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H-V-SUPER MAGIC DECOMPOSITION OF COMPLETE
BIPARTITE GRAPHS

SOLOMON STALIN KUMAR AND GURUSAMY THEVAR MARIMUTHU

ABSTRACT. An H-magic labeling in a H-decomposable graph G is a bi-
jection f: V(G)UE(G) — {1,2,...,p+ ¢} such that for every copy H in
the decomposition, ZveV(H) FW) + > cepa) fle) is constant. f is said
to be H-V-super magic if f(V(G)) = {1,2,...,p}. In this paper, we prove
that complete bipartite graphs K, n are H-V-super magic decomposable
where H = K1 , with n > 1.

1. Introduction

In this paper we consider only finite and simple undirected bipartite graphs.
The vertex and edge sets of a graph G are denoted by V(G) and E(G) respec-
tively and we let |V(G)| = p and |E(G)| = ¢. For graph theoretic notations,
we follow [2, 3]. A labeling of a graph G is a mapping that carries a set of
graph elements, usually vertices and/or edges into a set of numbers, usually
integers. Many kinds of labeling have been studied and an excellent survey of
graph labeling can be found in [6].

Although magic labeling of graphs was introduced by Sedlacek [20], the
concept of vertex magic total labeling (VMTL) first appeared in 2002 in [12].
In 2004, MacDougall et al. [13] introduced the notion of super vertex magic
total labeling (SVMTL). In 1998, Enomoto et al. [5] introduced the concept of
super edge-magic graphs. In 2005, Sugeng and Xie [21] constructed some super
edge-magic total graphs. The usage of the word “super” was introduced in [5].
The notion of a V-super vertex magic labeling was introduced by MacDougall et
al. [13] as in the name of super vertex-magic total labeling and it was renamed
as V-super vertex magic labeling by Marr and Wallis in [16] after referencing
the article [14]. Most recently, Tao-ming Wang and Guang-Hui Zhang [22],
generalized some results found in [14].

A vertex magic total labeling is a bijection f from V(G) U E(G) to the
integers 1,2,...,p+ ¢ with the property that for every u € V(G), f(u) +
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ZveN(u) f(uv) = k for some constant k, such a labeling is V-super if f(V(G)) =
{1,2,...,p}. A graph G is called V-super vertex magic if it admits a V-super
vertex labeling. A vertex magic total labeling is called E-super if f(E(G)) =
{1,2,...,q}. A graph G is called E-super vertex magic if it admits a E-super
vertex labeling. The results of the article [14] can also be found in [16]. In [13],
MacDougall et al., proved that no complete bipartite graph is V-super vertex
magic. An edge-magic total labeling is a bijection f from V(G) U E(G) to
the integers 1,2,...,p+ ¢ with the property that for any edge wv € E(G),
f(u) + f(uv) + f(v) = k for some constant k, such a labeling is super if
fV(G)) = {1,2,...,p}. A graph G is called super edge-magic if it admits
a super edge-magic labeling.

Most recently, Marimuthu and Balakrishnan [15], introduced the notion of
super edge-magic graceful graphs to solve some kind of network problems. A
(p, q) graph G with p vertices and ¢ edges is edge magic graceful if there exists a
bijection f : V(G)UE(G) — {1,2,...,p+q} such that | f(u)+ f(v)— f(uwv)| = k,
a constant for any edge uv of G. G is said to be super edge-magic graceful if
FV(G) = {1,2,...,p}.

A covering of G is a family of subgraphs Hy, Hs, ..., Hp such that each edge
of E(G) belongs to at least one of the subgraphs H;, 1 <i < h. Then it is said
that G admits an (Hy, Ha, ..., Hp) covering. If every H; is isomorphic to a given
graph H, then G admits an H-covering. A family of subgraphs Hy, Ho, ..., Hy,
of G is a H-decomposition of G if all the subgraphs are isomorphic to a graph
H, E(H;)NE(H;) =0 fori # j and U E(H;) = E(G). In this case, we write
G=H  ®Hy® - ® Hp and G is said to be H-decomposable.

