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ABSTRACT. For functions f(z) = z + a22® 4+ a3z® + --- with |a2| = 2b, b > 0, sharp
radii of starlikeness of order a (0 < o < 1), convexity of order a (0 < o < 1), parabolic
starlikeness and uniform convexity are derived when |a,| < M/n? or |a,| < Mn? (M > 0).
Radii constants in other instances are also obtained.

1. Introduction

Let A be the class of functions of the form
(1.1) f(z) :z—|—Zanz”
n=2

that are analytic in the open unit disk D := {z € C : |z| < 1}. Let 8 be the subclass
of A consisting of univalent functions. It is well-known that the Taylor coefficients
of functions f € § satisfy |a,| < n for n > 2. The function f(z) = 2z — z/(1 — 2)?
shows that the inequality |a,| < n (n > 2) is not a sufficient criterion for univalence.
Gavrilov [6] determined the radius of univalence of functions satisfying the inequality
|an| < n (n > 2), which also turned out to be their radius of starlikeness, a result
proved by Yamashita [25]. Ravichandran [20] and Ali et al. [4] worked in the
similar direction and obtained several radii constants for functions with fixed second
coefficient. In this paper, we continue to investigate the related radius problems for
the following classes of analytic functions.
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For 0 < o < 1, let 8*(ar) and C(ax) be the subclasses of § consisting of starlike
functions of order o and convex functions of order «, respectively, defined analyti-
cally by the equivalences

zf'(2) zf"(2)
f(2) f'(2)
These classes were introduced by Robertson [22]. The classes 8* := 8*(0) and

C:= C(0) are the familiar classes of starlike and convex functions respectively. Let
8¥ and C, be the subclasses of 8*(«) and C(«) defined as

e,

fGS*(a)@Re( )>a and fEG(a)@Re( +1)>a.

SZ:{fGA:

and

2f"(2) ‘ }
Ca=4qfeA: <l—-apy.
{ f'(z)
Goodman [8] introduced the class UCV of uniformly convex functions f € A, which
map every circular arc v contained in DD with center ¢ € D onto a convex arc. For
f € A, the equivalence

zf"(2) 2f"(2)
feuev < Re(f’(z) +1)> 702)

was independently proved by Renning [23] and Ma and Minda [15]. Regnning [23]
considered the class 8p of parabolic starlike functions f € A satisfying

e (110 5 212 1' |
f(2) f(2)
Note that the class 8p consists of functions f = zF’ where F € UCV. Moreover,
Ci/2 C UEV and 87, C Sp (see [1]).
Two more classes of analytic functions will be needed in our investigation. One
of them is the class L(a, 3) defined as

azf"(2) | 2f'(z) | 1+(1=20)
f(2) f(2) 1—
This class includes a variety of well known classes of analytic functions (see [11, 13,

14, 18, 19, 24]). Li and Owa [12] proved that L(a, 8) C 8* for —a/2 < 8 < 1. The
other one is the class ST[A, B] of Janowski [9] starlike functions:

(z € D)

L(a,m:{feﬂz Z,ﬁeR\{l},azo}

z2f'(2) - 1+ Az
f(2) 1+ Bz’

ST[A,B]:{fEA: —1§B<A§1}.

The following two lemmas provide a sufficient condition for a function f € A to
be in the classes L(a, 3) and ST[A, B].
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Lemma 1.1.([14],[24]) Let 8 € R\{1} and a > 0. If f(z) =z 4+ > - ,a,2" € A
satisfies the inequality

o0

Y (an® + (1 —a)n = B)la| < |1 - ],

n=2
then f € L(a, 5).

Lemma 1.2.([7]) Let -1 < B < A<1. If f(2) =24+ Y .— 5 an2" € A satisfies the

inequality
o0

Y (1=B)n—(1-A)an| < A= B,
n=2
then f € 8T[A, B].

