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ABSTRACT. In the present paper, by using the Fibonacci difference matrix, we introduce
the almost convergent sequence space ¢/. Also, we show that the spaces ¢/ and ¢ are
linearly isomorphic. Further, we determine the S—dual of the space ¢ and characterize
some matrix classses on this space. Finally, Fibonacci core of a complex-valued sequence
has been introduced, and we prove some inclusion theorems related to this new type of
core.

1. Introduction

Let w be the set of all complex sequences x = (x1);2, and co, ¢ and ¢ be the
sets of all null, convergent and bounded sequences, respectively. Also by bs and cs,
we denote the spaces of all bounded and convergent series, respectively. Through-
out this paper all infinite sequences and matrices are assumed to be indexed by
N ={0,1,2,...}. For example, (24)reny will be denoted simply as (z). Also, for
simplicity in notation, the summation without limits runs from 0 to oco.

Let X,Y be any two sequence spaces and A = (a,x) be an infinite matrix of
real numbers a,j, where n, k € N. Then, we say that A defines a matrix mapping
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from X into Y, and we denote it by writing A : X — Y, if for every sequence
x = (x) € X the sequence Ax = ((Ax),), the A—transform of z, is in Y, where

(1.1) (Az)n = amar, (n€N).
k

By (X :Y), we denote the class of all matrices A such that A : X — Y. Thus,
A€ (X :Y) if and only if the series on the right-hand side of (1.1) converges for
each n € N and every x € X, and we have Az = {(Az),}nen €Y forallz € X. A
sequence x is said to be A— summable to « if Az converges to « which is called as
the A—limit of x. If X and Y are equipped with the limits X — lim and Y — lim,
respectively, A € (X :Y) and Y —lim,, A, (z) = X —limy, x, for all z € X, then we
say that A regularly maps X into Y and write A € (X : V).

A matrix A = (an) is called a triangle if a,; = 0 for &k > n and a,, # 0 for all
n € N. It is trivial that A(Bz) = (AB)x holds for the triangle matrices A, B and
a sequence x. Further, a triangle U uniquely has an inverse U~! = V that is also a
triangle matrix. Then, z = U(Vz) = V(Ux) holds for all z € w.

A linear functional B on /, is called a Banach limit if

(1) B>0,i.e. B(z)>0for x>0 and B(e) =e, where e = (1,1, 1, ...).

(2) B(Tx) = B(x) for all © € lo, where T is the shift operator, that is,
T(LL'(), I, ) == (.’L‘l7 o, )

The existence of Banach limits was proven by Banach [1] in his book. It follows
from the definition, that B(z) = lim,_,« &, for every z = (z,) € c¢. A sequence
T € l is called almost convergent to the generalized limit « if all Banach limits
of x are « [2], and denoted by ¢ — limzy = . Let ¢ denote the set of all almost
convergent sequences. Lorentz [2] proved that

m

~ . z . .
c=Rz=zp,€w:JacC> lim ﬂ:aunlformlymn
m— 004 Om+1

j=

It is known that ¢ is a Banach space with the norm [3]

oz
ol = sup |

m4+1|
m,neN =0 +

The domain ¢4 of an infinite matrix A in the almost convergent sequence space
¢ is defined by
ca={z=z,€cw: Az €c}.

In the literature, by using the some special triangular matrices, new almost conver-
gent sequence spaces have been defined by several authors. For example, the spaces
CRt, €Oy CB(r.s)> CB(r,s,t) have been studied in [4, 5, 6, 7], respectively, where R is
the Riesz mean, C' is the Cesaro matrix of order one, and B(r,s) = {bnx(r, s)} and
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B(r,s,t) = {bnr(r, s,t)} are the generalized difference matrices respectively defined
by

k=n

, k=n-—-1

, k=n-2

0, otherwise

T, k=n
bnk(r,s) =< s, k=n—1 and byg(r,s,t) =
0, otherwise

S+~ » 3

for all k,n € N. Recently, Kara and Elmaagac [8], by using the u—difference
matrix, defined u—difference almost sequence space ¢*, where u—difference matrix
is the matrix A" = (a¥,) is defined by

gt — (—1)"Fuy, n—1<k<n
nk = 0, 0<k<n—1lork>n

for all k,n € N. Also, we refer the reader to [9, 10, 11, 12, 13, 14, 15, 16, 17, 18,
19, 20, 21] for a wide perspective on the concept of almost convergence and some
generalizations and relations with matrix methods.

