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Abstract. In this paper we investigate the properties of (a, d)-vertex antimagic total

labeling of a digraph D = (V, A). In this labeling, we assign to the vertices and arcs the

consecutive integers from 1 to |V | + |A| and calculate the sum of labels at each vertex,

i.e., the vertex label added to the labels on its out arcs. These sums form an arithmetical

progression with initial term a and common difference d. We show the existence and non-

existence of (a, d)-vertex antimagic total labeling for several class of digraphs, and show

how to construct labelings for generalized de Bruijn digraphs. We conclude this paper

with an open problem suitable for further research.

1. Introduction

In this paper, we consider only finite directed graphs which admit loops but
no multiple arcs. The vertex and arc sets of a digraph D are denoted by V (D)
and A(D) respectively and we let |V (D)| = p and |A(D)| = q. For graph theoretic
notations, we follow [7, 13]. A labeling of a graph G is a mapping that carries a
set of graph elements, usually vertices and or edges into a set of numbers, usually
integers. For a survey of magic and antimagic labelings one can refer to Gallian
[9] and Baca et al. [2], In particular, antimagic labelings for certain classes of
graphs were studied in [3, 4, 5, 10]. In [12], Hartsfield and Ringel made a con-
jecture on vertex-antimagic labeling and Martin Baca proposed a conjecture about
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edge-antimagic vertex labeling [1]. Thirusangu et al. [11] studied the super vertex
(a, d) - antimagic and vertex-magic total labelings for a particular class of Cayley
digraphs.

The de Bruijn digraph defined in [8] has been noted as an interconnection net-
work for massively parallel computers because of its good properties such as small
diameter, high connectivity and easy routing (see [6]). The generalized de Bruijn
digraph GB(n, d) is defined in [6, 8] by the congruence equations as follows:

V (GB(n, d)) = {0, 1, 2, ..., n− 1} and

A(GB(n, d)) = {(x, y) : y ≡ dx + i(modn), 0 ≤ i ≤ d− 1} ,

where n and d are positive integers with d ≤ n. Though different kinds of labelings
were studied by many author and many conjectures were made for different sub-
classes of graphs and digraphs, the labeling of some well-known digraphs, namely
generalized de Bruijn digraphs, has not been investigated. Now, we introduce some
defnitions which are needed to formulate this article.

Definition 1.1. The vertex-weight of a vertex v in D under a total labeling is
defined as the sum of the label of v and the arc labels corresponding to all the
out-arcs of v. If all vertices in D have the same weight k, we call the labeling vertex
out-magic total labeling and we call k a magic constant. If all vertices in D have
different weights, then the labeling is called vertex out-antimagic total labeling. A
digraph D which admits vertex out-antimagic total labeling is called vertex out-
antimagic digraph.

Definition 1.2. A bijection f : V (D)∪A(D) to the consecutive integers 1, 2, ..., p+q
is called an (a, d) - vertex out-antimagic total labeling (VOATL) of D if the set of
vertex weights is W = {wt(x) : x ∈ V (D)} = {a, a + d, ..., a + (p− 1)d} where a
and d are integers and wt(u) = f(u) +

∑
(u,v)∈A(D) f((u, v)). A digraph D which

admits (a, d)-vertex out-antimagic total labeling is called (a, d)-vertex out-antimagic
digraph.

Definition 1.3. An (a, d)-vertex out-antimagic total labeling is said to be a V -
super (a, d)-vertex out-antimagic labeling if f(V (D)) = {1, 2, 3, ..., p}. A digraph D
which admits V -super (a, d)-vertex out-antimagic labeling is called V -super (a, d)-
vertex out-antimagic digraph.

Definition 1.4. An (a, d)-vertex out-antimagic total labeling is said to be a E-super
(a, d)-vertex out-antimagic labeling if f(A(D)) = {1, 2, 3, ..., q}. A digraph D which
admits E-super (a, d)-vertex out-antimagic labeling is called E-super (a, d)-vertex
out-antimagic digraph.

Note that similar definitions hold for in-magic.
In our terminology, we call (a, d)-vertex out-antimagic total labeling as (a, d)-

vertex antimagic labeling.

2. Basic Counting
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In this section, we estabilish the bounds of a and d for any digraph D.

