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ABSTRACT. Let X be a nonempty set and F(X) be the set of nonempty finite subsets
of X. The paper deals with the extended metrics 7 : F(X) — R recently introduced by
Peter Balk. Balk’s metrics and their restriction to the family of sets A with |A| < n make
possible to consider ”distance functions” with n variables and related them quantities. In
particular, we study such type generalized diameters diam,» and find conditions under
which B +— diam,» B is a Balk’s metric. We prove the necessary and sufficient conditions
under which the restriction 7 to the set of A € F(X) with |A| < 3 is a symmetric G-metric.
An infinitesimal analog for extended by Balk metrics is constructed.

1. Introduction

The following generalized metrics were introduced by P. Balk in 2009 for appli-
cations to some inverse geophysical problems ([2]).

Let X be a nonempty set and F(X) be the set of all nonempty finite subsets of
X.

Definition 1.1.([3]) A function 7 : F(X) — R is an extended (by Balk) metric on
X if the equivalence

(L.1) (7(4) = 0) = (JA] = 1),
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and the equality
(1.2) T(AUB) < 7(AUC)+7(CUB)
hold for all A, B,C € F(X).

Example 1.2.([3]) If p is a metric on X, then the function 7(A) = diam,(A), with
diam,(A) = sup{p(z,y) : x,y € A}, is an extended by Balk metric.

If 7 is an extended by Balk metric on X then, as shown in Proposition 2.1, the
function 72 : X? — R, with
{z} ifr=y
{z.y} ifz#y,

is a metric on X. Analogously, for all integer numbers k£ > 1 we can define the
functions 7% : X* — R as

(1.3) T (2,y) = r(Im(z,y)), Im(z,y) = {

(1.4) Tk(xl,...,xk):T(Im(xl,...,mk)),
where Im(xy,...,xy) is the image of the set {1,...,k} under the map i — a;,
(1.5) (x € Im(xy,...,2x)) & (Fie{1,...,k} : x = x;).

Formula (1.4) turns to formula (1.3) when k& = 2, thus we obtain a ”generalized
metric” which is a function of k variables (while the usual metric is a function of
two variables).

In what follows the important role will play some ”generalized diameters” gen-
erated by 7F.

Definition 1.3. Let X # &, k be an integer positive number and let 7: F(X) — R
be an extended by Balk metric. For every nonempty A C X we set

diam,« A =sup{r*(zy,...,2) : z1,..., 2, € A}
that is equivalent to

(1.6) diam,x» A =sup{7(B) : BC A, |B| < k}.

Remark 1.4. It is clear that diam,.» A is the usual diameter of A if k = 2.
Definition 1.1 implies diam,: A = 0 for every A € F(X).

In Theorem 2.12 of the second section of the paper we obtain a structural
characteristic of extended by Balk metrics 7 : F(X) — R for which 7(4) = diam « A
holds with all A € F(X) and k > 2.

In the third section we study the relationship between 73 and the so-called
G-metrics which were introduced by Zead Mustafa and Brailey Sims in 2006.

Definition 1.5.([20]) Let X be a nonempty set. A function G : X® — R is called
a G-metric if the following properties hold.
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G(z,y,z) =0forz =y = z.

0 < G(z,z,y) for = #y.

G(z,z,y) < G(z,y,z) for z # y.
G

(21, 22,23) = G(Toy, Toy, Toy) for every permutation o of the set {1,2,3}
and every (z1,z2,73) € X3,

(v) G(z,y,z2) < G(z,a,a) + G(a,y, z) for all a,z,y,z € X.

Definition 1.6. A G-metric is called symmetric if the equality G(z,y,y) =
G(y, z,z) holds for all z,y € X.

Remark 1.7. In [20] G-metrics were defined as some functions G with the codomain
[0,00), which is slightly different from Definition 1.5. In this connection it should
be pointed out that conditions (i) — (iv) of Definition 1.5 imply the nonnegativity
of G. Indeed, it is sufficient to prove G(y,z,x) > 0 for x # y, that follows from
0< G(z,z,y) = G(z,y,2) = Gy, z, x).

We shall prove that for every symmetric G-metric on X there is an increasing
extended by Balk metric 7 : F(X) — R such that 72 = G. Conversely, an arbitrary
73 is a G-metric if the corresponding extended by Balk metric 7 : F(X) — R is
increasing. (See Theorem 3.7).

The infinitesimal structure of spaces (X, 7) with extended by Balk metrics 7 is
investigated in the fourth section. In particular, we transfer the extended by Balk
metrics 7 from X to spaces which are pretangent to (X, 72). The pretangent spaces
to the general metric spaces were introduced in [12] (see also [13]). For convenience,
we recall some related definitions.

Let (X,d) be a metric space and let p € X. Fix a sequence 7 of positive
real numbers r, which tend to zero. The sequence 7 will be called a normalizing
sequence. Let us denote by X, the set of all sequences of points from X which tend
to p.

Definition 1.8. Two sequences I,y € Xp, Z = (p)neny and § = (Yn)nen are
mutually stable with respect to a normalizing sequence 7 = (7, )nen, if there is a
finite limit

(1.7) i AEna¥n) GG o) = (3 9).

n— 00 Tn

The family F C Xp is self-stable with respect to 7, if every two &,§ € F are
mutually stable, F is mazimal self-stable if F is self-stable and for an arbitrary
Z € X, \ F there is # € F such that & and % are not mutually stable. Zorn’s lemma
leads to the following

Proposition 1.9. Let (X,d) be a metric space and let p € X. Then for every
normalizing sequence 7 = {ry}nen there exists a mazimal self-stable family X, 7
such that p={p,p,..} € X, 7.
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Let us consider a function d : X, ; x X, — R, where d(&,9) = d:(%,7) is
defined by (1.7). Obviously, d is symmetric and nonnegative. Moreover, the triangle
inequality for d implies
d(7,§) < d(F,2) +d(,9)
for all #,7,% € X, 7 Hence (X, 7,d) is a pseudometric space.

Define a relation ~ on X, 7 by # ~ ¢ if and only if ds(%,7) = 0. Let us denote
by Qz)fi the set of equivalence classes in X, 7 under the equivalence relation ~. For

a,f € Qifi set

(1.8) pla, B) = d(z,7),

where Z € a and § € 3, then p is a metric on Qé{; (see, for example, [16, Ch. 4,
Theorem 15]).