For b > 0, let A, denote the class of functions f given by (1.1) with |as| = 2b.
Recent work in the study of univalent functions in A, (0 < b < 1) include those of
[2, 3, 10, 16]. In [20], Ravichandran obtained the sharp radii of starlikeness of order
a, convexity of order «, uniform convexity and parabolic starlikeness for functions
f € Ap satistying |an| < n, |an| < M or |ay,| < M/n (M > 0) for n > 3. Alj,
Nargesi and Ravichandran [4] obtained sharp L(«, §)-radius and 8T[A, B]-radius
for functions f € Ay satisfying |a,| < en+d (¢,d > 0) or |a,| < ¢/n (¢ > 0) and
deduced the results of Ravichandran [20] and Yamashita [25] as particular cases.
Recently, Nagpal and Ravichandran [17] obtained radii of starlikeness and convexity
of order a for harmonic functions satisfying similar coefficient inequalities.

If f € A given by (1.1), satisfy Re(f'(z) + zf"(z)) > 0 for z € D, then |a,| <
2/n? (see [5]). But the converse does not hold. To see this, consider the function
é(2) = 2z + 22" /n? and observe that the analytic function z¢”(z) + ¢'(z) vanishes
inside D. Reade [21] proved that a close-to-star function f € A given by (1.1)
satisfies |a,| < n? for n > 2. However, the function ¥(z) = z + n?z" is not
close-to-star since [ (1(t)/t) dt is not even univalent (see [21, p. 61]). This paper
determines sharp 8%, C,, 8*(a), C(a), UCY, Sp, L(a,B) and ST[A, B] radii for
functions f(z) = z+ Y o, anz" € Ay satisfying either |a,| < M/n? or |a,| < Mn?
(M >0).

2. Radius Constants Concerning |a,| < M /n?

In this section, the sharp radius constants are obtained for functions f € A,
satisfying the condition |a,| < M/n? (M > 0) for n > 3.

Theorem 2.1. Let f € Ay be given by (1.1) with |a,| < M/n* (M > 0) forn > 3.
Then we have the following.

(i) f satisfies the inequality

Re(f'(2) + 2zf"(2)) >0
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in |z| < 1o, where o is the real Toot in (0,1) of the equation
(2.1) (8b — M)r? — (8b+ 1)r +1 = 0.

(i) f satisfies the inequality

2f'(2)
f(2)

in |z| < r1 where r1 = r1(a) is the real root in (0,1) of the equation

—1‘<1—a

(2.2) (80— M)(2 — a)r? — 4(1 — a)(1 + M)r
—4Mlog(1 —r) — 4MaLis(r) = 0.

where Lis(z) is the polylogarithm function of order 2 defined by the power

series
52 3

oo n Py
Lis(z Z—Q*z+f+§+ (z € D).

The number r1(«) is also the radius of starlikeness of order a. The number
r1(1/2) is the radius of parabolic starlikeness of the given functions.

(i) f satisfies the inequality
21"(2)
(2)

in |z| < ro where ro = ro(a) is the real root in (0,1) of the equation

<l—-«

(2.3) (M —8b)(2 —a)r® + ((8b+1)(2 — a) — (1 + M))r?
+2(a(1+ M) —1)r+2aM(1 —r)log(l —r) =0.
The number ro(«) is also the radius of convexity of order «. The number

ro(1/2) is the radius of uniform convezity of the given functions.

All these results are sharp.

Proof. (i) Using |ag| = 2b for the function f € A, and the inequality |a,| < M/n?
for n > 3, a calculation shows that, for |z| < ro,

)+ 2f"( —1+Zna P Z n(n —1)apz" "

=1+ E na,z" "
n=2

=1+ 8bz+ Z n2a,z" "1
n=3
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so that

Re(f'(2) + zf"(z)) > 1 — 8brg — Z Mry—t
n=3
M 2
— 1 —8bry — —0_ —,
1 —To

where rg is the real root of (2.1) in (0,1). The result is sharp by considering the
function fy given by

oo

(2.4) fo(2) = 2 — 2b2* — Z n—]\gz"

n=3
(ii) We need to show that the function f(riz)/r; € 8% where r; is the real root
of (2.2) in (0,1). In view of Lemma 1.2, it is sufficient to verify the inequality

oo

Z(n —a)la,rM <1 -«

n=2

(by setting A =1— «, B =0). Using the identities

>  n-1 > n-1 .
] log(1 —rq) T ] Lis(rq) o]
= ~1--1 and = 1
Z n a) g Z n? g 4
n=3 n=3
it follows that
S (= a)lanlry Tt =2(2  a)bry + > (n — a)ag|ri !
n=2 n=3
0 T’fil o0 7"71171
<2(2—a)b M —aM
< 2(2 - a)br + ; — -« ; 3

= 3(2 —a)8—M)ri —(1—a)M

M aM .
— —log(l —ry) — —Lia(r1)
T1 1

=1-aq.