The notion of H-super magic labeling was first introduced and studied by
Gutiérrez and Lladé [7] in 2005. They proved that some classes of connected
graphs are H-super magic. Suppose G is H-decomposable. A total labeling
fV(GUE(G) —{1,2,...,p+ q} is called an H-magic labeling of G if there
exists a positive integer k (called magic constant) such that for every copy H
in the decomposition, -, cy ) f(v) + X ccpm f(€) = k. A graph G that
admits such a labeling is called a H-magic decomposable graph. An H-magic
labeling f is called a H-V-super magic labeling if f(V(G)) = {1,2,...,p}. A
graph that admits a H-V-super magic labeling is called a H-V-super magic
decomposable graph. An H-magic labeling f is called a H-E-super magic
labeling if f(E(G)) = {1,2,...,q}. A graph that admits a H-E-super magic
labeling is called a H-FE-super magic decomposable graph. The sum of all
vertex and edge labels on H is denoted by > f(H).

In 2007, Lladé and Moragas [11] studied the cycle-magic and cyclic-super
magic behavior of several classes of connected graphs. They gave several fami-
lies of C\.-magic graphs for each r > 3. In 2010, Ngurah, Salman and Susilowati
[18] studied the cycle-super magic labeling of chain graphs, fans, triangle lad-
ders, graph obtained by joining a star K , with one isolated vertex, grids and
books. Maryati et al. [17] studied the H-super magic labeling of some graphs
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obtained from k isomorphic copies of a connected graph H. In 2012, Mania
Roswitha and Edy Tri Baskoro [19] studied the H-super magic labeling for
some trees such as a double star, a caterpillar, a firecracker and banana tree.
In 2013, Toru Kojima [9] studied the Cy-super magic labeling of the Cartesian
product of paths and graphs. In 2012, Inayah et al. [8] studied magic and
anti-magic H-decompositions and Zhihe Liang [10] studied cycle-super magic
decompositions of complete multipartite graphs. They are all called a H-magic
labeling as a H-super magic if the smallest labels are assigned to the vertices.
Note that an edge-magic graph is a Ks-magic graph.

In many of the results about H-magic graphs, the host graph G is required
to be H-decomposable. Yoshimi Ecawa et al. [4] studied the decomposition of
complete bipartite graphs into edge-disjoint subgraphs with star components.
The notion of star-subgraph was introduced by Akiyama and Kano in [1]. A
subgraph F' of a graph G is called a star-subgraph if each component of F'is a
star. Here by a star, we mean a complete bipartite graph of the form K ,, with
m > 1. A subgraph F' of a graph G is called a n-star-subgraph if F' = K,
with 2 <n < p.

2. Main result

In this section, we consider the graphs G = K, , and H = K, ,, where

n > 2. Clearly p = 2n and ¢ = n?.

Theorem 2.1. Suppose {Hy, Ha, ..., H,} is a n-star-decomposition of G. Then

. . . . 3 2
G is n-star-V -super magic decomposable with magic constant %.

Proof. Let U = {uy,us,...,un} and V = {v1,v9,...,v,} be two stable sets
of G. Let {Hy,Hs,...,H,} be a n-star decomposition of G, where each
H; is isomorphic to H, such that V(H;) = {u;,v1,v2,...,v,} and E(H;) =
{u;v1,uv2, ... ,u;v,} for all 1 < ¢ < n. Define a total labeling f : V(G) U
EG)—={1,2,...,p+q} by f(u;) =2i and f(v;) =2i—1forall 1 <i<n.
Case 1: n is even.
Now the edges of G can be labeled as shown in Table 1.
We prove the result for n = k and the result follows for all 1 < k < n.
From Table 1 and from definition of f, we get

D f(HE) = flur) + Z flvi) + Z S (ugvi)

=2k+(14345+--+@2n—-1)+Bn—(k—1))+ Bn+k)
+OGn—(k-1)+0Gn+k)+---+(n+1)n—(k—-1))
+((n+2)n—(k-1)).

