FYZ

+(eﬂ@w%d4x3ﬁﬂmwumwimﬂ>@%Jab
0
=1 + I,

where w; = =4 — 7 and wy = £4~L — 7. For 4y € L2(0,T; HY(I)),

T
/0 <(w1(1 Y y)’w1>(H1(1))’,H1(I)dt

T
< C/O (lynllzzcry + llyllzzy + D@l L2 11l g dt

< C(llynllLee(o,rsL2ry) + |l Lo, 752(r)) + 1)

x |0l 20,72 191l 220,751 (1)



334 S.-U. RYU

and

T 9 )
/0 <((yh + q(ﬁ)y +4q) )wl’ w1><H1(I>>',H1(I>dt

T
<c / ol oo 1l e bl oyt

< Cllpll oo, 2 1@ 20,7520 11| L2 0,7 1 (1) -

From (3.5), we see that |[w||z2¢0,7;r2(1)) — 0. Thus, it is seen that I; — 0
weakly in L2(0,7T;V’) as h — 0. Moreover, we have

T
2qp 2gp .
- Z1, dt
/o<((yh+q)(y+q) (y+Q)2) ' 1><H1(I>>xH1<I>
T L
<c [ [ lotwn =~ walaslinln
<0 [* [ ot = vzt

<0 [ ol ln szl e
0

< Cllpllzes 0,722 1y — Yl Lo 0,122 0n |21l L2 0,750 (o) W01 | 22 0, 138 (1) -

From Step 1, we see that ||[yn —y|lL(0,7;22(1)) — 0. Thus, it is seen that I — 0
weakly in L?(0,T;V’) as h — 0. Therefore, (3.6) is satisfied.
On the other hand, since

T — J—
/ <v(yh g y q)7w1> i
0 Ynta ytq (HM(D)), H*(I)

< CH“HN(I)H% - y||L°°(0,T;L2(1))H7/}1||L2(0,T;H1(1)),

we obtain that

/T<Fuh(Yh)F (%)
o h

V’ th — / >V/ th

By the uniqueness, we see that Z = Z. Hence, h,; Y converges weakly to the

unique solution Z of (3.1) in H'(0,7;V')N L?(0,T;V) as h — 0.

Step 4. Xb};—y — Z strongly in HY(0,T;V') N L*(0,T;V) as h — 0. W =

Yhh — Z satisfies
(3.7) % + AW — (w _F (Y)Z)
_ (Fuh(Yh)h_F (Yn) —BU(Y)), O<t<T
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By using (f.iii) and (f.iv), we obtain that
HFu(Yh) - F.(Y)
h
< CIYally + 1Y [y + DIW |
+ v([[Yalla + 1Y [3)[Yn = Yl Z|lv ae. (0,T).

(3.8) - F;(Y)z‘

V!

And we have

(3.9)

H Fuy, (Yn) = Fu(Yn)
h
ol el
Ynt+q y+q/lHID)
S C|’U|||yh — y||L2(I) S CHYh — Y”H a.e. (O,T)

- Bu(Y)|

Taking the scalar product of the equation of (3.7) with W and using (3.8),
(3.9), we have
1d =, 2 0,7 9
S ST @B+ ST
< (RIS + 1Y @O + DIW ©)3,
+ (¥l + 1Y 13 (IZO1 + DIYA() = Y (@O

From Gronwall’s Lemma,

— t —
W (®)117 + 5/0 W ()[I%ds < ClIYR(E) = Y (Ol 2w 0,790 12122 0.70) + -

Since Y, — Y strongly in L*°(0,T;H), it follows that X%Y is strongly conver-

gent to Z in H*(0,T;V')NC([0,T);H) N L*(0,T;V). O
Theorem 3.4. Let @ be an optimal control of (P) and letY = (/y;) € L?(0,T;V)
N HY0,T;V') be the optimal state, that is Y is the solution to (2.3) with
the control w. Then, there exists a unique solution P = (5;) € L*0,T7;V) N
HY(0,T;V') to the linear problem

dP

(3.10) fEnLAPfFé(?)*P:A(?de), 0<t<T,

P(T)=0

inV'. Here, A :V — V' is a canonical isomorphism and

F/(Y)*P = <p1 + e 2 [p1(1 —27) +ep2 —c(p+ ﬁ)((;j}()]l)2):|)

*6*26(%)1)1 +(1—eps

Moreover, u satisfies

T
/ (P, By—a(Y))y,vrdt + ~{t,v — @) =0 for all v € Usq.
0



336 S.-U. RYU

Proof. Since J is Gateaux differentiable at @ and U,y is convex, it is seen that
J'(u)(v—1u)>0  forall ve&Ujy.

By direct calculation, we obtain

T J—
._7’(’[7,)(’1} — ’CL) = /0 <A(Y — Yd), Z>V/7vdt + ’Y<ﬂ, v — ’CL)Hl (0,T)

with Z = Y'(a)(v — u). Since the equation (3.10) is linear, we deduce from
Lemma 3.2 that there exists a unique solution P of (3.10). Then, we have

/(A(?-Yd),zwydt:/ (P,By—g(Y))yyrdt
0 0

by using (3.1) and (3.10). Hence, we obtain

T
/ (P, By—a(Y))y,vrdt +~{ti,v — @pr(or) >0 forall v € Usq. O
0

4. Uniqueness of the optimal control

Suppose there exist two solutions u1, us to the optimal control problem (P).

Lemma 4.1. Let Py and Py be the corresponding adjoint equation (3.10) to uy
and us, respectively. Then, we have

(4.1) 1P1(t) = Pa(D)1 220,70y < Cllua(t) = ua(®)lF o,1)-
Proof. The proof is similar to that of [6, Lemma 4.2]. O
Theorem 4.2. If~ is large enough, then there exists a unique solution to (P).

Proof. By Theorem 3.4, we have

T
(4.2) / (P1, Buy—uy (Y1))v yrdt + y(u1, ug — u1) g1,y > 0,
0

T
(4.3) / (P2, Buy —uy (Y2))v,vrdt + y(u2, u1 — u2) g1y > 0,
0

where Pp,Y7 is the solution with respect to u; and Ps, Y5 is the solution with
respect to us.
By adding (4.2) and (4.3), we have

T
Yy = a1 0.7y S/ (Pr = Py, Buy—u, (Y1) vrdt
0

T
b [ AP By (02) = By ().
0
Since

Yy1—4q
By —u, (Y5 /:H—cu —u (—)H <Clug —u
Bupes )l = || = el =) (BD)| < s —
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and
||Bu1*u2 (YQ) - Bul*u2 (Yl)”V/
_ Y2 —q Y1 —(
= [ - et~ (0 - )
y2+q  y1+q/ll@ED)
< Clur —usllly2 — y1lle2y < Clur — ual||Ya — Yi |3,
we have

Mur = w23 0,m) < C(I1Pr = Pall 20,00y llus — w2l L20,m)
+ P2l z20, 70y lwr — w2l 20,1y 1Y1 = Y2l 2o (0,7;340)-
By using (2.4) and (4.1), we obtain

YMur = w2ll3n o) < Cllur = usll 3 0,7y

If ~ is sufficiently large, we obtain the uniqueness of the optimal control. [
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