Let δ+, ∆+ be the minimum and maximum out-degree of a digraph D respectively.
The minimum possible weight on a vertex is at least 1+2+ ...+(δ+ +1) and hence

a ≥ (δ+ + 1)(δ+ + 2)
2

From the Theorem 3.7, we observe that the lower bound is tight. Similarly, if ∆+

is the largest degree, then the maximum vertex weight l is not more than the sum
of the ∆+ + 1 largest labels p + q, p + q − 1, p + q − 2, . . . ,p + q −∆+. A simple
calculation shows that

l ≤ (∆+ + 1)(2(p + q)−∆+)
2

.

Using a and l, we have

d ≤ (∆+ + 1)(2(p + q)−∆+)− δ+(δ+ + 1)
2(p− 1)

In Section 3, we discuss (a, d)-vertex antimagic labeling in digraphs. Section
4 contains a discussion of (a, d)-vertex antimagic labeling in generalized de Bruijn
digraphs. Section 5 contain the conclusion and an open problem.

3. (a, d)-Vertex Antimagic Digraphs

In this section, we find some classes of digraphs which admit (a, d)-vertex an-
timagic labeling and find some classes of digraphs which do not admit this labeling.
Also, we establish the relation between magic and (a, d)-vertex antimagic labeling.

Proposition 3.1. If an (a, d)-vertex antimagic digraph D is vertex magic, then
2a+(p−1)d

2 is an integer and the magic constant is k = 2a+(p−1)d
2 .

Proof. Let f be the (a, d)-vertex antimagic labeling defined on D with p vertices and
q arcs. The sum of all vertex weights is given by a+a + d+a + 2d+...+a + (p− 1)d.
we have, k = a+a+d+a+2d+...+a+(p−1)d

p

Therefore, k = 2a+(p−1)d
2 . 2

Theorem 3.2. Every directed path ~Pn is (n, 2)-vertex antimagic.

Proof. Let ~Pn be the directed path with vertex set {v1, v2, ..., vn} and arc set
A(D) = {ai = (vi, vi+1) : 1 ≤ i ≤ n− 1}. Let f be a bijection from V (D) ∪ A(D)
to the consecutive integers {1, 2, ...2n− 1}.
Label the vertices and edges as follows:

f(vi) = i, ∀i, 1 ≤ i ≤ n.

f((vi, vi+1)) = f(ai) = n + i, ∀i, 1 ≤ i ≤ n− 1.
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Clearly wt(v1) = n + 2, wt(v2) = n + 4, wt(v3) = n + 6, . . . ,wt(vn−1) = 3n − 2,
wt(vn) = n.
Therefore, f is an (n, 2)-vertex antimagic total labeling of ~Pn. 2

Theorem 3.3. The directed cycle ~Cn is (n + 2, 2)-vertex antimagic for all n.

Proof. Let {v1, v2, v3, ..., vn} be the vertex set of ~Cn. Define a bijection f from
V (D) ∪A(D) to the consecutive integers {1, 2, ...2n} as follows:

f(vi) = i, ∀i, 1 ≤ i ≤ n.

f((vi, vi+1)) = n + i, ∀i, 1 ≤ i ≤ n− 1.

f((vn+1, v1)) = 2n

The weights of the vertices v1, v2, v3, ..., vn are n + 2, n + 4, ..., 3n respectively.
Therefore, f is an (n + 2, 2)-vertex antimagic total labeling of ~Cn. 2

Note that double path
←→
P2 with 2 vertices is (4, 2)-vertex antimagic.
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-
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Figure 1: Double path
←→
P2 .

Theorem 3.4. The Double paths
←→
Pn, n ≥ 3 is not (a, d)-vertex antimagic.

Proof. Let D be the double path with vertex set {v1, v2, v3, ..., vn}. Clearly |V (D)| =
n and |A(D)| = 2n− 2. We assume that D is (a, d) - vertex antimagic.

Case (i). n is odd.

Since D is (a, d) - vertex antimagic, the weights of the vertices are a, a + d,
a + 2d, . . . , a + (n− 1)d and the sum of the weights is

Sn =
n

2
(2a + (n− 1)d) =

(3n− 2)(3n− 1)
2

2a + (n− 1)d =
(3n− 2)(3n− 1)

n

a =
(9− d)(n− 1)

2
+

1
n
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Since n is odd and n ≥ 3, the first term is an integer but the second term is not an
integer.