Now,

if(vi):1+3+5+~~+(2n—1)

=1
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TABLE 1. The edge label of a n-star-decomposition of G if n is even.

f vy V2 vy | Un—1 Un

uy 3n 3n+1 5n (n+1)n (n+2)n

us |[3n—113n+2|5n—1]---|(n+1l)n—-1](n+2)n—-1

ug [ 3n—2{3n+3|5m—2]--- |(n+1)n—2|(n+2)n—2

ug 3n— |3n+k| Bn— |-+ | (n+1)n— (n+2)n—
(k—1) (k—1) (k—1) (k—1)

Up—1 | 2n+2 |4dn—1 | 4n+2 | --- n(n) + 2 (n+1)n+2

Up | 2n+1 4n dn+1]--- n(n) +1 (n+1n+1

(1424344454 +@2n—1)) = (2+4+6+---+(2n—2))

L;)(Q")_Q(1+2+---+(n—1))
_op? g oD

2

=’ —n—-n+n

2

=n.

Also

Z f(ugvi)

=Bn—-(k-1)+@Bn+k)+GBn-—(k—-1))+Gn+k)+---

+((n+n—(k—-1))+ ((n+2)n—(k—1))
=Bn+Bn+1)+5n+GBn+1)+---+n+1)n+ (n+2)n)
—2(k—1)
n—2

=2Bn+5n+T+---+(n—1)n)+ (1)
+n((n+1)+(n+2)—-2(k—-1)

= 2(
=2n{(1+2+3+--+(n—-1)—-2+4+6+---+(n—2)) -1}

2 en+3)— 2k — 1)

- Qn{n("; 1) 72(71772)(7;772 +1) 1}+{n—2+;1n2+6n}
—o(k—1)

_ 2n{n(n2— 1 n(n4— 2) 1+ {4n2 —|—27n—2} ok —1)
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TABLE 2. The edge label of a n-star-decomposition of G if n is odd.
f U1 U2 U3 Un—1 Un
Up—1 2n+1 4n dn+1 n(n) + (2£2) (n+1n+2
Up—3 2n + 2 dn—1 dn + 2 n(n) + (2£2) (n+1n+4
Up—5 2n+3 dn —2 dn+3 n(n) + (%£5) (n+1)n+6
u.k 2n+1 4dn dn+1 n(n) (n+2)n
(=G | (=) | (=Gt +n+1) - % —(k—1)
uQ 2n+ (250 [3n+ (28 [4n+ (&) (n+1)n (n+2)n—1
un | 2n+ (%5 [ 3n+ (%) | d4n+ (2 (n)n+1 (n+1)n+1
U 3n 3n+1 5n n(n) (n+1)n
~(5 | 5 | - (- ) | 4= (G- 1)
us 3n—1 3n+ 2 5n—1 nn)+ (L -1 ] (n+2)n-2
Uy 3n 3n+1 5n n(n) + (=) (n+2)n
2n(n—1)—n(n —2)—4 4n? 4+ Tn —2
= g2 D =D 2y AR
2n? —2n+2n—n?—4 4n? 4+ —2
= n{ : R e ()
n?—4 4n? 4+ —2
= (" (T 2k - )
34 an? +Tn —2
:{n n+2n+ n }72(k71)
34+ 4n? +3n—2
e . (]

Using the above values, we get

3 42 _9
Zf(Hk):2k+n2+{n + n2+3n

n3 +4n% +3n—2
2

}—2(k - 1)

=2+n%+{ }

n3 +6n%+3n+2
5 .

Thus in this case the graph G is a n-star-V-super magic decomposable graph.
Case 2: n is odd.
Now the edges of G can be labeled as shown in Table 2.
Subcase(i): ¢ is odd, where 1 <i < n.
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We prove the result for ¢ = j and the result follows for all 1 < ¢ < n and i
is odd. From Table 2 and from definition of f, we get

S TFH) = Fug) 4D f) + Y Flugu) =25+ 0+ flugvr).

i=1 i=1 i=1

Now,

Zf(“i”i): (3”*%)+(3n+1+(j;21))+(5n7—(j§1))
+(5n+1+(j_Tl))+...+(n(n)i (ng))
+(n(n)+((n+1) - (jil)))+((n+2)nf(j71))

2 2
=0Bn+@Bn+1)+5n+GBn+1)+---+(n—2)n

+((n72)n+1))+(n2+(n2+”TH)+(n+2)n)f2(jfl)

n;?)(l)

