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FILTERS OF RESIDUATED LATTICES BASED ON SOFT
SET THEORY

Younc BAEg JuN, KyounG JA LEg, CHUL HWAN PARK, AND EUN HWAN RoOH

ABSTRACT. Strong uni-soft filters and divisible uni-soft filters in resid-
uated lattices are introduced, and several properties are investigated.
Characterizations of a strong and divisible uni-soft filter are discussed.
Conditions for a uni-soft filter to be divisible are established. Relations
between a divisible uni-soft filter and a strong uni-soft filter are consid-
ered.

1. Introduction

Uncertainty is an attribute of information. There are three major theories
dealing with uncertainty viz. theory of probability, theory of fuzzy sets and
interval mathematics. But these theories have their own difficulties. There
are other mathematical tools available which deal with uncertainty, such as
intuitionistic fuzzy sets, vague sets, and rough sets but these theories also have
difficulties as mentioned by Maji et al. [8]. As a new mathematical tool for
dealing with uncertainties, Molodtsov [9] introduced the concept of soft sets.
Since then several authors studied (fuzzy) algebraic structures based on soft set
theory in several algebraic structures. Non-classical logic has become a formal
and useful tool in dealing with fuzzy and uncertain informations. Various
logical algebras have been proposed as the semantical systems of non-classical
logic systems. Residuated lattices are important algebraic structures which
are basic of BL-algebras, MV-algebras, MT L-algebras, Godel algebras, Ry-
algebras, lattice implication algebras, and so forth. Filter theory, which is an
important notion, in residuated lattices is studied by Shen and Zhang [10] and
Zhu and Xu [14]. In [6], Jun and Song applied soft sets to residuated lattices.
They introduced uni-soft filters and uni-soft G-filters in residuated lattices,
and investigated their properties. They considered characterizations of uni-
soft filters and uni-soft G-filters. They also provided conditions for a uni-soft
filter to be a uni-soft G-filter.
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In this paper, we introduce the notions of strong uni-soft filters and divisi-
ble uni-soft filters, and investigate several properties. We consider character-
izations of a strong and divisible uni-soft filter. We provide conditions for a
uni-soft filter to be divisible. We establish relations between a divisible uni-soft
filter and a strong uni-soft filter.

2. Preliminaries

We display basic definitions and properties of a residuated lattice. For more
details, we refer to the papers [1], [3], [4], [7], [11], and [12].
Definition 2.1. A residuated lattice is an algebra £ := (L, V, A, ®, —, 0, 1)
of type (2,2,2,2,0,0) such that

(L1) (L,V,A,0,1) is a bounded lattice,

(L2) (L,®,1) is a commutative monoid,

(L3) ® and — form an adjoint pair, that is,

Va,y,ze L)z <y—z & zy<z).

In a residuated lattice £, the ordering < and negation — are defined as
follows:
(Ve,yeLl)(z<y & zAy=2 & zVy=y & z—-y=1)
and ~z =x — 0 for all z € L.

Proposition 2.1. In a residuated lattice L, the following properties are valid.
W 1loz=z,z—-1=lLzc—oz=1,002=1z— (y—z)=1

<y = z—=2x<z—=2yY, yYy—2<xr—=2
zoy<(z—2)—>(r—=vy), 2—my<y—z)—(z—=a).
(=Y @y—2) <z -z

x—=YAz)=(@—=>y)AN(x—2),zVy) 2 z=(x—2)A(y— 2).
r—oy<(z®z)—> (y® 2).
=z = y) < e = oo

(12) 2 = (x Ay) =2 —y.
Definition 2.2 ([10]). A nonempty subset F' of a residuated lattice £ is called
a filter of L if it satisfies the conditions: for all x,y € L,

(1) z,ye F = zye L.

(2) x€F, z<y = y€eF.
Proposition 2.2 ([10]). A nonempty subset F' of a residuated lattice L is a
filter of L if and only if it satisfies:

(1) 1e F.

(2) Forallz,y€ L, ifx € F andx -y € F, theny € F.
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A soft set theory is introduced by Molodtsov [9], and Cagman et al. [2]
provided new definitions and various results on soft set theory.