Thus f € 8% for |z| < ry where r; is the real root of (2.2) in (0,1). For sharpness,
the function fy defined by (2.4) satisfies

zfolz) . (8b— M)z? — 4M log(1 — z) — 4M Liy(2)

fo(2) 414+ M)z — (8b— M)22 — 4AM Liy(2)
At the point z = 71, where 71 is the real root of (2.2) in (0, 1), we obtain
(25) Re z2fi(2) _q (80— M)r? — 4Mlog(1 — r1) — 4M Li(ry) W

fo(Z) 4(1+M)7"1 — (8b—M)7’% —4MLi2(7"1)
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Note that

(8b — M)r? — 4M log(1 — r1) — 4M Lio(r7)

= /n—1 "
_(8b—M)rf+4MZ( — )7’1
n=2

> (8b — M)r? + Mr? = 8br? > 0,

and since o < 1, (2.5) shows that the denominator of the rational expression in the
middle is positive. Thus, it follows that, at the point z = rq,

=1-—aqa.

(2.6) zfo(2) 1‘ _ (8b— M)rf —4Mlog(1 — r1) — 4MLis(r1)

fo(2) 41+ M)ry — (8b — M)r? — 4M Lis(r1)

This shows that the radius 71 given by (2.2) is sharp.
Since 8 C 8*(«), it is easily seen that the radius of starlikeness of order « is
at least r1(a). However, (2.5) shows that this radius is sharp for the same function

Jo-

Also, since S’{/2 C 8p, the radius of parabolic starlikeness is at least r1(1/2).
But (2.5) and (2.6) with a = 1/2 shows that, at the point z = r1(1/2),

zfo(z) 1‘ _ 1 zf5(2)
fo(z)

2 fol2)
Hence the radius of parabolic starlikeness is also sharp.
(i) If r is the real root of (2.3) in (0, 1), then it suffices to show that f(rqz/r2) €

Cq- By Lemma 1.2 and using the equivalence f € C, if and only if zf’ € 8%, it is
sufficient to establish the inequality

oo
Z n(n—a)lap|ry ' <1—a.
n=2
Observe that
o0
Z n(n — a)|an|ry=!
n=2

=4(2 — a)brs + Z n(n — a)|a,|ry=*

n=3
00 00 p-1
<42 — Qo+ MS it —am S 2
< 4( a)bra + 7;)7"2 o TLZ:;) -
Mr2 log(1 —
=4(2 — a)bry + oM (—Og(TZ) —1- TZ)
1—T2 T2 2

=1-a.
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To prove the sharpness, consider the function fy defined by (2.4). For this function,
a calculation shows that

2ff(2) _ bt MY, () 2!

fo(2) dbz + MY 2 ]

n

In particular, at the point z = ry, we have

) A MY (T

(2.7) Re = n

I .
Since @ < 1 and the numerator of the rational function in the middle of (2.7) is
positive, it follows that the denominator is negative. Hence, at z = ro, where ry is
the real root of (2.3) in (0,1),

2fg (2)

fo(2)

n

oy b M ()

n—1

1-— 4b’l“2 — M ZZO:S 7‘2n

Using the fact that C, C C(«), the radius of convexity of order « is at least
ro(a). But, (2.7) shows that this radius is sharp for the function fj.

As €/, C UCY, the radius of uniform convexity is at least 72(1/2). With
a=1/2,(2.7) and (2.8) shows that, at the point z = r5(1/2),

1 1 1
Z?“)==R30+Z?@».
foz) |2 fo(2)
Therefore, the radius of uniform convexity is also sharp. |

The logarithm in (2.2) and (2.3) is the branch that takes the value 1 at z = 0.
Setting M = 2 and b = 1/4 in Theorem 2.1, we obtain the sharp radii constants for
functions f € A satisfying |a,| < 2/n? for n > 2.