Definition 1.10. The space (Qi;,p) is pretangent to the space X at the point p
with respect to a normalizing sequence 7.

Let 7 : F(X) — R be an extended by Balk metric, let p € X and let (ng,;, p) be
a pretangent space to the metric space (X, 72). Now the ”lifting” of 7 on (Q;ff, p) is
defined as follows. Let il be a nontrivial ultrafilter on N. For {a1,...,a,} € ?(ij),

(2L Ymen € a1, .., () men € ay, set

X ({ans s} = 8t T 8))

T'm

In Theorem 4.3 it is proved that X, is an extended by Balk metric on (Qifj, p) and
X2 = p. Theorem 4.8 provides a characteristic of extended metrics 7 : F(X) — R
for which the equality

X-(A) = diam, A

holds for every A € F (ngf). This result is used in Corollary 4.10 for characterization
of 7 for which X, are the extended ”ultrametrics”, i.e. satisfy the inequality

X-(AUB) < max{X,(AUC), X, (BUC)}

instead of inequality (1.2).

2. Extended by Balk Metrics and Generalized Diameters

Let X be a nonempty set and 7 : F(X) — R be an extended by Balk metric on
X. Set

2.1) (o) = {qu,y}), o4y

0, if x=y
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for every ordered pair (z,y) € X x X, where {z,y} is the set whose elements are
the points z and y.

Proposition 2.1. The function 72 : X? — R is a metric for every nonempty set
X and extended metric T : F(X) — R.

Proof. Obviously, the function 72 is symmetric and by (1.1) 72(x,y) = 0 if and only
if x = y. Putting in (1.2) A = B = C we obtain 7(A) < 27(A) for every A € F(X)
that is an equivalent to 7(A) > 0. The last inequality implies the nonnegativity of
the function 72. It remains to prove the triangle inequality for 72. Let z,v, z be
arbitrary points from X. Putting A = {z}, B = {y} and C = {z} into inequality
(1.2) we obtain

m(z,y) = 7({z} U{y}) <t({z} U{z}) + 7({z} U {y})
< 7({z,2}) +7({z,9}) = 7 (2, 2) + 72(2,y).
Thus the triangle inequality is satisfied. O

If d is a metric and 7 is an extended by Balk metric on the same set X and the
equality d(x,y) = 72(x, y) holds for all z,y € X, we say that 7 is compatible with d.

Remark 2.2. The nonnegativity of 7 was earlier proved in [3].

Recall that a mapping f : X — Y from a partially ordered set (X,<x) to a
partially ordered set (Y, <y) is called increasing if the implication

(z <xy) = (f(2) <y fy)

holds for all z,y € X.
Let us put in order the set F(X) by the set-theoretic inclusion C and consider
R with the standard order <. If p is a metric on X, then the mapping

F(X)> A diam,(A) e R

is increasing.

Definition 2.3. Let X # @ and k be an integer number greater or equal two. A
mapping f : F(X) — R is called k-increasing if the implication

(BCA) = (f(B) < f(4)

holds for A, B € F(X) with |B| < k.

Remark 2.4. Tt is clear that every increasing mapping f : F(X) — R is k-
increasing for every k > 2. It is not hard to check that, if |X| < k + 1, then all
k-increasing mappings are increasing.

The next example shows that for | X| > k+2 there are extended by Balk metrics
on X which are k-increasing but not k + l-increasing mappings.
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Example 2.5. Let |X| > k+2 and t;, i = 2,...,k + 2 be some numbers from
the interval (1,2) such that t; < try2 < tgy1 and t; < t;4q1 for i = 2,...,k. For
A€ F(X) set

0, for |[Al =1
(2.2) T(A) = < Ly, for |[Al=mn, f2<n<k+1
tit2, for ‘A| > k+ 2.

It follows directly from (2.2) and the restrictions to the numbers ¢,, that 7 is k-
increasing but not k + l-increasing. If |[AUC| # 1 # |[BUC| and 7(AU B) = t,,
T(AUC) =t;, 7(BUC) =t; then t;,¢;,¢ € (1,2). Hence t; < t; + ¢; that implies
(1.2). Assuming, for example, the equality 1 = |B U C| we obtain the existence of
x € X such that B = C' = {z}. Then inequality (1.2) turns into an equality. Case
|[AUC| =1 is similar.

Lemma 2.6. The following conditions are equivalent for all X # &, 7: F(X) —» R
and integer numbers k > 2.
(i) The mapping T is a k-increasing function from (F(X), Q) to (R, ).
(ii) The inequality
(2.3) 7(A) 2 max{7(B) : BC A,|B| <k}

holds for every A € F(X).

The proof can be obtained directly from definitions and we omit it here.

Corollary 2.7. Let X # @ and k be an integer number greater or equal two. An
extended metric 7 : F(X) — R is a k-increasing mapping from (F(X),C) to (R, <)
if and only if the inequality 7(A) > diam,x A holds for every A € F(X) where
diam,« A is defined by relation (1.6).

Let (X,<x) and (Y,<y) be partially ordered sets. A mapping f : X — Y
is called decreasing if the implication (z <x y) = (f(z) 2y f(y)) holds for all
z,y € X.

In the following definition the relation B C A means that we have B C A and
B # A.

Definition 2.8. Let X # @ and k > 2 be an integer number. A mapping f :
F(X) — R is k-weakly decreasing if for every A € F(X) with |A| > k there is a
finite nonempty set B C A such that f(B) > f(A).

Lemma 2.9. The following conditions are equivalent for all X # &, k > 2 and
mappings T : F(X) — R.

(i) The mapping T is k-weakly decreasing.
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(ii) The inequality
(2.4) 7(A) < max{7r(B) : BC A,|B| <k}
holds for every A € F(X).