In what follows, let U be an initial universe set and F be a set of parameters.
Let P(U) denotes the power set of U and A, B,C,... C E.

Definition 2.3 (]2, 9]). A soft set (f, A) over U is defined to be the set of
ordered pairs

(F, A) = {(z, Fa(@):z € B, falz) € P(U)} ,

where fy : E — P(U) such that f(z) =0ifz ¢ A The soft set (f, A) is simply
denoted by f4.

For a soft set fA over U and a subset 7 of U, the T-exclusive set of fA,
denoted by e(fa;7), is defined to be the set

e(fA;T) = {:L' €Al fA(x) C T}.

Definition 2.4 ([6]). A soft set fz over U in a residuated lattice £ is called a
uni-soft filter of L over U if it satisfies: for all x,y € L,

(1) fe(z@y) C fe(z) U fely).
(2) 2 <y = fela) 2 fely)

Theorem 2.3 ([6]). A soft set fr over U in a residuated lattice L is a uni-soft
filter of L over U if and only if the following assertions are valid:

(1) fe(1) € fe(a), i
(2) fely) C felz = y)U fe(z)
forall xz,y € L.

3. Strong uni-soft filters
In what follows let £ denote a residuated lattice unless otherwise specified.
Definition 3.1 ([7]). A filter F' of £ is said to be strong if it satisfies:
(1) —=(-—z —z) EF
for all x € L.

Definition 3.2. A uni-soft filter fg of L over U is said to be strong if it
satisfies:

(2) fe(—=(-z = 2)) = fe(1)

for all x € L.

Example 3.3. Consider a residuated lattice L := {0,a,b,c,d,1} with the

following Hasse diagram (Figure 3.1) and Cayley tables (see Table 1 and Table
2).
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1

0

Figure 3.1

TABLE 1. Cayley table for the “®”-operation

*—‘Q.GO‘QO(X)
O 0o O Oolo
SO O oo O
QU AU QU O QO
— 0 e Ol

Q@ Q Qo e O
O QO a oo

TABLE 2. Cayley table for the “—”-operation

— oo oo ol
ST T 0O O RO
2 228~~~
[ e e N e K
O Q@ = O O =0
QL P Q2 O O |,
— o | e

Define a soft set fz in £ over U = Z by fr(1) = 3Z and fz(x) = 6N for all
x(# 1) € L. Tt is routine to check that f. is a strong uni-soft filter of £ over
U=27.

We provide characterizations of a strong uni-soft filter.

Theorem 3.1. Given a soft set fg of L over U, the following assertions are
equivalent.

(i) fr is a strong uni-soft filter of £ over U.
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(i) fr is a uni-soft filter of £ over U that satisfies

(3) (va,y € L) (Felly = =) = —(y = 2) = fe(1)).
(iii) fr is a uni-soft filter of L over U that satisfies
(4) (va,y € ) (fe((-e = y) = —(y = @) = fe(1))

Proof. Assume that f}; is a strong uni-soft filter of £ over U. Then f}; is a
uni-soft filter of £ over U. Note that
(= x) <y = o) = (y — @)

<y = ) = o (y = )
=(y = =) > (Y = 2)

and
(i = ) £ (2 1) © ) > )
= —((~z ) > (y = 2)
< - (ﬁw —y) = (Y = )
=(-z—=y)—> (-y =)
for all z,y € L. If follows from (2) and Definition 2.4(2) that
() Fe(l) = fe(om(mma = 2)) 2 fe(ly = ~—a) = ~=(y — 7))
and

Combining Theorem 2.3(1), (5) and ( we have

Fely = ~m2) = ~=(y > @) =
for all z,y € L. Therefore (ii) and (iii) are valid. Let fz be a uni-soft filter of
L over U that satisfies the condition (3). If we take y := ==z in (3) and use
Proposition 2.1(1), then we can induce the condition (2) and so f, is a strong
uni-soft filter of £ over U. Let f[; be a uni-soft filter of £ over U that satisfies
the condition (4). Taking y := —z in (4) and using Proposition 2.1(1) induces
the condition (2). Hence f is a strong uni-soft filter of £ over U. O

(6) fe) = Je(m=(mma = 2)) 2 fe((-z = y) = ~=(-y = @)).
);
fe(

) = fe((mz = y) = —=(-y = 2))

Lemma 3.2 ([6]). A soft set fr over U is a uni-soft filter of L if and only if
the nonempty T-exclusive set of fr is a filter of L for all T € 2(U).