Let # = (zx) be a sequence in C, the set of all complex numbers, and Ry, be
the least convex closed region of complex plane containing =y, zg+1,Tk+2,.... The
Knopp Core (or K — core) of x is defined by the intersection of all Ry (k=1,2,...),
(see [22], pp.137). In [23], it is shown that

X — core(x) = ﬂ B.(2)

zeC

for any bounded sequence z, where B, (z) = {w € C: [w — z| < limsup,, |z, — z|}.
Let E be a subset of N. The natural density § of E is defined by

5(F) zliml|{k <n:keE}
non

where [{k < n : k € E}| denotes the number of elements of F not exceeding
n. A sequence x = (1) is said to be statistically convergent to a number I, if
O0({k : |z — 1| > €}) = 0 for every e. In this case we write st — lima = [, [24]. By
st we denote the space of all statistically convergent sequences.

In [25], the notion of the statistical core (or st — core) of a complex valued
sequence has been introduced by Fridy and Orhan and it is shown for a statistically
bounded sequence x that

st — core(z) = ﬂ Cy(2),

zeC

where Cy(z) = {w € C: |w — z| < st — limsupy, |z — z|}. The core theorems have
been studied by many authors. For instance see [26, 27, 28, 29, 30] and the others.
The sequence (f,,) of Fibonacci numbers defined by the linear recurrence equal-
ities
fO = fl =1 and fn = fn—l + fn—2 with n > 2.
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Fibonacci numbers have many interesting properties and applications in arts, sci-
ences and architecture. For example, the ratio sequences of Fibonacci numbers
converges to the golden ratio which is important in sciences and arts. Also, some
basic properties of sequences of Fibonacci numbers [31] are given as follows:

n—oo  fp 2

(Golden Ratio),
ka = fnt2 — 1 for each n €N,

k=0
1
Z — converges,
k
frnoifas1 — f2=(=1)"" foralln > 1.
Recently, Kara [32] has defined the sequence space fp(ﬁ ) as follows:

EP(F):{xGw:F\xeﬁp}, (1 <p<o0),

where F' = (fnk) is the double band matrix defined by the sequence (f,,) of Fibonacci
numbers as follows

— In
fnk Fri1 ) k_nv
0 , 0<k<n—lork>n

for all k,n € N. Also, in [33], Kara et al. have characterized some classes of compact
operators on the spaces ép(ﬁ) and Eoo(ﬁ), where 1 < p < oco. Furthermore, quite
recently, the sequence spaces A(F) and u(F,p) studied by Basarir et al. [34], and
Kara and Demiriz [35], respectively, where A € {cg, ¢} and u € {co, ¢, {0 }-

In this paper, we introduce new sequence space ¢/ that consist of all sequences
whose F-transforms in the space ¢. Also, we show that ¢ is linearly isomorphic to
the space ¢. Further, we compute the 3-dual of the space ¢/ and characterize the
classes of infinite matrices related to sequence space ¢!. Finally, we have defined
Fibonacci Core (F' — core) of a sequence and characterized some class of matrices
for which F — core(Az) C K — core(z) and F — core(Az) C sta — core(z) for all
T € ly.

2. The Sequence Space ¢/ Derived by the Domain of the Matrix a

In this section, we define the sequnce space ¢/ and give an isomorphism between
the spaces ¢/ and € respectively. Later, we determine the S—dual of the space o,

We introduce the sequence space ¢ as the set of all sequence whose F'— trans-
forms are in the space ¢, that is
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¢ ={ar=2,cw:3aecC> hmzzyn—H = « uniformly in n » ,

m~>oo 1

where y = (y,) is the F-transform of a sequence z = (z,,), i.e.,

R X0 n=0
(2.1) ynan(x)={ Fo g fnirg 7 nzf

fn+1 n f'n, n—1 ’
It is clear that the space ¢/ can be redefined as

o =¢a

Now, we may give following theorem concerning the isomorphism between the
spaces ¢/ and €.
Theorem 2.1. The sequence space ¢ is linearly isomorphic to the space ¢, that is,
o =e
Proof. To prove this, we should show the existence of a linear bijection between the
spaces ¢/ and ¢. Consider the transformation L defined, with the notation of (2.1)
from ¢/ to € by  —— y = Lx = Fx. The linearity of L is clear. Further, it is trivial
that z = 6 whenever Lx = 0 and hence is injective.