)+ (n+2)n) —2(j — 1)
6n2+4n+n+1+n—3

=2nB+5+7+---+(n—2))+
n+1

+(n® + (0 +

=2nB+5+7+ -+ (n—2))+

2
-2(j—-1)
=@2n((1+243+--+(n=2)-2+44+6+---+(n-3))-1))
6n +62n+7272(j71)
= (zn((”_z);"_ D —2(%3)(?3 U 1))+ 3n? +3n—1)
-2(j—1)
=(2n(”2_?2m+2‘nz_in+3—1>>+(3n2+3n—1)
—-2(j—1)
:n372n273n2+6n2+6n7272(j71)
n3 n2 n—
_n+4 2+3 272(]_71).

Thus,

3 2 _
S f(Hy) = 2j 40?4 (LI o

n3 +4n% +3n—2
5 }

=2+n"+{
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n3 4+ 6n2 4+ 3n+2
= 5 .
which is same as in Case 1. So in this case the graph G is a n-star-V-super
magic decomposable graph.
Subcase(ii): i is even, where 1 <i < n.
We prove the result for ¢ = k and the result follows for all 1 < i < n and 4
is even. From Table 2 and from definition of f, we get

> f(H) = flur) + Z fvi) + Z [ (ukvi)

=2k +n? +Zf(ukvi).
Now,
= B (n— (k+1)) (n— (k+1))
;f(ukvl) =2n+1+ f) + (4n — f)
+(4n+1+7(n_(§+1)))+(6n— 7(”_(§+1)))+

+(n(n)+(n+1)—§)+((n+2)n—(k—1))

= (2n+ Lg_l)))_k(gn_,_ W)
+ (4n + W)jL@nJFW)
(= 1o+ EEZD) gy - B2,

+((n+2n—-1-(k—-2))
=2n+3n+4n+---+ (n—1)n)

nm o) B2 G oyt Dk (42— 1)

2 2
= (2n+3n+4n+~~~+(n71)n)+(n73)(2n;2)+(n71)

2 2
+(n+ Dn+ (0420 —1) - (k;2)— (k;Q) — (k—2)
:(n((n;l)nil))Jr(n—3)2(n+1)+(ng1)

+n2n+3)—-1—-2(k—-2)

3-n%2-2 2-2n-3 -1
_nr-n ”+"2 nESEn Tl o 31— 2k - 2)




320 S. STALIN KUMAR AND G. MARIMUTHU

TABLE 3. The edge label of a H-decomposition of G.

f V1 V2 V3 V4 Vs
ug | 11120] 212932
ug | 121192230 | 34
us | 13| 18 | 23 | 26 | 31
uz | 14 | 17 | 24 [ 27 [ 33
up | 1516 | 25| 28| 35

3 _3n—4+4n?+6n—2
:n n —;n—i—n 72(k72)

3 42 —_92
:n+n2+3n — 9 9(k—2)

3 42 —_92
_nt ”2+3" — (k- 1)

Thus,

3+ 4n? -2
Zf(Hk):2k+n2+{n + n2+3n

n3 +4n% 4+ 3n —2
=2+n”+{ 5 }

p=2(k-1)

n3 +6n%+3n+2
5 .

which is same as in Case 1. So in this case the graph G is a n-star-V-super
magic decomposable graph. O

The following example illustrates Theorem 2.1.

Example 2.2. Consider the graphs G = K55 and H = K;5. Let U =
{u1, ug, us, uq,us} and W = {wvq,va,vs,v4,v5} be two stable sets of G such
that V(G) = UUW. Let {H, Hs, Hs, Hy, Hs} be a H-decomposition of G,
where each H; is isomorphic to H, such that V(H;) = {u;, v1, va, vs, v4, v5} and
E(H;) = {uiv1, ujva, u;v3, u;vg, u;vs }, for all 1 <4 < 5. Define a total labeling
f:V(G)UE(G) — {1,2,...,35} by f(u;) = 2i and f(v;) = 2i — 1, for all
1 <4 <5. Let us label the edges of G as shown in Table 3.