Theorem 3.3. If a soft set fg over U is a strong uni-soft filter of L, then the
nonempty T-exclusive set of fr is a strong filter of L for all T € L (U).

Proof. If a uni-soft filter f[; of L is strong, then
f[: (ﬁﬁ(ﬁﬁ]] — Jj)) = f[,(l) g T

for all z € L, and so =—~(——x — z) € e(fz;7) for all 2 € L. Combining this

with Lemma 3.2 shows that e(fz;7) is a strong filter of L. O
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Lemma 3.4 ([6]). If fr is a uni-soft filter of L, then the set
Ly={zel|fcla) D fr(x)}

is a filter of L for every a € L.

Theorem 3.5. If f is a strong uni-soft filter of L, then the set
Lo={xeL|fcla) 2 fe(x)}

is a strong filter of L for every a € L.

Proof. Assume that fg is a strong uni-soft filter of £. Then L, is a filter of £
for every a € L by Lemma 3.4. Since fz(-—(-—z — z)) = fz(1) C f(a) for
all a,z € L, we have ~—(—-—a — z) € L,. Hence L, is a strong filter of £. O

Theorem 3.6. Let fr and Gz be uni-soft filters of L such that fe(1) = g(1)
and fr 2 gr, i-e., fo(x) 2 ge(x) for all x € L. If fr is strong, then so is gc.

Proof. Suppose that fz is strong uni-soft filter of £. Then
ge(~=(=w = @) C fe(-—(-ma = 2)) = fe(1) = (1),
and so gz (——(-—z — x)) = ge(1) for all z € L. Therefore j. is a strong
uni-soft filter of L. O
4. Divisible uni-soft filters
Definition 4.1 ([7]). A filter F' of £ is said to be divisible if it satisfies:
(7) (xAy) =2 [z@(x—y)leF
for all z,y € L.

Definition 4.2. A uni-soft filter f, of £ over U is said to be divisible if it
satisfies:

(8) Fleny) =z @ —y)) = fc)
for all z,y € L.

Example 4.3. Let L = {0,a,b,1} be a chain with Cayley tables which are
given in Tables 3 and 4.

TABLE 3. Cayley table for the “®”-operation

— oo o®
O O O OO
2 2 ool
SN QO
= St O
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TABLE 4. Cayley table for the “—”-operation

— oo ol
O O Q O
SRR
S Sayrey— N
[HF GV Y [

Then L := (L,V,A\,®,—,0,1) is a residuated lattice. Define a soft set fr over
U=Zin Lby fr(1) =2Z and f(x) = 2N for all z(s# 1) € L. It is routine to
verify that f. is a divisible uni-soft filter of £ over U = Z.

Example 4.4. Let “®” and “—” be two operations on L = [0, 1] defined as
follows: )
|0 ifx+y<s,
TOY= { x Ay otherwise.

Ly = 1 if x <y,
rToy= (3 —x)Vy otherwise.

Then L := (L, V, A, ®, —, 0, 1) is a residuated lattice. The soft set fg over
U = Nin £ given by fz(1) = 3N and fz(x) = 6N for all z(#£ 1) € Lis a
uni-soft filter of £. But it is not divisible since

fe((0.370.2) = (0.3® (0.3 = 0.2)) = f£(0.3) # f(1).

Proposition 4.1. Every divisible uni-soft filter fr of £ over U satisfies the
following identity.