Let us take any y = (yx) and consider the sequence x = (x) using the inverse
F~1 defined by

2

k
(2.2) T = Z Jiy

J+1
for all £k € N. Then, we have
12 2
fn 2 fosr = ESEP fk+1 Z -
fn+1 fn fk+1 f]fj+1 fjf]+1
for all £ € N which leads us to the fact that
m fn+j fn+ 1+5 m
. frt1+s Tntj — frtij Tn—1+j ERT 1 . .

= ¢ — lim yy.
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This means that = (z;) € ¢/. Consequently, we see from here that L is
surjective. Hence, L is a linear bijection, which therefore says that the spaces ¢/
and ¢ are linearly isomorphic as was desired. O

If a normed sequence space X contains a sequence (b,,) with the property that
for every x € X there is a unique sequence of scalars («a;,) such that
lim ||J,‘ — (aobo +aiby + ... + G,nbn)H =0
n—oo

then (b,) is called a Schauder basis (or briefly basis) for X. The series » agbs
which has the sum x is then called the expansion of x with respect to (b,), and
written as © = Y agbg [36].

Lemma 2.2.([6, Corollarry 3.3]) The Banach space ¢ has no Schauder basis.

Since the matrix F is a triangle and the space ¢ has no Schauder basis by Lemma
2.2, we have from [37, Remark 2.4]:

Corollary 2.3. The space ¢/ has no Schauder basis.

Let X and Y be given sequence spaces. Then, the set S (X,Y") defined by

S(X,Y)={z=(2) Ew:zz=(ap2) €Y for all x = (zx) € X}

is called the multiplier space of the spaces X and Y. Then, the —dual of a sequence
X, denoted by X, is defined by X = S (X, ¢s).
The following lemma is essential to compute S—dual of the space ¢f.

Lemma 2.4.([16]) A = (ank) € (¢: ¢) if and only if there are ay, o € C such that

(2.3) lim a,, = ay for each k € N,
(2.4) lim Zank =a,
n—oo k
(2.5) nhﬂnéo Z |A (ank — ax)| =0,
k
(2.6) sup Z |ank| < oo,
neN k

where A (ank — o) = (ank — ag) — (Gnk+1 — t1) (N, k € N).
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Theorem 2.5. Define the sets dy, ds, d3, dy and ds by

2

diy=<¢a= (o) €w:lim a; erists
il Z o €O
n
1 .
dy =1 a= (o) €Ew:lim j+ | exists
n—o0 Z JZ Fifirs '

dgz{a—(ak ) Ew : hmz

k=0

z+1
> 7

=kt 1 fk+1

o},

d4={ = (ag) €w: hm Z Z ZH 20},
n k n+1 [i= k+1fkfk+1
and
ds =<a=(ag) Ew:su H_l aj| < oo
° (o) neRII)Z kafk+1
Then,
@) =i,

Proof. Take any a = («) € w and consider the equality obtained with (2.2) that

f n
o0 S =Yoo (S ) <5 (S e )w-n

k=0 \j=k

for all n € N, where D = (d,,;;) is defined by

1
dnk = ka]karla] (nggn) i n,keN.

0 (k> n)

Then, one can easily see from (2.7) that az = (1) € cs whenever = = (x3,) € ¢/
if and only if Dy € ¢ whenever y = (yi) € ¢. Therefore, we derive from Lemma 2.4
that ar = (agxy) € cs whenever = (v3) € ¢/ if and only if a = (o) € N2_,d;.
This means that {cf }ﬂ = N%_,d;, which concludes the proof. O

3. Some Matrix Transformations Related to the Sequence Space ¢/

In the present section, we characterize the matrix transformations from ¢/ into
any given sequence space X and from a given sequence space X into ¢7.
Throughout this section we shall write for brevity that
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and

1
a (nak7m) =7 Zan+j7k (m € N)

for all k,n € N. Also, since ¢/ 2 ¢ , it is trivial that the equivalance “z € ¢ if and
only if y € ¢ holds.

Now, we give the following two theroems to determine matrix classes on the
space ¢f. To prove these theorems, we follow the similar way due to Bagar and
Kiriggi [6].