We find Y f(Hs) to illustrate Subcase (i) of Theorem 2.1.

Using Table 3 and from the definition of f, we have

5 5

D f(Hs) = flus)+ Y f(oi)+ > flugvi)

i=1 i=1

5
=2(3)+5"+ > f(usv,).

=1
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3 ) = 365) - S5y 4 3) 414+ Eo ) 1 60 - B2
O By (25— (3-1)
= (3(5) + (3(3) + 1)) + (5> + (5> + %) +(5+2)5) —2(3—1)

:<2<5><3>>+—< >+<52 (5 + 220) + (5-+2)5) ~ 23— 1)

+(5(5) +(

—

+(B(B%) +3(5)-1)-2(3-1)

_ P 26Y) Z30) + 65 +66) =2, )
2

53 44(5%) +3(5) —

= 2

2 —2(3-1).

Thus,

3 (i) = 2(3) + 57+ (EELIIO 22y o5y

53 4+ 4(5%) + 3(5) — 2
~ 52 4+6(5%) +3(5) + 2
B 2
In a similar way we can show that, Y f(Hy) = Y. f(Hs
146.
We find Y f(H,) to illustrate Subcase (ii) of Theorem 2.1.
Using Table 3 and from the definition of f, we have

D f(Ha) = flug) + Z fvi) + Z [ (uavi)

5
=2(4) + 5%+ fluav;).

=1

) _ 5%46(5°)43(5)+2 _
= S s —
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Now,
5
3 fluawn) = (206) + 1+ C=EED 4y (4 - B D))
+(4(5)+1+&2+1)))+(5(5)+(5+1)—%)
+((5+2)5—(4-1))
= 25 + B 4 (505 4 CHEL D)
+(6-16) + EEZD) 4 54y - U2
+((54+2)5)—1-(4-2))
= (26)+365) + (5~ D) + (5 AL 3HEAD,
0D B2 )4 54 )6) + (54 2)6)- )
= 25) +36) + 6 - ) + O AL L Y
FEHE) + (B2E) -1 - EPEED )
_ (@00 ), E=964D 5oy
+(5)(2(5) +3) —1—2(4—2)
52 —52—2(5)+52—2(5)—3+5—1
B 2
+2(5%) +3(5) —1—2(4—2)
_ 5373(5)74+24(52)+6(5)—272(472)
_ 53+4(52)2+3(5)—27272(472)
_ 53+4(52)2+3(5)—2 _o(—1).
Thus,
S (i) = 24) + 52 (ZACVEIO 22y oy
:2+52+{53+4(52)2+3(5)72}
5% +6(5%) +3(5) + 2
_ : |

In a similar way we can show that, > f(Hz) = w = 146.



H-V-SUPER MAGIC DECOMPOSITION OF COMPLETE BIPARTITE GRAPHS

So the graph G is a H-V-super magic decomposable graph.

C a6
10 18
go5

16
1 3

X
e

a
b
1
e

6
22

3

1

@

e
11R
g i}

2

24

f

4

3

1 3

f

d @8

21

13

3

1 f

4

19

.

h

d 8

9 17
7

g @b

f
7
h

FIGURE 1. 2-star-V-super magic decomposition of Ky 4

3. Conclusion

323

In this paper, we studied the n-star-V-super magic decomposition of K, ,
with n > 1. Figure 1 shows that K4 4 is a 2-star-V-super magic decomposable
graph. Let U = {a,b,c,d} and W = {e, f, g, h} be two stable sets of K4 4 such
that V(G) = UUW. Let {H; = {(a,e),(a, )}, H2 = {(b,e), (b, f)}, Hz =
{(Ca e), (Cv f)}a Hy = {(da e), (da f)}7 Hs = {(aag)a (av h)}a He = {(bv 9)7 (b, h)}7
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H; ={(c,9),(c,h)}, Hs = {(d, g), (d, h)}} be a H-decomposition of K4 4, where
each H; is isomorphic to H = K; for all 1 <7 <8.
It is natural to have the following problem.

Open Problem 3.1. Discuss the m-star-V-super magic decomposition of K, ,,
with 1 <m < n.
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