9) @y Az®2) = (2® (yA2) = fe(1)
for all z,y,z € L.
Proof. Let z,y,z€ L. f welet z:= 2 ®y and y := 2 ® z in (8), then
(10)  fe(((z@y) A(z©2) = (z0y) @ (t®y) = (2®2)) = fe(1),
Using (2) and (7) in Proposition 2.1, we have
(z@y)@((z@y) = (z®2) <z (YA — (z®2)),
and so
(zey)An(z@2) > (zoy) @ (z0y) =+ (r©2)))
S(@eyA(rez) =@y —(ze2)
by Proposition 2.1(3). It follows from (10) and Definition 2.4(2) that
fe) = fe(@oy Az @2) = (2®Y) @ (r@y) = (2©2))
D f(@ey) A (z®2) > (@@ (YA — (z©2))
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and so that
(1) fel(@oyA(z@2) > (@@ YA = (@©2)) = f(l).
On the other hand, if we take z := = — (z ® z) in (8) then
Fe) = Jely A (@ = (2©2)) = (2 = (2©2) © (@ = (2 ©2)) > )
2 felz@ (A (@ — (2®2) =
(@@= (o) (= (2e2)=1y)
= fe((@@ WA= (z©2) =
(@@= (ze2)e (@ = (e2)=y)

by using Proposition 2.1(10), Definition 2.4(2) and the commutativity and
associativity of ®. Hence

wy D= Rel@e A @o ) -
(@@= (z®2)@ (x> (z®2) = y))).
Using Proposition 2.1(5), we get
(@Y AEez) = @ YA (2©2)))e
(zo@A(r—=(2©2) 2 (@@= (302) 3 ((z = (z82) = y)))
<((zeyA(z®2) > (T (x—(282)Q (z = (z®2)) > vy)).
It follows from (1) and (2) of Definition 2.4, (11) and (12) that
felllon) A e 2) (08 (@ - (22) @ (¢ = (0 2) > 1)
Cl((zey A (@®2) > (@0 YAl — (z©2)e
(YN (z—=(2®2)) 2 (@@= (2®2)3 (= (z®2) =y)))
Cll(((z@y)A(z®z) = (z@ YA — (z©:2))U
fel(@@ WA (= (z©2)) -
(@@= (z2)0((r = (z®2)) > y))
= fc(1).
Thus

(13) fo((z@y)A(z®2)) = (2@(z = (2@2))R((z — (z®2)) = 1)) = fo(1).
Since
@@= (22)e(z—>@®2)2y) <tz 2y <z (yA2),
we obtain
(zoyYA(r®2) = (2@ (x— (2®2)? (zr— (z®2)) =)
<((z@y)A(z®2) = (0 (yA=z)).
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It follows that
fe(zey)n(z@2) = (@
Clel(coynA(z®2) > (@@= (202) @ (@ = ([@®2) =)
= fe(1)
and that fz((z@y) A (z®2)) = (2@ (y A 2)) = fe(1). O
We consider characterizations of a divisible uni-soft filter.

Theorem 4.2. A uni-soft filter fr of L over U is divisible if and only if the
following assertion is valid:

&
—~~
S

>

I\
~—
~—
~—

(14) flle = @r2)l ===y e@ry) =) = fe(l)
for all z,y,z € L.

Proof. Assume that f is a divisible uni-soft filter of £ over U. If we take
x:=z—yand y:=z — 2z in (8) and use (2) and (9) of Proposition 2.1, then

e =Fz=yr@—=2l =@ =y @ (z—y) = (@ 2)
=f(z= @A)l =@y (@@ —y) =),
Using (4) and (10) of Proposition 2.1, we have
(@Ay) = ze@=y) <[@o@—=y) =2 = (@Ay) - 2]
<=y e(@Ee@—=y) =222y e(@ny) = 2)

for all ,y,z € L. Since fr is a divisible uni-soft filter of £ over U, it follows
from (8) and Definition 2.4(2) that

fe() = fe((x hy) = [z @ (@ = y)])
D fe((x =y @((ze(@—y)—=2)] =@ =y @ (zry) = 2)])
and so from Theorem 2.3(1) that
fe(@ =y @ (e @—y) =2 =@ =y @Ay = 2)]) = fe(1)
for all z,y, z € L. Using Proposition 2.1(5), we get
(o> @Al = l@—ye(@e@->y) »2)])e
(e =y e (@e@—y) 2= l@ >y e @iy - 2)
Slk=@Az)] =@y e(@ay) —2),
and so