Theorem 3.1. Suppose that the entries of the infinite matrices A = (an) and
T = (tnr) are connected with the relation

(3.1) tnk = Gnk

for allk,n € N and X be any given sequence space. Then, A € (Ef : X) if and only
if {ank bpen € {7} for alln eN and T € (@: X).
Proof. Let X be any given sequence space. Assume that (3.1) holds for the matrices
A = (ank) and T = (t,1), and take into account that the spaces ¢/ and ¢ are linearly
isomorphic. R

Now, let A € (¢/ : X) and take y = (yx) € ¢. Then, TF exist and {an}zey €
N?_,d; which yields {tni},cy € €1 for each n € N. Hence, Ty exist and thus

Ztnkyk = Zankxk for all n € N
k k

and we obtain from (3.1) that Ty = Az, which leads us to consequence T' € (¢: Y).

Conversely, let {an} ey € {/c\f}ﬁ for all n € Nand T € (¢: X) hold, and take
x = (x3,) € ¢f. Then, Az exists. Therefore, we obtain from the equality

2
iank$k = i Zm: ﬁam‘ yr; forallneN
Py Jiefrt1

k=0 | j=k

as m — oo that Ty = Az and this shows that A € (Ef : X). O
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Theorem 3.2. Suppose that the entries of the infinite matrices A = (anr) and
R = (rpk) are connected with the relation rpy = Gny for all k,n € N and X be given
sequence space. Then, A € (X : Ef) if and only if R € (X :¢).

Proof. Let x = (x1,) € X and consider the following equality

{ﬁ(Ax)} P RPN =5 WP

n fn+1 n fn n—1
E AnkTk — § Ap—1,kTk
fnJrl n ©
2 : fn+1 )
= k — a —1,k T = (RlL’)
(fn+1 i fn " "

for all n € N, which yields by to the generalized limit that Az € ¢ if and only if
Rx € ¢. This completes the proof. O

Now, we give the following conditions:

(3.2) supz |Aank| < 0o,
neN A
(3.3) klim ank = 0 for each fixed n € N,
(3.4) ¢ —lima,; = a4, exists for each fixed k € N,
(3.5) lim Z la (n, k,m) — ag| = 0 uniformly in n,
L — OO &
(3.6) ¢ — lim Zank = q,
k
(3.7) lim Z |Afa (n, k,m) — ag]| = 0 uniformly in n,

q

1
(3.8) qlirgozk:ﬁ ;A [a(n+i,k) — ax]| = 0 uniformly in n,
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(3.9) supz la (n, k)| < oo,
neN b

(3.10) Zank = ay, for each fixed n € N,

(3.11) ZZank = q,
n k

(3.12) lim_ > |A[a(n,k) — ax]| = 0.
k

Prior to giving some results as an application of this idea, we give the following
basic lemma, which is the collection of the characterizations of matrix transforma-
tions related to almost convergence.

Lemma 3.3.([6]) Let A = (ani) be an infinite matriz. Then, the following state-
ments hold:

(1) A = (ank) € (C: €x) if and only if (2.6) holds.

(ii) A = (ank) € (lso : ©) if and only if (2.6), (3.4) and (3.5) hold.

(iil) A = (ank) € (¢: ¢) if and only if (2.6), (3.4), (3.6) and (3.7) hold.
(iv) A = (ank) € (c:¢) if and only if (2.6), (3.4) and (3.6) hold.

(v) A= (ank) € (bs: ¢) if and only if (3.2), (3.3), (3.4) and (3.8) hold.

(vi) A= (ank) € (cs:0) if and only if (3.2) and (3.4) hold.

(vii) A = (ank) € (€: cs) if and only if (3.9) — (3.12) hold.
Then, by using Theorems 3.1 and 3.2 with Lemmas 2.4 and 3.3, we have the following
corollaries.

Corollary 3.4. The following statements hold:

(i) A= (ank) € (Ef :EOO) if and only if {ank} ey € {/c\f}ﬁ for alln € N and
(2.6) hold with any instead of any.

(i) A = (ank) € (¢' : ¢) if and only if {ank} ey € {Ef}ﬁ for alln € N and
(2.3) — (2.6) hold with any instead of an.

