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ABSTRACT. In this paper, we introduce a class of p—valent meromorphic functions asso-
ciated with linear operator and derive several interesting results of this class.

1. Introduction and Preliminaries

Let Zp denote the class of functions of the form:

(1.1) f () :z_p+2akzk (peN={1,2,3,...}),
k=0

which are analytic and p-valent in the punctured unit disc U*
={ze€C:0<|z| <1} =U\{0}. Let P, (B) be the class of functions ¢ (z) analytic
in U satisfying the properties ¢ (0) =1 and

(1.2) /0%

where z = re® . k > 2 and 0 < 8 < 1. The class Py (8) was introduced by Pad-
manabhan and Parvatham [11]. For 8 = 0, the class Py (0) = Pj was introduced
by Pinchuk [12]. Also we note that P, (8) = P(8), where P (f) is the class of
functions with positive real part greater than  and P, (0) = P, where P is the
class of functions with positive real part. From (1.2), we have h (z) € Py () if and

ROCH = gy <
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only if there exists hy, ho € P (8) such that

(1.3) é(z) = (Z 4 ;) hy (2) — <’Z _ ;) he(2) (z€U).

It is known that, the class Py (8) is a convex set (see [10]).
For functions f(z) € > given by (1.1) and g(2) € >, given by

(14) g =P+ Y mt  peN),
the Hadamard product (or convolution) of f(z) and g(z), is defined by

(1.5) (fx9)(z) =2+ Y arbpz® = (9% f) (2).

k=0

Aouf et al. [3] considered the following linear operator DY', (f xg) (2) : 32, — >_,
as follows:

(1.6) DS, (f*9)(2) = (f *9)(2),
Dy, (f*9)(2) = Dap(fxg)(z) =1 =N(f*9)(2) + Z%(Z”“(f *9)(2))
(1.7) = zip + i[l + Ak + p)agbrz® (A >0; p eN),
Di,p(f*g)(z) = Dxp(Drp(f*9))(2)

A
= (1=XNDy,(f*9)(2)+ Zp(z”“Dx,p(f g)(2))
= — 4> [+ Ak+p)Parbez® (A >0; peN),
k=0

and ( in general )

DY, (f*9)(2) = D (DY, (f+9)(2))

1 o0
(18) =+ D L+ Ak +p)|"arbrz® (A > 0; peN; m € Ng =NU{0}).
k=0

From (1.8) it is easy to verify that:

(1.9)  A=(DY,(f *9)(2)) = DXy (f + 9)(2) = (A + 1)DX,(f * 9)(2) (A >0).
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It should be remarked that the linear operator D;\’fp( f % g) is a generalization of
many othear linear operators considered earlier. We have:

(1) If we take g(z) = m (or by = 1), then we have the operator DY’ (f)(z)
which was introduced and studied by Aouf et al. [3];

(2) If we take g(z) = ﬁ (or b, =1) and A = 1, then we have the operator
M™(f)(z) which was introduced and studied by Aouf and Hossen [2] and Srivastava
and Patel [13];

(3) If we take m = 0 and g(z) = 27 + > pe g Ui (a1)zF (or by, = Uy (aq)), where

_ (@1)kgpreee (g)k+p s 0. s
(1.10) \Ijk(al)*(ﬁlmp...(ﬁs)k e (¢ <s+1;9,5 €Np),

then the operator DY , (f *g) = (f * g) reduces to the operator H, g (a1) which
was introduced and studied by Liu and Srivastava [8]. The operator Hy , s (a1)
contains the operator ¢,(c, 1) [7] for ¢ =2,s =1, and as = 1 and also contains
the operator D¥TP~1 (see [1] and [4]) for g=2,s =1and oy =v+p (v > —p; p €
N), ag =1 and 5 = p;

o
(4) If we take m =0 and g(z) =277+ Y 1oy (w) Sk

(I>0,7>0,p€N,pu e Ny), then the operator Dg,p (f xg) = (f * g) reduces to the
operator J} (7,1) which was introduced and studied by El-Ashwah [5];

- I
(5) If we take m =0 and g(2) =277+ > ., (m) z*

(I>0,7>0,p€N,pue Ny), then the operator Dg,p (f xg) = (f * g) reduces to the
operator L (v,1) which was introduced and studied by El-Ashwah [6].

Now, by using the linear operator DY’ (f*g)(z), we introduce class of p—valent
Bazilevic functions of ) as follows:

Definition 1.1. A function f (z) € Zp is said to be in the class K} (p, \, o, 8,7)
if it satisfies the following condition:

(1.11)
(1=2) (D37 20"+ (TGRS ) (DR 72 0)) | €90

(k>27>0,0,A>0,0< < 1;z€U).

In this paper, we investigate several properties of the class K} (p, A, &, 8, 7).