Proof. The implication (ii) = (i) follows directly from Definition 2.8. Let us check
the implication (i) = (ii). Assume that condition (i) is true. Let us prove inequality
(2.4) using induction by |A]. If |[A] = 1,...,k inequality (2.4) is obvious. Suppose
that (2.4) is proved for |A] < n, n € N. Assume |[Al = n+1 > k+ 1. By
(i) the mapping 7 is k-weakly decreasing. Therefore there is B C A such that
7(A) < 7(B). From the inclusion B C A follows the inequality |B| < n. Using the
induction hypothesis we get

(2.5) 7(A) < 7(B) < max{7(C) : C C B, |C| < k}.
Since (C C B) implies (C' C A), we obtain
max{7(C) : C C B, |C| <k} <max{r(C) : C C A, |C| < k}.

The last inequality and (2.5) give (2.4). ad
The next corollary directly follows from Definition 1.3 and Lemma 2.9.

Corollary 2.10. Let X # @ and k > 2 be an integer number. An extended by Balk
metric T : F(X) — R is a k-weakly decreasing mapping from (F(X), C) into (R, <)
if and only if the inequality T(A) < diam_ «(A) holds for every A € F(X).

Lemmas 2.6 and 2.9 give the following.

Corollary 2.11. Let X # &, let k > 2 be an integer number and let 7 : F(X) — R
be a k-weakly decreasing mapping. Then T is increasing if and only if it is k-
mcreasing.

Proof. Tt is sufficient to verify that if 7 is k-increasing then 7 is increasing. Indeed,
if 7 is k-increasing, then inequalities (2.3) and (2.4) imply

7(A) =max{7(B) : BC A,|B| <k}, AecTF(A).

The increase of 7 follows. |
Combining corollaries 2.7, 2.10 and 2.11 we get

Theorem 2.12. The following statements are equivalent for all nonempty X, in-
teger k > 2 and extended metrics T : F(X) — R.

(i) The equality 7(A) = diam_x A holds for every A € F(X), where diam x A is
determined by Definition 1.3.

(ii) 7 is k-increasing and k-weakly decreasing.
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(iii) 7 s increasing and k-weakly decreasing.

Definition 2.13. Let p be a metric on X and 7 : F(X) — R be an extended by
Balk metric on X. We say that 7 is generated by p if 7(A) = diam, A for any
A e F(A).

Theorem 2.14. Let 7 : F(X) — R be an extended by Balk metric on a nonempty
set X. The following statements are equivalent.

(i) There is a mapping p = X? — R such that F(A) = max{u(z,y) : =,y € A}
for every A € F(X).

(ii

) There is a metric on X which generates T.
(iii) 7 is generated by T2.
)

(iv) 7 is 2-increasing and 2-weakly decreasing.

(v) 7 is increasing and 2-weakly decreasing.

Proof. The implications (iii) = (ii) and (ii) = (i) are obvious. The equivalences
(v) & (iv) and (iv) < (iii) follow from Theorem 2.12. It remains to note that
(i) & (v) follows immediately from the definitions of increasing mapping and 2-
weakly decreasing one. O

In the next section we will prove an analog of Theorem 2.14 for the symmetric
G-metrics.

3. Extended by Balk Metrics and G-metrics

The domain of 72 (see formula (1.4)) is the set X3 = X x X x X. Different
generalized metrics with this domain were considered at least since 60s of the last
century [14, 15, 6]. The so-called G-metric (see Definition 1.5) is among the most
important from these generalizations. The G-metric was introduced by Mustafa
and Sims [18, 20] and has applications in the fixed point theory.

In the current section we, in particular, show that the functions 73 : X3 — R
generated by increasing extended by Balk metrics 7 : F(X) — R are symmetric (in
the sense of Definition 1.6 G-metrics on X.

Lemma 3.1. Let X # & and let 7 : F(X) — R be an increasing extended by Balk
metric. Then 73 is a symmetric G-metric on X.
Proof. By Definition (1.3) 73 is a symmetric G-metric if and only if the equality
3(2,y,y) = 73(y, 2, ) holds for all z,y € X. This equality immediately follows
from (1.4) and (1.5).

Let us check conditions (i)-(v) of Definition 1.5.

(i) For every x the equality 73(z,x,z) = 0 follows from (1.1).
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(ii) The inequality 73(z, x,y) > 0 for z # y follows from the equality 72(z,z,y) =
72(z,y) and the fact that 72 is a metric on X (see Proposition 2.1).

(iii) The inequality 73(z,x,y) < 73(x,y, ) follows because 7 is increasing.

(iv) The arguments of the function 7 on the right-hand side of equality (1.4)
are sets, that automatically gives the invariance of 73 with respect to the
permutations of arguments.

(v) We must prove the inequality

(3.1) T (x,y,2) < 7°(2,0,0) + 7°(a,y, 2)

for all z,7,z,a € X. The inequality holds if 2 = y = z since 73 is a non-

negative function and 7(z,z,z) = 0. Now let z # y # z # x. Substituting
A={x}, B={y,z}, C ={a} in (1.2) we obtain

(z,y,2) =7(AUB) < 7(AUC) + 1(BUC) = 73(x,a,a) + 7(a,y, 2).
If y = z, inequality (3.1) is equivalent to the triangle inequality
m(z,y) < 7%(z,0) + 7%(a,y),
that was proved in Proposition 2.1. Let x = z. Then (3.1) can be written as
(3.2) 3z, 2,y) < (2, 0,a) + 73 (a,y, x).

Since 7 is increasing, the inequality 73(a,y, ) > 72(a,y,y) holds. Therefore,
it is sufficient to check 73(z, z,y) < 73(z, a, a)+73(a,y, y) which again reduces
to the triangle inequality for 72. It remains to consider the case where = = .
With this assumption (3.1) we get

(3.3) (z,2,2) < 3(x,a,0) + 73(a, 2, 2).

Again from the increase of 7 we obtain 73(a,x,2) > 73(a,2,2). Hence it
suffices to prove the inequality 73(z,z,2) < 73(z,a,a) + 73(a, 2, 2), which
also follows from the triangle inequality.

O

Now we want to prove the converse of Lemma 3.1. To do this it suffices for
given symmetric G-metric ® : X® — R to construct an increasing extended by Balk
metric 7 : F(X) — R such that

(3.4) D(x1,x9,23) = T(IMm(x1,22,23)), (X1,22,23) € X3,

where I'm(x1, z2, x3) was defined by relation (1.5). We will carry out this construc-
tion in two steps.
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e For given G-metric ® : X® — R we first find an increasing mapping 7 :
FIX) - R, F3(X) = {A € F(X) : |A| < 3}, which satisfies (3.4) and
(1.1), (1.2) with 7 = 7. (This is almost what we need but the domain of 7 is

F2(X)).

e Second, we expand 7 to an increasing extended by Balk metric 7 : F(X) — R.