Corollary 2.2. Let F be the class of functions f € A given by (1.1) with |a,| < 2/n?
forn > 2. Then we have the following.

(i) A function f € F satisfies the inequality Re(f'(2) + zf"(z)) > 0 in |z| < 1/3.

(ii) The radius of starlikeness of order a of the class F is the real root r1 = r1 ()
of the equation

3(1 —a)r+2log(l — )+ 2aLiz(r) =0

in (0,1). In particular, the radius of starlikeness is the root r1(0) ~ 0.582812
of the equation 3r + 2log(1 — r) = 0 and the radius of parabolic starlikeness
is the root r1(1/2) =~ 0.442017 of the equation 3r +4log(l —r)+2Lis(r) = 0.
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(iii) The radius of convezity of order « of the class F is the real root ro = ra(a)
of the equation

3(1 — a)r? + (3a — 1)r 4+ 2a(1 — ) log(1 —r) =0

in (0,1). In particular, the radius of convexity is 1/3 and the radius of uni-
form convezity is the root ro(1/2) ~ 0.244312 of the equation 3r? +r +2(1 —
r)log(l —r) =0.

The results are sharp.
If the second coefficient in the Taylor series expansion of f € A is zero, then the
results of Corollary 2.2 can be further improved, as seen by the following corollary.

Corollary 2.3. Let Fy be the class of functions f € A given by (1.1) with ay =0
and |a,| < 2/n? for n > 3. Then we have the following.

(i) A function f € Fy satisfies the inequality Re(f'(z)+zf"(2)) > 0 in |2| < 1/2.
(ii) The radius of starlikeness of order « of the class Fy is the real root r1 = r1(«)
of the equation
(2 —a)r? +6(1 — a)r +4log(1 — r) + 4aLis(r) = 0

in (0,1). In particular, the radius of starlikeness is the root r1(0) =~ 0.76088 of
the equation r2+3r+2log(1—r) = 0 and the radius of parabolic starlikeness is
the root r1(1/2) &~ 0.648957 of the equation 3r?+6r+8log(1—r)+4Lis(r) = 0.

(iii) The radius of convezity of order a of the class Fy is the real root ro = ra(a)
of the equation

(2—a)r® 4+ (1 —2a)r* + (3a — 1)r + 2a(1 — r) log(1 —7) = 0

in (0,1). In particular, the radius of convexity is 1/2 and the radius of uni-
form convezity is the root ro(1/2) ~ 0.41368 of the equation 3r3 +r + 2(1 —
r)log(l—r)=0.

The results are sharp.
The sharp L(a, 8) and 8T[A, B] radii of functions f € A, satisfying the coeffi-
cient inequality |a,| < M/n? are obtained in the following theorem.

Theorem 2.4. Let 3 € R\{1}, >0 and -1 < B< A< 1. Then

(a) The L(a, B)-radius of functions f € Ay given by (1.1) satisfying the coefficient
inequality |a,| < M/n?, n > 3, is the real oot ty = to(c, B) in (0,1) of the
equation
(2.9) (2a +2 — B)(M — 8b)t?

+ (M(2 — 20 — 33) + 8b(2a + 2 — ) + 4|1 — j|)t*
+4(M(a+B—1)— |1 - |t
=4M(1 —t)((1 — a)log(1l — t) + BLix(t)).
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(b) The 8T[A, B] radius for functions f € Ay given by (1.1) satisfying the coeffi-
cient inequality |a,| < M/n? for n > 3, is the real root t; = t1(A, B) in (0,1)
of the equation
(2.10) (80— M)(14+ A —2B)t* — 4(A — B)(M + 1)t

= AM((1 - B)log(1 — t) + (1 — A)Lis(t)).