Hle= A2l =@ =y e (@ry = =)
cf((lz=wral =@y e(@s@—y) - )
(1

(z%y)@)((x@(z%y))%d]%[(w%y)@)((IAy)%Z)]))
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Cflz— w2 ==y @ (@ @—y) = 2))U
fllle >y (@e@—y) = 2]z -y e (@Ary) —2)
= fc(1).
Therefore
Flz = A2l = (@ =y @ (@ny) = 2)]) = fe(1)

forall z,y,z € L. _
Conversely, let fr be a uni-soft filter that satisfies the condition (14). If we
take  := 1 in (14) and use Proposition 2.1(1), then we obtain (8). O

Theorem 4.3. A uni-soft filter fL of L over U is divisible if and only if it
satisfies:

(15) flyoly—=)] = ze@—y)) = fc(l)
for all x,y € L.
Proof. Suppose that f. is a divisible uni-soft filter of £ over U. Note that
@Ay = r@@—=y)) <o) =@ —y)
for all z,y € L. It follows from (8) and Definition 2.4(2) that
fe)=F(@ny) = [z® (@ =)
2 flyely—a)]—=le@—y))

and that f([y® (y = )] = [z © (z = y)]) = fe(1).
Conversely, let fr be a uni-soft filter of £ over U that satisfies the condition
(15). Since

y—r=y— (yAz)forall z,y € L,
the condition (15) implies that

(16) flyeoly—=(@ry)] =z @@= (zAy)]) = fe(l).
If we take y := 2 A z in (16), then
e =F@nz)@((zAz) = (@A (@A) = 2@ (@ = (@A (zA2)])
Therefore fg is a divisible uni-soft filter of £ over U. O
We discuss conditions for a uni-soft filter to be divisible.

Theorem 4.4. If a uni-soft filter fr of L over U satisfies the following asser-
tion:

(17) fe((@ Ay) = (z@y)) = fe(l)
for all z,y € L, then fr is divisible.
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Proof. Note that 2@y < 2®(x — y) for all z,y € L. It follows from Proposition
2.1(3) that

(zAy) = @y <(@Ay) = (@0 (@ = y)
Hence, by (17) and Definition 2.4(2), we have
fe() = felz ny) = (@) 2 fel(@ Ay) = (2@ (= y))),

and so fr((x Ay) = (z® (z = y))) = fe(1) for all z,y € L. Therefore f, is a
divisible uni-soft filter of £ over U. O

Theorem 4.5. If a uni-soft filter fr of L over U satisfies the following asser-
tion:

(18) fell@n (@ = y)) = y) = fe(1)
for all x,y € L then fr is divisible.
Proof. Taking y := 2 ® y in (18) implies that
fe) = fe(@n (@ = (z©y)) = (z@y))
2 felwny) = (z@y))

and so fLN((ZL' Ay) = (z®@y)) = fr(1) for all 2,y € L. Tt follows from Theorem
4.4 that f, is a divisible uni-soft filter of £ over U. (|

Theorem 4.6. If a uni-soft filter fr of L over U satisfies the following asser-
tion:

(19) fe(z = 2) C fe((®@y) = 2)U felz = y)
for all x,y,z € L, then fr is divisible.
Proof. If we take x :=z A (x — y), y := 2« and z := y in (19), then
fe(@n (@ —y) = y)
Cfe(((zn(z—=y) @) = y)Ufe(@ Az —y) )

= fc(1).
Thus fz((z A (x = y)) = y) = fe(1) for all 2,y € L, and so fr is a divisible
uni-soft filter of £ over U by Theorem 4.5. (|

Theorem 4.7. If a uni-soft filter f of £ over U satisfies the following assertion:
(20) fe(@ = (z@ ) = fe(1)
for all x € L, then fg 1s divisible.