Lemma 3.2. Let X # @. The following statements are equivalent for every func-
tion G : X® — R.

(i) G satisfies condition (iv) of Definition 1.5 and is symmetric in the sense that
(3.5) G(z,y,y) = Gy, z, 7)
forallz,y e X.

(ii) There is a mapping 7 : F3(X) — R such that equality (3.4) holds for every
(21, 79,73) € X3 with ® =G and 7 = 7.

Proof. The implication (ii) = (i) has already been proved in the proof of Lemma 3.1.
Let us verify the implication (i) = (ii). Suppose (i) holds. Tt is sufficient to
check that the equality

(3.6) Im(z1, 22, 23) = Im(y1, Y2, Y3)
implies
(3.7) G(x1,72,73) = G(Y1, Y2, Y3)-

Let (3.6) hold. If [Im(x1, 22, x3)| = 1, then there is € X such that z; = x = y; for
every ¢ € {1,2,3}. In this case (3.7) transforms to the trivial equality G(z,z,x) =
G(z,z,z). If [Im(xy,x2,23)] = 3, then (3.7) follows from the invariance of G
with respect to the permutations of arguments. For the case [Im(x1,x9,x3)| = 2
there are z,y € X for which the triple (z1, z2,z3) coincides with one of the triples
(LU, €, y)? (‘T7 Y, $)7 (y7 €, 3?)7 (y7 Y, $)7 (y7 €, y)7 (CL‘, Y, y) The same holds for (yla Y2, yS)
also. Now to prove (3.7) we can use (3.5) and the invariance of G with respect to
the permutations of arguments. O

Remark 3.3. Since the mapping X3 3 (21,22, 23) — Im(x1,22,73) € F3(X) is
surjective, the existence of 7 : F3(X) — R for which the equality

(38) G(Cﬂhl'z,xg) = %(Im(xlax%x?)))

holds for every (r1, 72, 73) € X3 implies the uniqueness of 7.

Lemma 3.4. Let X # @ and let G : X3 — R be a symmetric G-metric. Then
there is an increasing mapping 7 : F3(X) — R such that: equality (3.8) holds for
every (z1,x2,x3) € X3; equivalence (1.1) holds with ¥ = 7 for every A € F3(X);
inequality (1.2) holds with 7 =1 for all AUB,AUC,BUC € F3(X).
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Proof. The existence of 7 : F3(X) — R which satisfies (3.8) for (z1,x2,23) € X3
has already proved in Lemma 3.2. The increase of 7 and the equivalence

(7(4) =0) < (JA[=1)

follow from conditions (i) — (iii) of Definition 1.5 and equality (3.8). We must prove
only the inequality

(3.9) F(AUB) < F(AUC) +7(BUC)

for AUB,AUC,BUC € F3(X).

Note that (3.9) is trivial if | AU B| = 1 because in this case 7(A U B) = 0 holds.
So we can suppose |[AU B| =2 or |[AU B| = 3. Since 7 is increasing, it suffices to
prove (3.9) for C' = {a} where a is an arbitrary point of X.

Let |AU B| = 2. If, in addition, we have |A| = 2, then

(3.10) AUB=AC AuC.

Hence using the nonnegativity of G (see Remark 1.7) and the increase of 7 we obtain
(3.9). If |B| = 2, then the proof is similar. Now let A = {z}, B = {y} and = # y.
Then

T(AUB) =G(z,y.y),  7(AUC)=G(z,a,a),

(3.11) 7~.(B U C) = G(y, a, a) = G(a,y, y)

Putting z = y in condition (v) of Definition 1.5 we find
G(x) y7 y) g G(x’ a) a) + G(a’ y7 y).

This inequality and (3.11) give (3.9).

Suppose |[AUB| = 3. If max(|A|, |B|) = 3, then we have (3.10) or AUB C BUC.
Hence using the increase of 7* we get (3.9). If |[A] = 2 and |B| = 2, then there
are some distinct z,y,z € X for which A = {z,y} and B = {y, z}. Consequently
T7(AUB) = G(x,y,2), T(AUC) = G(z,y,a) and 7(BUC) = G(y, z,a). Inequality
(3.9) can be rewritten as

(3.12) G(z,y,2) < G(z,y,a) + G(y, 2,0).

Using condition (iii) of Definition 1.5 and the symmetry of G we obtain the inequal-
ity
(3.13) G(z,a,a) < G(z,y,a)

for all z,y,a € X. Now (3.13) and condition (v) of Definition 1.5 imply (3.12). To
complete the proof it remains to consider the next alternative

either |Al=1and |B|=2 or |B|=1and|A|=2.
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By the symmetry of the occurrences of A and B in (3.9) it suffices to consider
the first case. Putting A = {z} and B = {y, 2z} and expressing 7 via G, we get
from (3.9) to the inequality G(x,y,2) < G(z,a,a) + G(a,y,z). Condition (v) of
Definition 1.5 claims the validity of the last inequality. O

In accordance with our plan it remains expand the function 7 : F3(X) — R to
an increasing extended by Balk metric 7 : F(X) — R. It is easy enough to do for
all increasing 7 : F*(X) — R, F%(X) = {4 € F(X) : |A] < k} with an arbitrary
integer k > 2.

For A€ F(X) and 7: F¥(X) — R, k > 1 we set

(3.14) diam;(A) := max{7(B) : BC A, B € F*(X)},
c.f. formula (1.6).