The results are all sharp.
Proof. (a) By Lemma 1.1, it is sufficient to verify the inequality

Y (an® + (1= a)n = B)lalty ™" < 1 - 5|
n=2

where to is the real root of (2.9) in (0,1). Using |az] = 2b and the inequality

la,| < M/n? for n > 3, we deduce that

oo

Z(an2 + (1 —a)n — B)|a,|th™*
n=2
oo
<2(2a+2— B)bto + May 5"
n=3
tg 1 tn 1
+ M(1—a) Z —- Mg Z
n=3
2
202 12— B)bty + Lot
1—to
+M(1—a) (—log(l —to) 4 _ tO)
to 2
Lig(to) to
- M — 1=
(G

=|1-7].
For 8 < 1, the function fy defined by (2.4) satisfies
az’ fi(z) | 2fo(= ))
Re +
( fo(2) fo(2)
aMt2 oo thH
1—4b(1 + a)ty — o+ (a— 1)M Yoz 3

172bt07MZn 5 0y

at the point z = ¢, where ¢y is the real root of (2.9) in (0,1). This shows that g
is the sharp L(«, 3)-radius for f € Ap. For the case 8 > 1, the function

M
Fo(2) = 2 + 2b2° + Z ﬁz"
n=3
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verifies the sharpness of the result.
(b) If t; is the real root of (2.10) in (0,1), then by Lemma 1.2, it suffices to
show that

oo

S (1 -Bn— (1 - A)aylty ™ < A-B.

n=2

A simple calculation shows that

S0 - Byn— (1= AYaley
A - B - (- Ay
+(1—B)M§: ﬂ:l _ (1—,4)1\4502%1
- i(sb ~ M +3A — 2Bty + (B — A)M
_ %((1 — B)log(1—t1) + (1 — A)Lia(t))
=A- B.

The function fy given by (2.4) shows that the result is sharp. Indeed,

zfo(2) zfo(2)
fo(2) fo(2)

Remark 2.5. If either « = 0, 0 < § < 1 in Theorem 2.4(a), or A=1-28, B=—1
in Theorem 2.4(b), we obtain the result of Theorem 2.1(ii).

(-1<B<A<1l;z=1). O

_1HA_B

3. Radius Constants Concerning |a,| < Mn?

In this section, we obtain the sharp radius constants for functions f € A,
satisfying the coefficient inequality |a,| < Mn? (M > 0) for n > 3.

Theorem 3.1. Let f € Ay be given by (1.1) with |a,| < Mn? (M > 0) forn > 3.
Then we have the following.

(i) f is close-to-star in |z| < so, where sq is the real root in (0,1) of the equation

(3.1) 2(b—2M)s* + (11M — 6b— 1)+ (6b+3 —9M)s* — (2b+3)s +1 = 0.

(i) f satisfies the inequality

2f'(2)
f(2)

—1‘<1—a
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in |z| < s1 where s; = s1() is the real root in (0,1) of the equation
(3.2) (2(2—=a)(b—2M)s — (1 —a)(1+ M))(1 - s)*
+M(s*(1+a)+4s+1—a)=0.

The number s1(a) is also the radius of starlikeness of order «. The number
s1(1/2) is the radius of parabolic starlikeness of the given functions.

(iii) f satisfies the inequality
2f"(2)
f'(z)

in |z] < so where sy = so() is the real root in (0,1) of the equation

<l—«

(3.3) (42 —a)(b—2M)s — (1 + M)(1 —a))(1 —5)°

+ M((14 a)s® + (11 + 3a)s* + (11 — 3a)s + (1 — a)) = 0.
The number so(a) is also the radius of convexity of order a. The number
s2(1/2) is the radius of uniform convezity of the given functions.

All these results are sharp.

Proof. (i) Recall that [21] a function f € A is close-to-star if and only if the
function [; (f(t)/t)dt is close-to-convex. Consequently, the coefficient inequality
2%, lan| < 1 is a sufficient condition for a function f € A given by (1.1) to be

n=2
close-to-star. Therefore, it suffices to show that

o0
Z lanlsg ! <1
n=2

where sg is the real root of (3.1) in (0,1). Using the coefficient bounds |az| = 2b
and |a,| < Mn? for n > 3, we obtain

o0 o0
Z lan|sg ™ < 2bsg + M Z n?sp!
n=2

n=3

M(1+ sg)
(1 — 80)3

provided sq is the real root of (3.1) in (0, 1). For sharpness, we consider the function