(iti) A = (ank) € (€7 :©) if and only if {ank} ey € {Ef}ﬁ for alln € N and
(2.6), (3.4), (3.6) and (3.7) hold with ay,y instead of ang.

(iv) A = (ank) € (¢/ : bs) if and only if {ank}pen € {'c\f}ﬁ for alln € N and
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(3.9) holds.
(v) A= (ank) € (¢' : cs) if and only if {ank}rey € {Ef}ﬁ for alln € N and
(3.9) — (3.12) hold with a,y, instead of an.

Corollary 3.5. The following statements hold:
(1) A= (ank) € (les : ) if and only if (2.6), (3.4) and (3.5) hold with Gy,

nstead of ang.

(i) A = (ank) € (c:¢) if and only if (2.6), (3.4) and (3.6) hold with Gn
instead of ang.

(iii) A = (ank) € (€:¢7) if and only if (2.6), (3.4), (3.6) and (3.7) hold with
Gnk instead of ang.

(iv) A = (ank) € (bs:¢") if and only if (3.2), (3.3), (3.4) and (3.8) hold with
Gnk instead of ang.

(v) A= (an) € (cs: &) if and only if (3.2) and (3.4) hold with @y, instead of

Ank-

4. Fibonacci Core

Using the convergence domain of the matrix F = (fnk), the new sequence
spaces co(ﬁ) and c(ﬁ) have been constructed and their some properties have been
investigated in [34]. In this section we will consider the sequences with complex
entries and by ¢ (C) denote the space of all bounded complex valued sequences.

Following Knopp, a core theorem is characterized a class of matrices for which
the core of the transformed sequence is included by the core of the original sequence.
For example Knopp Core Theorem [22, p.138] states that K — core(Az) C K —
core(z) for all real valued sequences x whenever A is a positive matrix in the class
(C:C)reg-

Here, we will define Fibonacci core (or F -core) of a complex valued sequence
and characterize the class of matrices to yield F — core(Azx) C X — core(z) and
F — core(Az) C st — core(z) for all z € £ (C).

Now, let us write

fo

7,50 =0, (n=0),
_ _ 1
pnlr) = Ful) = Jr — fn+1x (n>1)

T —1 =
fn+1 n fn n—1,

where n € N. Then, we can define F — core of a complex sequence as follows:
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Definition 4.1. Let H,, be the least closed convex hull containing y,(x), yn+1(z),
Ynt2(x), .... Then, F' — core of x is the intersection of all H,, i.e.,

F— core(x) = ﬂ H,.

n=1

Note that, actually, we define F — core of z by the K — core of the sequence (yy(z)).
Hence, we can construct the following theorem which is an analogue of K — core,
[23]:

Theorem 4.2. For any z € C, let
Gg(2) = {w €C:|w—z| <limsup|y,(z) — z|} .

Then, for any x € o,
F — core(z) = ﬂ Gy (2).

zeC

Now, we prove some lemmas which will be useful to the main results of this
section. To do these, we need to characterize the classes (¢ : ¢(F))yeq and (st(A) N
loo : ¢(F))req. For brevity, in what follows we write b, in place of

fn fn+1

o bnk — 7. bn—1,k; (n>1).
Lemma 4.3. B € ({ : c(ﬁ)) if and only if
(4.1) IBI| = sup Y _ [bnk| < oo,
"ok
(4.2) lim b, = o, for each k,
(4.3) lim >~ [bux — ax| = 0.
k

Lemma 4.4. B € (c: c(ﬁ))reg if and only if (4.1) and (4.2) of the Lemma 4.3 hold
with a, =0 for all k € N and

(4.4) lim > " by = 1.
k
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Lemma 4.5. B € (st(A) Nl : c(ﬁ)),«eg if and only if B € (c: c(ﬁ))reg and

(4.5) hTILn Z [bp| =0

keE

for every E C N with §4(E) = 0.
Proof. Because of ¢ C stNly, B € (c: c(ﬁ))mg. Now, for any = € £, and a set
E C N with §(F) =0, let us define the sequence z = (2;) by

- rp, kEFE
k=10, k¢E.