Proposition 3.5. Let X # @, let k > 2 be an integer number and let 7 : F*(X) —
R be an increasing mapping such that the equivalence

(3.15) (7(A) =0) = (JA[=1)

holds for each A € F*(X) and the inequality

(3.16) T(AUB) < 7F(AUC)+7(BUCQ)

holds as soon as AUB,AUC,BUC € F%(X). Then the function
(3.17) 7T:F(X) - R, 7(A)=diam:(A), AecF(X)
is an increasing extended by Balk metric such that

(3.18) Tk(xl,...,mk) =7Im(x1,...,xx)) for (x1,...,2) € Xk,

Proof. The increase of 7 follows directly from equality (3.14). This equality and
the increase of 7 give also equality (3.18). Using (3.14) it is easy to prove (3.15) for
every A € F(X). It remains to show that the inequality

(3.19) T(AUB) < 7(AUC) +7(BUC),

holds for all A, B,C € F(X).
Let A,B and C be arbitrary elements of F(X). Let us choose an element
D € F%(X) such that

(3.20) D C AUB and (AU B) = #(D).

If D C Aor D C B, then by increase of 7 we have 7(D) < 7(A) < 7(AUC) or,
respectively, 7(D) < 7(B) < 7(BUC). These inequalities together with (3.20) give
(3.19). Thus we can assume that

(3.21) D\A+#@+ D\ B.
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Set A’ := AN D, B':= BN D. Then we have
(3.22) D=Dn(AuB)=A"UB.
Condition (3.21) and the inequality |A| < k give the inequalities
(3.23) Al <k—-1, and |B'|<k-1.
Using (3.20) and (3.22) we write (3.19) in the form
T(AUB)<T(AUC) +7(BUC).
Since T is increasing, A’ C A and B’ C B, it suffices to check the inequality
T(AUB)<T(AUC)+7(B'UC).
Let C" = {c} where ¢ € C. Since 7 is increasing, we have
T(AUC)+7(B'UC)=>7(AUul)+7(B'UC).
Therefore it is sufficient to show that
(3.24) T(AUB) <A ul)+7(B'UC).
To prove (3.24) note that (3.23) implies that
AUl <A+ |C') < (k—1)+ 1=k,

and, similarly that |B’ U C’| < k. Thus A’ UC’, B’ UC’ € F*(X). In addition we
have A’ U B’ = D € F¥(X). Now using (3.18) we can rewrite (3.24) in the form
T(AUB') <7(AUl) +7(B"UC) that holds by (3.16).

Thus the function 7 defined on F(X) by formula (3.17) has all properties of
extended by Balk metric. ]

Remark 3.6. Proposition 3.5 is false for £k = 1. In this case we have diamz(A) =0
for every A € F(X).

Theorem 3.7. Let X # @&. The following statements are equivalent for every
function G : X3 — R.

(i) G is a symmetric G-metric in the sense of Definition 1.5.

(ii) There is an increasing extended by Balk metric 7 : F(X) — R such that
™ =aG.

Proof. The implication (ii) = (i) was obtained in Lemma 3.1. Let us prove the
implication (i) = (ii). Suppose (i) holds. By Lemma 3.2 there is 7 : 3(X) — R
such that G(z1,z2,23) = T(Im(z1,22,23)) for every (z1,z2,23) € X3. Using
Lemma 3.4 we get the equivalence (7(A4) = 0) & (JA| = 1) for every A € F3(X)
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and the inequality 7(AUB) < 7(AUC) +7(BUC) for AUB, AUC, BUC € F3(X).
By Proposition 3.5 there is an increasing extended by Balk metric 7 : F(X) — R
such that7|gs x) = 7. The implication (i) = (ii) is proved. O

The next theorem is an analog of Theorem 2.14.

Theorem 3.8. Let 7: F(X) — R be an extended by Balk metric on X # &. The
following statements are equivalent.

(i) There is a function G : X® — R such that the equality
(3.25) 7(A) = max{G(z,y,2) : z,y,z € A}

holds for every A € F(X).

(ii) There is a symmetric G-metric G : X3 — R such that equality (3.25) holds
for every A € F(X).

(iii) For every A € F(X) the equality (3.25) holds with G = 73.
(iv) 7 is 3-increasing and 3-weakly decreasing.

(v) 7 is increasing and 3-weakly decreasing.

Proof. If (iii) holds, then 7 is increasing. Then, by Lemma 3.1, 72 is symmetric
G-metric. Therefore the implication (iii) = (ii) is true. The implication (ii) = (i)
is obvious. The implication (i) = (v) follows directly from definitions. To complete
the proof it remains to note that Theorem 2.12 gives (v) < (iv) and (iv) < (iii).O

4. Extended Metrics on Pretangent Spaces

Let (X,d) be a metric space with a metric d. The infinitesimal geometry of
the space X can be investigated by constructing of metric spaces that, in some
sense, are tangent to X. If X is equipped with an additional structure, then the
question arises of the lifting this structure on the tangent spaces. More specifically,
let 7: F(X) — R be an extended by Balk metric and let (€2, p) be a tangent space
to a metric space (X, d). Suppose 7 is compatible with d.

How to build an extended by Balk metric which is compatible with the metric p?

The answer to this question depends on the construction of the tangent space
(Q, p). Today there are several approaches to construct tangent spaces to metric
spaces. Probably, the most famous of these are the Gromov-Hausdorff convergence
and the ultra-convergence. The sequential approach to the construction of ”pretan-
gent” and ”tangent” spaces was proposed in [12] and developed in [10, 1, 5, 4, 7, 9].

To construct Balk’s extended metrics on pretangent spaces we will use ultrafil-
ters on N. Recall the necessary definitions.

Let X be a nonempty set and let B(X) be the set of all its subsets. A set
U CB(X) is called a filter on X if @ ¢ U # & and the implication

(Acu&Bel)=(ANBei)) and (ADB&Beci)=(Aecl))
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hold for all A,B C X.

A filter 4 on X is called an wultrafilter if the implication (P D H) = (U = P)
holds for every filter P on X. An ultrafilter 4 on X is called trivial if there is a
point zg € X such that (A € U) & (zg € A) for A € B(X). Otherwise i is a
nontrivial ultrafilter. Let 4 be a filter on X. A mapping ¢ : X — R converges to a
point ¢ € R by the filter i, symbolically ${ — lim ®(z) = ¢, if

(4.1) {reX : |®@x)—t<e}ed

for every € > 0.