Proof. Let fr be a uni-soft filter of £ over U that satisfies the condition (20).
Using Proposition 2.1(10) and the commutativity of ®, we have

r=y<(z®z) > (®yY),
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and so
(= (@)@ @—2y) <(z—@2)0(zez) > (2@Y))

for all z,y € L by Proposition 2.1(8) and the commutativity of ®. It follows
from (5) and (8) of Proposition 2.1 and the commutativity of ® that

(= @)@ —y)(z0y) - 2)
S(z= @) (zer) = (z0y)) @ (z@y) — 2)
<@ @ey)eEey) - 2)
<zxr—z
and so from Definition 2.4, Theorem 2.3(1) and (20) that
fel(@ = @or)e@—=y)e(@ey) —» 2)
fe((z = (@@2) @ (z = y) U fe(@ey) — 2)
clz = (z@)Ufe(z =y U fe((zey) — 2)
(1)
(

fg(m —2z)C

| N
!

N

!

(DN felz =y U fe((z@y) — 2)
=fe((z®y) = 2) U felz = y)

for all z,y,z € L. Therefore f, is a divisible uni-soft filter of £ over U by
Theorem 4.6. 0

We investigate relationship between a divisible uni-soft filter and a strong
uni-soft filter.

Theorem 4.8. FEvery divisible uni-soft filter is a strong uni-soft filter.

Proof. Let fL be a divisible uni-soft filter of £ over U. If we put x := ——x and
y :=z in (8), then we have

(21) fe((mma Aa) = (=2 @ (= = 2))) = fr(1),
Using (4) and (8) of Proposition 2.1, we get
(zAz) = (2@ (=) < (- (- = x)) = (- Ax)
< (2 ® ~(~2 ® (= ) (@ ~(ow A2))
< (- ® ~(mw A ) = (7w & (e © (- > 1))

for all € L. It follows from (21) and Definition 2.4(2) that

fe() = fel(=ma Aa) = (=@ (ma = @)
2 fe(-(mw @ (e Aw)) 5 (e @ = © (e = @),

(22)

Combining (22) with Theorem 2.3(1), we have

(23) fr(=(mmz @ ~(-me A @) = ~(-me @ (- @ (nme = @) = fe(1)
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for all x € L. Using (2), (6), (11) and (12) of Proposition 2.1, we get

(= @ (- Ax)) = = (0 A )
> =z — (0mz A )
=-(x — (x A —x))
=-(z—-z)=—--1=1

and so ~(—-—z @ =7(——x Ax)) = 1 for all x € L. It follows from (23) and
Theorem 2.3(2) that

1

(e @ (e @ (e 2))

l

N

c(=(mr @ (=2 Az)) = (=7 @ ~(-2 ® (7w = 3))))U

!

l

(
(
£(~(0mz @ (-2 A )
(1)

and so that

fe(1) = fe(=(mmz @ ~(-—e ® (--z — 2))))

Fe(=(mmz @ (7ma = ~(-=z = 2)))).

(24)

Taking « := -z and y := =(——z — ) in (8) induces

Fe(1) = fe((+ma A (-2 = 2)) = (+-2 ® (+-@ = ~(~z — 2))
> fe(~(~mw ® (< = ~(+mw = 7)) = ~(+nw A ~(~w - 7))

by using Proposition 2.1(3) and Definition 2.4(2). Thus

(25) fe(~(mx @ (ma = =(-mz = 2))) = ~(cmwA=(-me = @) = fe(1).

Since —(——2x — z) < ——x for all x € L, it follows from Theorem 2.3(1)
Theorem 2.3(2), (24) and (25) that

fe(D) = fe(=(==2 A =(=—z = 2))) = fe(-=(-—z = )

for all & € L. Therefore f, is a strong uni-soft filter of £ over U. O

Corollary 4.9. If a uni-soft filter fr of L over U satisfies one of conditions
(14), (15), (17), (18), (19) and (20), then f is a strong uni-soft filter of L over
U.

The converse of Theorem 4.8 may not be true in general. In fact, the strong
uni-soft filter f of £ over U which is given in Example 3.3 is not a divisible
uni-soft filter of £ over U since fr((a Ac) = (a® (a = ¢))) = fe(a) # fe(1).
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