=2(b— 2M)so + —M=1

- M=z(1
(3.4)  go(z) = 2z — 2b2* — MTLZZSTLQZ” =1+ M)z+2(2M —b)z* — (f(:—);),
which satisfies the hypothesis of the theorem. Observe that
) 2 Mz
h = dt=(1+M 2M —b)z* — —
o) = [ B ar = 1+ Mz 201 - -
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and its derivative h{, vanishes at z = sg, where sg is the real root of (3.1) in (0, 1).
This shows that the function hg is not univalent in |z| < r if » > s¢ and hence, g
is not close-to-star in |z| < r if > sg. This establishes the sharpness of the result.

(ii) Following the method of the proof of Theorem 2.1(ii) and using the identities

= - 1+ s = S 14dsi+s]
2 n—1 __ 3.n—1 __ 1
ng_gn s = =5 1—4s; and g n’sy = A—st 1 —8sq,

n=3

it is easy to deduce that

Z(n —a)|an|sTt <2(2 - a)bs; + M Z n3stt —aM Z n2stt
n=2 n=3 n=3
1+4s; + 87
=22—-a)(b—2M M———-
(2= )b = 2M)sy + ML
1 +81
M (1M
@ (1 - 81)3 ( Ol)
=1l-a

where s is the real root of (3.2) in (0,1). For sharpness, the function g defined by
(3.4) satisfies

2Mz(z+2
296(2) | _ _ 2(b —2M)z + 252
go(2) (1+ M) +2(2M — b)z — {05

In particular, at the point z = s1, where s; is the real root of (3.2) in (0,1), we
obtain

2(b— 2M)sy + 2t
(3.5) R,e = 1 — 1 MOT —
90(2) (1+ M) +2(2M — b)s; — 240+s1)

(1—s1)3

Q.

Also, observe that the function (2+7)/(1—7)* is an increasing function of r € (0, 1),
so that

2M81(81 —+ 2)

2(b72M)51+ (1—81)4

> 2(b — 2M)81 + 4M51 = 2b$1 > 0.

Using this fact, (3.5) shows that the denominator of the rational expression in the
middle is positive, as a < 1. This leads to the following equality:

2Msq(s1+2)
(36) Zgé(Z) _ ’ _ 2(b_2M)Sl +W _ 1_a.
90(2) (1+ M)+ 2(2M — b)s; — M0ts1)

(1—s1)3

at the point z = s1, where s is the real root of (3.2) in (0,1).
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Equations (3.5) and (3.6), together with inclusions 87, C 8*(«) and 87 , C Sp,
show that the numbers s;(«) and s1(1/2) are sharp radius of starlikeness of order
« and parabolic starlikeness, respectively.

(iii) A straightforward calculation shows that

o0 oo o
Z n(n — a)lan|sh " < 4(2 — a)bsy + M Z ntsi™t —aM Z n3sy!
n=2 n=3 n=3

=42 —-a)(b—2M)sy — M(1 — )
(1+52)(1 +10s2 +53) Mgl Ase s3
(1—s2)° (1 —s2)

+M
=1-aq,

where sy is the real root of (3.3) in (0,1). Thus f € C, for |z| < s2. To prove the
sharpness, consider the function gy defined by (3.4). For this function, a calculation
shows that

A(2M — b)z — 2M 2(4+7242%)

290 (2) _ (==
90(2) 14+ M +4(2M - b)z — M)

Using the similar analysis, it is easy to see that, at the point z = s5, where s is
the real root of (3.3) in (0,1), we have

/1 11
zglo (2) =1—a and Re (1 + zg/o (Z)> =
96(2) 96(2)
Using these observations and the inclusions C, C C(«a), €12 C UCV, it follows that
Ca, C(a) and UCV-radii are all sharp. O

The particular cases b = 2 and b = 0 (with M = 1) of Theorem 3.1 are stated
in the following two corollaries.

Corollary 3.2. Let G be the class of functions f € A given by (1.1) with |a,| < n?
for n > 2. Then we have the following.