Example 4.1. If M is the Frechet filter on N, (is the family of subsets of N
with finite complements) and (z,)nen is a sequence of real numbers, then the limit
lim x,, exists if and only if there is M — lim z,,. In this case lim x, =M —limz,,.
n—oo n—oo

We shall use the following properties of the nontrivial ultrafilters 4l on N.
(i) Every bounded sequence (x,)nen, Tn € R, has 8 — lim x,,;

(ia) If (zp)nen converges in the usual sense, then lim z,, = { — limz,;
n—oo

(i3) The relations # — lim ex,, = ¢(4 — lim x,,) and
S —lim(x, + ypn) = (U — limz,) + (U — limy,)

hold for every ¢ € R and (2,)neN, (Yn)nen which have $U-limits;

(i) If (zp)nen is U-convergent and lim (x, — y,) = 0, then (yp)nen is U-

convergent and 4 — limz,, = U — lim y,,.
The above is a trivial modification of Problem 19 from Chapter 17 [17].

Lemma 4.2. Let i be a nontrivial ultrafilter on N. Then for every bounded se-
quence (Tm)menN, Tm € R its U-limit coincides with a limit point of this sequence.
Conversely, if t is a limit point of (Xm)men, then there is a nontrivial ultrafilter LU
on N such that 4 — limz,, =t.

Proof. The first statement of the lemma follows from the definition of the limit
points and formula (4.1) if put X = N and ®(n) = z,, in this formula and take into
account that all elements of nontrivial ultrafilter on N are infinite subsets of N.
To prove the second statement, note that for every limit point a of the sequence
(Zm)men there is an infinite A C N such that Aiinwxm = a. Choose an ultrafilter U
meA

on N for which A € . Now using property (i1) we obtain a = {4 — lim z,,. ]

Let (X,d) be a metric space, X # &, and let 7 : F(X) — R be a compatible

with d extended by Balk metric. Let {ai,...,a,} be a finite nonempty subset

of pretangent space foj and X'pj be a maximal self-stable subset of X, which

corresponds Q;(j. Denote by 7 the projection Xpﬂ: on Q;ff, ie. ifz € Xpﬂ: then
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7(%) = {§ € Xps : dx(2,9) = 0}. (See formula (1.7)). Choose & = (z%,)men,
1,...,n from X, 7 such that (') = «;, i=1,...,n. Put

T(Im(xl ..., 2%))

(4.2) Xr({oq,...,an}) == —lim mr o mes

T'm
where Im(xl ;... 2™ is the set whose elements are the m-th terms of the sequences
(x!))men, ¢ = 1,...,n, 7 is m-th term of normalizing sequence 7 and i is a

nontrivial ultrafilter on N.

Theorem 4.3. Let (X,d,p) be a metric space with a marked point p and T :
F(X) — R be an extended by Balk metric. If T is compatible with d, then for every
pretangent space (Qij;., p) and every nontrivial ultrafilter 3 on N the mapping

F(r) 2 A X (A)

is correctly defined extended by Balk metric which is compatible with the metric p.
To prove this theorem we need the next lemma.

Lemma 4.4. Let (X,d) be a nonempty metric space and 7 : F(X) — R be an
extended by Balk metric. If T is compatible with d, then the inequalities

(4.3) T({z1, 22, .., 2n}) < d(z1,22) + ... + d(Tp-1, %),

and

n

(4.4) ({1, ) = b)) < S d(a, o),

i=1
hold for every integer n > 1. Here {x1,...,z,} and {2,..., 2} are arbitrary n-
elements subsets of the set X.

Proof. Without loss of generality we can suppose that n > 2. Let {x1,...,2,} €
F(X). Using (2.1) with B ={z,}, C = {zp—1} and A = {z1,..., 2,1} we find

T({z1,.. o xn}) K 7({21, .- xnm1}) FT{ @01, 20 })

<71, xn ) Fd(Tn_1,zn).

Repeating this procedure we obtain inequality (4.3).
Let us check (4.4). To this end note that

IT({21, .y 2n}) — T({2h, o 2]
<lr(Im(zy, 2. .. 20)) — T(Im(z), 22 ..., 20))|
+Hr(Im(x), e .. 2,)) — T(Im(z), 25, 23 ..., 20))]| .

+lr(Im(xy,oh .. 2l 1 xn)) — 7(Im(2y, ... 2y, 20))]
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The sets, which are the arguments of the function 7 under the signs of the absolute
value on the right-hand side of the last inequality, differ from each other by no more
than one element. Therefore, it suffices to verify the inequality

(4.5) [r(Im(@h, ... @, g, @) — T(Im(ah, . @, 2)] < d(n, 27,).
Without loss of generality we can suppose that
(46) T(Im(x/la e 7x;71a (En)) 2 T(Im(‘r/lv te 71'4171’ xiz))

Using inequality (1.2) with A = {z,...,2,_;}, B={z,}, C = {z]} we get

AUB =Im(xy,..., 2, _1,2,), AUC =Im(2},...,2,_1,x.), BUC = Im(z,,z))

and
T(Im(xllv e 7xln—17 l‘n)) - T([m(zlla ce 7xln—1a ‘T:L)) < T({an, x/n}) = d('rfh l‘/ )
The last inequality together with (4.6) gives (4.5). O

Lemma 4.5. Let (X,d) be a nonempty metric space, let 7 : F(X) — R be an
extended by Balk metric and let K € F(X). If 7 is compatible with d, then the
inequality

(4.7) 7(K) = Sd(z,y)

holds for all z,y € K.
Proof. Let A= {z}, B={y} and C = K. Then by inequality (1.2) we have
d(z,y) =17(AUB) < 7(AUK) +7(BUK) = 27(K). O

The proof of the Theorem 4.3. Let us check the existence of the finite U-limit on
the right-hand side of (4.2). According to property (i1) of the ultrafilters it suffices
to prove the inequality

I Lo
(4.8) lim sup TUM (s - T0))

m—0oQ rm

Using (1.7), (1.8) and (4.3) we find

d(x2 , 3 d n—l7 n n—1
+ lim_ Ao ) L R TR) S plon, i),
- T'm m—0o0 T'm

=1

Inequality (4.8) follows.
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Let us make sure that the value of X, ({al, .-+, }) given in formula (4.2) does
not depend of the choice of 7, i =1,...,n. Let §* = (y¢,) be some elements of the
set X, 7 such that 7(§") = 7(&) = ay, i =1,...,n.