Then, since z € stg, Az € ¢ (ﬁ ), where co(ﬁ ) is the space of sequences which the
F— transforms of them in ¢g. Also, since

Z bukzk = bukik,

keE

the matrix D = ( i) defined by dpy, = by (k€ E) and dyy =0 (k¢ E) is in

the class (o : ¢(F)). Hence, the necessity of (4.5) follows from Lemma 4.3.
Conversely, let © € st(A) N{ls with sty —limz = [. Then, the set E defined by

E ={k: |z —1| > €} has density zero and |z — | < e if k ¢ E. Now, we can write

(46) Zgnkzk = Zgnk(xk 71) +ZZEM
k k k
Since

S s 1)

k

< Nl Y bar] +e - 1Bl

keE

letting n — oo in (4.6) and using (4.4) with (4.5), we have
11511; bnkaﬁk =1.

This implies that B € (st(A4) N lw : c(ﬁ))mg and the proof is completed. a
Theorem 4.6. For any z € C, let

Gz(2) = {w €C:|w—z| <limsup |y, (x) — z|} .
n
Then, for any x € {,

— core(x ﬂ G.(

zeC
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Now, we may give some inclusion theorems. Firstly, we need a lemma.

Lemma 4.7.([38, Corollary 12]) Let A = (ani) be a matriz satisfying >, |ank| < 00
and limy, any, = 0. Then, there exists an y € o with ||y|| < 1 such that

lim su a = limsu ank|.

Theorem 4.8. Let B € (c: c(ﬁ)),«eg. Then, F — core(Bz) C X — core(x) for all
x € Lo if and only if

(4.7) lim > [by| = 1.
k

Proof. Since B € (c : c(ﬁ))mg, the matrix B = (b,y) is satisfy the conditions of
Lemma 4.7. So, there exists a y € £o, with ||y]| < 1 such that

{w eC:|wl < limsuleN)nkyk} = {w eC:|wl < limsupZ|l~7nk|}.

k k

On the other hand, since X — core(y) C B;(0), by the hypothesis

{w eC:lw| < limsupZ|5nk} CB(0)={weC:|w <1}
" k

which implies (4.7).
Conversely, let w € F — core(Bx). Then, for any given z € C, we can write

(4.8) lw—2| < limsup|y,(Bz)— 2|

= limsup |z — Z l;nka:k

n

IN

lim sup Z k(z —xp) +hmsup|z|

n

1= bk

k

= limsup g k(z — k)
" k

Now, let lim supy, |z — 2| = . Then, for any € > 0, |z — 2| < [4+¢€ whenever k > ky.
Hence, one can write that



Almost Convergent Sequence Space and Fibonacci Core 369

(4.9) S ban(z—aR)| = | ) bak(z—2k) + Y bukl(z — )
& k<ko k>ko
< suplz— k| > [bukl + (T +2) D bkl
k k<ko k>ko
<

Sl;p|z — 2| Y bkl + U +2) D [basl-

k<ko k

Therefore, applying limsup,, under the light of the hypothesis and combining
(4.8) with (4.9), we have

|w — 2| < limsup Zgnk(z —ap)| <l+e
" k
which means that w € K — core(z). This completes the proof. o

Theorem 4.9. Let B € (st(A) Nl : c(ﬁ))mg, Then, ﬁ—core(Bx) C sta—core(x)
for all x € Lo if and only if (4.7) holds.

Proof. Since sta — core(z) C K — core(x) for any sequence x [39], the necessity of
the condition (4.7) follows from Theorem 4.8.

Conversely, take w € F — core(Bz). Then, we can write again (4.8). Now;
if st4 — limsup |z — z| = s, then for any ¢ > 0, the set E defined by E = {k :
|z — z| > s + e} has density zero, (see [39]). Now, we can write

Z l;nk(z — xk)
k

Z bk (2 — 1) + Z bor (2 — 21,

keE k¢E

< suplz— ok > |bukl + (s +2) D bkl
k keE keE

< suple—ap| > [bukl + (s+2) D> [bukl.
k kEE k

Thus, applying the operator lim sup,, and using the condition (4.7) with (4.5) , we
get that

(4.10) lim sup

Z Enk(z — I'k)

k

<s+e.

Finally, combining (4.8) with (4.10), we have

lw — z| < stq —limsup |z — 2|
k
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which means that w € st4 — core(z) and the proof is completed. O
As a consequence of Theorem 4.9, we have

Corollary 4.10. Let B € (st N oo : c(ﬁ))mg, Then, F — core(Bz) C st — core(x)
for all x € Lo, if and only if (4.7) holds.
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