Case (ii). n is even.

By similar arguement as in Case (i), we have

a =
(9− d)(n− 1)

2
+

1
n

Since n ≥ 4 is even, the first term is an integer only when d is odd but the second
term is not an integer. 2

Theorem 3.5. If every vertex of a digraph D has the same out-degree, then D is
(p(δ+)2+pδ++2δ++2

2 , δ+ + 1) - vertex antimagic.

Proof. Let V (D) = {v1, v2, v3, ..., vp} be the vertex set of D. Define a bijection
f : V (D) ∪ A(D) to {1, 2, ..., p + q} by f(vi) = i, for all vi ∈ V (D). The arc set
of D can be written as A(D) = ∪p

k=1Ak where Ak = {(vk, x) : x 6= vk, x ∈ V (D)}.
The labeling for the arcs of D is given in Table 1.
Using Table 1, we obtain

a = 1 + p + 1 + 2p + 1 + 3p + 1 + ... + p(δ+ − 1) + 1 + pδ+ + 1

= (δ+ + 1) + p(1 + 2 + 3 + ... + δ+)

=
p(δ+)2 + pδ+ + 2δ+ + 2

2
and

l = p + 2p + 3p + ... + pδ+ + p(δ+ + 1)

= δ+ + 1 +
pδ+(δ+ + 1)

2

=
p(δ+)2 + 3pδ+ + 2p

2
Clearly,

d =
l − a

p− 1

=
p(δ+)2+3pδ++2p

2 − p(δ+)2+pδ++2δ++2
2

p− 1

=
2pδ+ + 2p− 2δ+ − 2

2(p− 1)

= δ+ + 1, which is the desired property. 2
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Table 1: Arc labels.
Ak Arc labels for arcs in Ak

A1 p + 1 2p + 1 3p + 1 4p + 1 ... p(δ+ − 1) + 1 pδ+ + 1

A2 p + 2 2p + 2 3p + 2 4p + 2 ... p(δ+ − 1) + 2 pδ+ + 2

A3 p + 3 2p + 3 3p + 3 4p + 3 ... p(δ+ − 1) + 3 pδ+ + 3

... ... ... ... ... ... ... ...

... ... ... ... ... ... ... ...

Ap−1 2p− 1 3p− 1 4p− 1 5p− 1 ... pδ+ − 1 p(δ+ + 1)− 1

Ap 2p 3p 4p 5p ... pδ+ p(δ+ + 1)

Corollary 3.6. If every vertex of a digraph D has the same out-degree and
(pδ++p+1)(δ++1)

2 is an integer, then D is vertex magic with magic constant k =
(pδ++p+1)(δ++1)

2 .

Proof. By Proposition 3.1. and Theorem 3.5,

k =
a + l

2
=

2p(δ+)2 + 4pδ+ + 2p + 2δ+ + 2
4

=
(δ+ + 1)(pδ+ + p + 1)

2
2

The lower bound for ‘a’ mentioned in Section 2 can be calculated as (δ+)2+3δ++2
2 .

The following theorem describes the (a, d)-vertex antimagicness of a digraph when
a = (δ+)2+3δ++2

2 .

Theorem 3.7. If every vertex of a digraph D has the same out-degree, then D is
( (δ+)2+3δ++2

2 , p(δ+)2+2pδ++p−(δ+)2−2δ+−1
p−1 )-vertex antimagic.

Proof. Let V (D) = {v1, v2, v3, ..., vp} be the vertex set of D. Define a bijection
f : V (D)∪A(D) to {1, 2, ..., p + q} by f(vi) = (i− 1)δ+ + i, for all vi ∈ V (D). The
arc set of D can be written as A(D) = ∪p

k=1Ak where Ak = {(vk, x) : x 6= vk, x ∈
V (D)}. The labeling for the arcs of D is given in Table 2.
From Table 2, we see that

a = 1 + 2 + 3 + ... + (δ+ + 1)

=
(δ+)2 + 3δ+ + 2

2
and

l = (p− 1)δ+ + p + (p− 1)δ+ + p + 1 + ... + (p− 1)δ+ + p + δ+

= (p− 1)δ+(δ+ + 1) + p(δ+ + 1) +
δ+(δ+ + 1)

2

=
2p(δ+)2 + 4pδ+ + 2p− (δ+)2 − δ+

2
.
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By using the value of a and l, we have

d =
l − a

p− 1
=

p(δ+)2 + 2pδ+ + p− (δ+)2 − 2δ+ − 1
p− 1

.