By (4.4) we have

Im(al,, ... am)) — r(Im(yh,, ...,y
limsup T( m(a:m, ’xm)) T( m(ym? aym))

m—o0 T'm

<§:<n}i§é@d Wym) ZPO‘“O‘Z -

=1

The wanted independence follows from (i4).
Let us verify that X : & (fo #) — R has the characteristic properties of extended
metric i.e.,

(4.9) (X-(4) =0) = (|4 =1)
and
(4.10) X-(AUB) < X (AUC)+ X, (BUC)

hold for all A, B,C € F(4\;).

Let |A| = 1. Then we have A = {«a} for some a € Qif~ If 2 = (Zm)men € Xp’;
and 7(Z) = a, then (4.2) and property (iz) of the ultrafilters imply

2 (4) = b — 1im 24D g 2o,
Tm
Suppose now that A has at least two distinct points a; = (2l men) and ag =
7((22,)men) where (x),)men, (22,)men € Xp.7. Then inequality (4.7) implies
T(Im(zk,, ... 2" ))

m

d(zl  z2)

m? m

1
Tm 2 Tm
for every m € N. By the definition we have
1 d(zy,, 27,

lim —

m—0o0

1
= 5[)(0{1,0{2) > 0.

T'm

Hence all limit points of the sequence with the common term

T(Im(zk,, ..., 2%))

m

T'm

are positive. Therefore, by Lemma 4.2, we obtain the strict inequality X,(A) > 0.
Equivalence (4.9) is proved.
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Similarly, considering the limit points of the sequence that defines the value
(X;(AUuB)—-X,(AUC)-X.(BUC))

and using (1.2) and (i3) we obtain (4.10). Thus X, is an extended by Balk metric
on Qz)fi'

To complete the proof it remains to check that X, is compatible with p. Let
i, ap € ngf and a; = 7((2L))men), aa = 7((2,)men) where (L)) men, (22,)men €
X, 7 Then from (1.7), (1.8), (4.2) and the fact that 7 is compatible with d we find

Xr({a1,a2}) =4 — lim

T'm
1,2 Azl 22
= 9§ — lim M = lim (xm” m) p(ah az)
Tm m— 00 Tm
which is what had to be proved. O

It is rather easy to show if an extended by Balk metric 7 : F(X) — R is
generated by a metric d : X? — R, then for all pretangent spaces (Qifi’ p) and
nontrivial ultrafilters i the extended metrics X, are generated by p. On the other
hand if the space (X, d) is discrete, then every pretangent space QX - is single-point.
Consequently X, is generated by the metric p as the extended by Balk metric on
the single-point space, irrespective of whether 7 is generated by the metric d or not.

To describe the class of extended metrics 7 : X x X — R for which X, is
generated by p, we need some ”infinitesimal” variant of Definition 2.13.

Let (X, d) be a metric space, p € X and 7 : F(X) — R be an extended metric
for which 72 = d, i.e. 7 is compatible with d.

Definition 4.6. The extended metric 7 is generated by the metric d at the point

p if for every n € N and every finite set of sequences (z)mens, - - -, (27 ) men which
converge to p with m — oo, the relation

(4.11)

e (Tm(hy - at) — diamg(Fm(eh, .. a)| = o(max{d(zy, ), .. d(@,p)})
holds, where Im(x) ,... ,2") is defined by (1.5).

Remark 4.7. Relation (4.11) means that

m—o0 max{d(zLl,,p),...,d(z,p)}
. . (Im(x! T diam m(z;, ,. n
with W}gnoo‘ m( ’ﬁlax{d’(ign D) 4 ((Imn(pﬁ 2wl = 0 for rl =...=a1" =p.

Theorem 4.8. Let X # &, p € X and let 7 : F(X) — R be an extended by Balk
metric. Then the following statements are equivalent.
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(i) For every nontrivial ultrafilter &L on N and every space (Q:,p) which is

pretangent to the metric space (X,72) at the point p, the extended metric
X, : ?(Qi;) — R is generated by p.

(ii) The extended metric T is generated by the metric 72 at the point p.

Proof. For convenience write d := 72.

First consider the case when p is an isolated point of the space (X, d). In this
case the equality z,, = p holds for every sequence (z,,)men € Xp if m € Nis
sufficiently large. Using Remark 4.7 we see that 7 is generated by d at the point
p. For isolated p any QX is a single-point space. Property (i) holds. To prove (i)
observe, that for the single-point space there is the unique extended metric which
is generated by the unique metric on such space.

Let us turn now to less trivial case when p is a limit point of X. Suppose (ii)

holds. Consider an arbitrary pretangent space (Qifi’ p), a nontrivial ultrafilter 4
on N and the extended metric X : F(€2 ) — R which is defined by 4 according to
(4.2).

We must prove the equality

(4.13) X;(A) = diam, A

for arbitrary A = {a1,...,a,} € 3"(9;{;).
By Theorem 4.3, X, is compatible with p. Therefore (4.13) holds for n <
2. So we can assume n > 3. Let X, be a maximal self-stable family in X,

corresponding to foﬂ: and let 7 : Xpﬂ: — ng;, be the projection that maps the

sequences (T )men € Xp7 to their equivalence classes (see (1.8)). Relation (4.13)
can be rewritten as

I Lol
(4.14) o — T T Z)) diam,, A,
T'm
where 7, and xl ..., 2" are the m-th elements of the normalizing sequence T =
(Tm)men and, respectively, of the sequences (x),)mens, - - -, (7 )men € X, 7 for which
7((z,)) = aj, i = 1,...,n. The following limit relations directly follow from the
definition of the metric p on foj,
di Im(z},,... "
diam, A = lim fama(Im(zy,, ’xnl)),
m— 00 T
(4.15) m
max({d(p,zL),...,d(p,z")})

max({p(a,a1),...,pl(a, an)}) = lim ,
m—00 T',,n
where a = 7(p), p = (p,p,p...). Using properties (iz), (iz) of the ultrafilters,
equalities (1.8) and (4.2) and the first equality from (4.15), we can rewrite (4.14) in
the form

T(Im(zk,, ..., 2")) — diamg(Im(z}, ..., 2%))

(4.16) 0 — lim

T'm
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Since n > 3, then the strict inequality
max{d(z. ,p),...,d(z" p)} >0

holds for sufficient large m. Using this inequality, (4.12) and the second equality
from (4.15) we find

lim r(Im(zk,, ..., 2%)) — diamg(Im(zl,, ..., 2%)) _
m—00 ’]"m
lim T(Im(x}na <. 733%)) — dlamd(lm(x'}?w cee am?n)) max{d(x}n,p), R d('r?rmp)}
m—oo Inax{d(mkﬂp)w"vd(x%ap)} 'm

=0-max{p(a,a1),...,pla,an,)} = 0.