2. Main Results

Unless otherwise mentioned, we assume throughout this paper that k > 2, a;, v, A >
0,0 < 8 < 1 and all powers are understood as principle values.

To prove our results we need the following lemma.
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Lemma 2.1.([9]) Let u = uy + iug, v = v1 + ive and @ (u,v) be a complex-valued
function satisfying the conditions:

(i) @ (u,v) is continuous in a domain D € C?.
(i) (0,1) € D and ®(1,0) > 0.
(iif) R{P (ius,v1)} > 0 whenever (iug,v1) € D and v1 < —3% (1 +u3).

Ifh(z) = 14+cpz"+cnr12™ M+ is analytic in U such that (h (=), zh'(z)) €D
and 8‘%{@ (h (2) ,zh/(z))} >0 for ze U, then R{h(z)} >0in U.
Theorem 2.2. If fe K" (p,\ «,B,7), then
(2.1) (2" DX (f *9)(2))" € Pic (1),
where p is given by

YA+ 208
2.2 — _
(2.2) =" + YA

Proof. Setting
(23)  (PDY,(f*9)(2)" = H(2) = (1= p) h(2) +p

(5 3)ta-mme (5 -3) - mh e+,

where h; (z) (i = 1,2) are analytic in U with h; (0) =1 (i = 1,2), and h(z) is given

by (1.3). Differentiating both sides of (2.3) with respect to z and using (1.9) in the
resulting equation, we obtain

(=2 (D, 1 0)(0)" + () DR+ 9]

YA (L= p) 2k (2)

_ {ﬂ—uﬂma+u+ }eamm (zeU).

which implies that

A (L= ) 21} (2)

1{u—ﬂ+U—MMM@+

-5 }EP (z€U;i=1,2).

We form the function ® (u,v) by choosing u = h;(z), v = zh; (z), that is

YA —p)v
.

Q(u,v)=p—F+1—p)u+
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Clearly, the first two conditions of Lemma 2.1 are satisfied. Now, we verify the
condition (iii) as follows:

RA{® (iuz,v1)} = uﬂw%{’”“;“)”l}

77/\(1—,u)(1+u§)

< p=p 5
o
A+ Bu3
B 2C
where
A = 20(p—pB)—7yA(1—-pn),
C = 2a.

We note that £ {® (iug,v1)} < 0if and only if A =0, B < 0. From p given by (2.2),
we have 0 < y < 1, A = 0 and B < 0. Therefore applying Lemma 2.1, we have
hi(z) € P (i = 1,2) and consequently H (z) € Py (1) for z € U. This completes the
proof of Theorem 2.2. O

Theorem 2.3. If f € K] (p,\, o, 3,7), then

(2.4) (P Dy, (f* 9)(2)) F € Py (m),

where 1 is given by

M+ /1292202 + 4 (a + nyA) Ba
n= .

(2:5) 2 (a+nvyA)

Proof. Let f € K" (p,\, o, 3,7) and

(2:6) (PDX,(f * 9)(2))" = M(2) = [(1 =) h(2) + )"

—(5+3)-nmErar-(5 - 5) A=t
where h; (z) (i = 1,2) are analytic in U with h; (0) =1 (i = 1,2) and h(z) is given

by (1.3). Differentiating both sides of (2.6) with respect to z and using (1.9) in the
resulting equation, we obtain

=) (205, 00) 7 () (#0807 20)0)]

- {[(1—n>h<z>+n]2+[(1—n>h<z>+n]W—;W}ePkm (e D),
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which implies that

1_15{&1—17)1% () 44+ 10— A () 4]

29\ (1= 1) 2} (2)

—,B}GP (i=1,2

We form the function ® (u,v) by choosing u = h;(z), v = zh; (z), that is

29A (1 —n)v

O (u,v) = [(1—n)u+n”+[(1—n)u+n -

- 8.
Clearly, the conditions (i) and (ii) of Lemma 2.1 are satisfied. Now, we verify the
condition (iii) as follows:

29 n (1 —
R{®D (iuz,v1)} = 772*(1777)%%%*5

_ 2
R e L I

AJrBu%
2 7

where

A = a(®m-B8)—vn(1-n),

=~ e =0 +mr-n)],
e
5.
We note that $ {® (iug,v1)} < 0if and only if A =0, B < 0. From 7 given by (2.5),
we have 0 < n < 1, A =0 and B < 0. Therefore applying Lemma 2.1,we have
h; (z) € P (i = 1,2) and consequently M (z) € Py (n) for z € U. This completes the
proof of Theorem 2.3 O

Remark 2.4. Specializing m, A and g (z) in the above results, we obtain the cor-
responding results for classes corresponding to the corresponding operators (1-5)
defined in the introduction.
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