(i) A function f € G is close-to-star in |z| < so, where sg is given by

1
so=1+ 6%((\/300 —18)1/% — (/330 + 18)1/%) ~ 0.164878.
(ii) The radius of starlikeness of order « of the class G is the real root s1 = s1(«)
of the equation

2(1 —a)s* —8(1 —a)s® + (11 — 13a)s* —4(3 —2a)s + (1 —a) =0

in (0,1). In particular, the radius of starlikeness is the root s1(0) ~ 0.0903331
of the equation 2s* — 8s3 + 1152 — 125 + 1 = 0 and the radius of parabolic
starlikeness is the root 51(1/2) ~ 0.064723 of the equation 2r* — 8s3 + 952 —
16s+1=0.
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(iii)
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The radius of convezity of order o of the class G is the real root sy = sa(«)
of the equation

2(1—a)s® —10(1—a)s* + (21 —19a)s® — (9—23a)s* + (21 —13a)s — (1—a) = 0

in (0,1). In particular, the radius of convexity is the root s2(0) ~ 0.0485162
of the equation 2r® —10s* 42153 — 952 +21s—1 = 0 and the radius of uniform
converity is the oot so(1/2) ~ 0.0342491 of the equation 2s® — 10s* + 2353 +
5s5% +29s — 1 = 0.

The results are sharp.

Corollary 3.3. Let Gy be the class of functions f € A given by (1.1) with ay = 0
and |a,| < n? for n > 3. Then we have the following.

(1)

(i)

(iii)

A function f € Gg is close-to-star in |z| < sg, where sg = 0.253571 is the real
root of the equation 4s* —10s® + 65?2 +3s —1 =0 in (0,1).

The radius of starlikeness of order « of the class Sy is the real root s; = s1()
of the equation

4(2 —a)s® —2(15 - Ta)s* +8(5—2a)s* —3(7T—a)s* —4(1 —a)s+(1—a) =0

in (0,1). In particular, the radius of starlikeness is the root s1(0) == 0.155972
of the equation 8s® —30s*+40s3 —215%>—4s+1 = 0 and the radius of parabolic
starlikeness is the root s1(1/2) ~ 0.125429 of the equation 12s° —46s* 46453 —
39s% —4s+1=0.

The radius of convexity of order o of the class Go is the real Toot s = sa(a)
of the equation

8(2 — a)s% — 2(39 — 19a)s® + 10(15 — 7a)s* — (139 — 61a)s>
+ (71 = 170)s* + 5(1 —a)s — (1 —a) = 0
in (0,1). In particular, the radius of convezity is the root s2(0) ~ 0.0944584
of the equation 16s® — 7855 + 150s* — 139s% + 7152 + 55 — 1 = 0 and the

radius of uniform convexity is the root s3(1/2) ~ 0.0753134 of the equation
2458 — 1185% 4+ 2305% — 21753 + 12552 + 55 — 1 = 0.

The results are sharp.

From Corollaries 3.2 and 3.3, it is evident that the radii constants improve if the
second coefficient in the Taylor series expansion of f € A is zero. The next theorem
determines the sharp L(«, 8) and ST[A, B] radii of functions f € A, satisfying the
coefficient inequality |a,| < Mn?. Proof of this theorem is omitted as it is similar
to Theorem 2.4.

Theorem 3.4. Let § € R\{1}, >0 and -1 < B< A<1. Then
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(a) The L(a, B)-radius of functions f € Ay given by (1.1) satisfying the coefficient

inequality |a,| < Mn?, n > 3, is the real root to = to(a, 3) in (0,1) of the
equation

(220 +2=B)(b—2M)t = M(1 = ) = [1 = B)(1 — t)°

+M((1—=8)+ (B+8a+3)t+ (lda+ 5 —3)t> — (1 — 2o+ B)t3) = 0.

(b) The 8T[A, B] radius for functions f € Ay given by (1.1) satisfying the coeffi-

cient inequality |a,| < Mn? for n > 3, is the real oot t; = t1(A, B) in (0,1)
of the equation
(2(b—2M)(1+ A—2B)t — (A— B)(M +1))(1 —t)*
+M((A—B)+4(1—-B)t+(2—A—B)t*) =0.

The results are all sharp.
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