Now property (iz) of the ultrafilters implies (4.16). The implication (ii) = (i) is
proved.

To complete the proof it remains to establish the converse implication (i) = (ii).
Suppose that (i) is true but (ii) is false. Then there are an integer number n > 3

and sequences (2}, )men € Xp, ¢ = 1,...,n such that a limit point b of the sequence
(ym)m€N7
r(Im(zl,, ..., 2")) — diamg(Im(zl, ..., a%))
Ym =

max{d(zL ,p),...,d(z%,p)} ’
is nonzero, b # 0. The sequence (Y, )men is bounded. Indeed, if

diamg(Im(xl,, ... 2%)) = d(ziL,2%2), 1 <iy,is < n, then

m? m

diamg(Tm(eh, o)) d(aih,p) +d(zi3,p)

AT 0 S (e ). (e p)} S max{dleh,. p). .., d(at.p)]

Similarly, using (4.3) we find

n—1 n—1

T(Im(zy,, ..., 2,)) < ZT(Im(xfn,xgl)) = Zd(ximxi#),
=1 i=1
that gives
r(Im(z),,...,z7)) - "il d(zi zitl)
(4.18) = max{d(z},,p), ..., d(zn,p)} —max{d(zy,,p),...,d(z},,p)}

n—1

s d(zl,,p) +d(zi, p)
= max{d(z},,p),...,d(x},,p)}

i=1

<2(n-—1).
Inequalities (4.17) and (4.18) imply the desirable boundedness. Passing from
(Ym)men to a suitable subsequence of (Y, )men it can be assumed that

(4.19) lim y,, =b and b ¢ {0,400, —c0}.

m—00
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Moreover, using the conditions (z¢ ),en € X'p, i = 1,...,n and passing to a
subsequence again we can assume lim,, .. max{d(z},,p),...,d(z",p)} = 0 and
max{d(z},,p),...,d(xz",p)} > 0 for m € N.
Thus the sequence (7p)men With 7, = max{d(z.,,p),...,d(z",,p)} can be

selected as normalizing. Using the obvious inequalities

7 ¥, 1

dabth) _y g dhn)
T'm T'm

and passing to a subsequence again we can assume that the sequences p,z; =
() men, - - > En = () men are mutually stable. Let X, be a maximal self-
stable family for which Z; € Xp,f, i =1,...,n and Q;{F be the corresponding
pretangent space. Let 4l be a nontrivial ultrafilter on N. Denote by «a; the image of
subsequence 7; = (2!, )men under the projection of ij on Qi;, a; = w(Z;). Now
using properties (i2)—(i3) and equality (4.19) we obtain

1 n - 1 n
b= $ - lim T(Im(x;,,...,z5)) — diamg(Im(z,,, ..., 2%))
T'm
1 n : 1 n
_ (il—lim T(Im(ﬂ;m,...,xm))> 3 (il—lim dlamd(Im(xm,...,J;m)))
Tm T'm

=X:({a1,...,a,}) —diam,({a1, ..., a,}).

Since b # 0 it implies the relation

Xr{ai,...,an}) #diam,({a1, ..., an}),

contrary to (i).
The implication (i) = (ii) follows. O

Theorem 4.8 and some known results about pretangent spaces allow, in some
cases, to get the relatively simple answer to the question about infinitesimal struc-
ture of extended metrics 7 : F(X) — R for which the corresponding extended
metrics X, on pretangent spaces are generated by metrics with some special prop-
erties.

Recall that a metric space (X, d) is called ultrametric if the inequality

d(z,y) < d(z,z) Vd(z,y)

holds for all z,y,z € X. Here and in the sequel we set p V ¢ = max{p,q} and
pAq =min{p,q} for all p,q € R.

Let (X,d) be a metric spaces with a marked point p. Let us define a function
F;: X3 —>Ras

d(z.y)(d@p)rdly.p) i
Fy(z,y) ;{ (d(z.p)Vd(y,p))? it (z,y) # (p.p)

0 if (z,y)=(p,p)
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and a function ®4: X? — R as ®4(x,y, 2) = Fy(x,y)V Fy(x, 2) V Fi(y, 2) for every
(x,y,2) € X3. For convenience we introduce the notations: d;(z,y,2) is length of
greatest side of the triangle with the sides d(z,y), d(z, 2z) and d(y, z) and ds(x, ¥y, 2)
is length of greatest of the two remained sides of this triangle.

Lemma 4.9.([11]) Let (X,d) be a metric space with a marked point p. All pretan-

gent spaces Qifi are ultrametric if and only if

. dl (xa Y, Z)
4.20 lim ®4(x,y,2) | —————= —1) =0,
(4.20) T,y,2—p al@,y )<d2(x,y,z)

where % =1 for do(z,y,2) = 0.

Using Theorem 4.8 and Lemma 4.9 we get

Corollary 4.10. Let X # &, p € X and let 7 : F(X) — R be an extended by Balk
metric. The following statements are equivalent.

(i) All extended metrics X, : S’(Qg‘}) — R are generated by ultrametrics.

(ii) The extended metric T : F(X) — R is generated by the metric T2 at the point
p and the equality

2
lim ®,2(z,y,2) (W — 1) =0,
2

z,y,2—p T2 (2, Yy, 2)

g T2 (x,y,2)
holds with 25~ =1 forx =y = z = p.

73 (,y,2)

Remark 4.11. An extended metric X; : ?(ngf) — R is generated by an ultra-
metric if and only if the inequality

X (AUB) < X (AUC) VX, (BUC)

holds for all A, B,C € F(0,:). (See Theorem 2.1 in [8]).
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