2

Table 2: Arc labels.
Ak Arc labels for arcs in Ak

A1 1 ... δ+ δ+ + 1
A2 δ+ + 2 ... 2δ+ + 1 2δ+ + 2
A3 2δ+ + 3 ... 3δ+ + 2 3δ+ + 3
... ... ... ... ...
... ... ... ... ...

Ap−1 (p− 2)δ+ + p− 1 ... (p− 1)δ+ + p− 1 (p− 1)δ+ + p− 1
Ap (p− 1)δ+ + p ... pδ+ + p− 1 p(δ+ + 1)

Theorem 3.8. If every vertex of a digraph D has the same out-degree δ+ and δ+

is even, then D is (p(δ+)2+2pδ++δ++2
2 , 1)-vertex antimagic.

Proof. Let V (D) = {v1, v2, v3, ..., vp} be the vertex set of D. Define a bijection
f : V (D)∪A(D) to {1, 2, ..., p + q} by f(vi) = i, for all v ∈ V (D). The arc set of D
can be written as A(D) = ∪p

k=1Ak where Ak = {(vk, x) : x 6= vk, x ∈ V (D)}. The
labeling for the arcs of D is given in Table 3.
Using Table 3, we find a and l as follows:

a = 1 + 2p + 2p + 1... + pδ+ + pδ+ + 1

=
p(δ+)2 + 2pδ+

2
+

δ+ + 2
2

=
p(δ+)2 + 2pδ+ + δ+ + 2

2
l = p + p + 1 + 3p + 3p + 1 + ... + p(δ+ − 1) + 1 + p(δ+ + 1)

= 2p(1 + 3 + 5 + ... + (δ+ − 1)) + pδ+ + p +
δ+

2

=
p(δ+)2 + δ+ + 2pδ+ + 2p

2
.

By using the value of a and l, we have

d =
l − a

p− 1
=

p(δ+)2+δ++2pδ++2p
2 − p(δ+)2+2pδ++δ++2

2

p− 1

=
2p− 2
2p− 2

= 1. 2
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Table 3: Arc labels.
Ak Arc labels for arcs in Ak

A1 2p 2p + 1 ... pδ+ pδ+ + 1
A2 2p− 1 2p + 2 ... pδ+ − 1 pδ+ + 2
A3 2p− 2 2p + 3 ... pδ+ − 2 pδ+ + 3
... ... ... ... ... ...

... ... ... ... ... ...

Ap−1 p + 2 3p− 1 ... p(δ+ − 1) + 2 p(δ+ + 1)− 1
Ap p + 1 3p ... p(δ+ − 1) + 1 p(δ+ + 1)

Theorem 3.9. If the following conditions are hold, then the digraph D is
(p(δ+)2+2pδ++δ++2

2 , 1)-vertex antimagic.

1. Every vertex of D has the same out-degree δ+

2. p is odd

3. δ+ is odd

Proof. Let V (D) = {v1, v2, v3, ..., vp} be the vertex set of D. Define a bijection
f : V (D) ∪A(D) to {1, 2, ..., p + q} by

f(vi) =
{

i+1
2 , i is odd

n+i+1
2 , i is even.

for all vi ∈ V (D). The arc set of D can be written as A(D) = ∪p
k=1Ak where

Ak = {(vk, x) : x 6= vk, x ∈ V (D)}. The labeling for the arcs of D is given in
Table 4.
Using Table 4,

a =
p + 1

2
+ p + 1 + 3p + 3p + 1 + ... + p(δ+) + p(δ+) + 1

=
δ+ − p + 2

2
+

p(2(δ+)2 + 2δ+ − (δ+)2 + 1)
2

=
p(δ+)2 + 2pδ+ + δ+ + 2

2
By a similar argument as in Therorem 2.8., we get

l =
p(δ+)2 + δ+ + 2pδ+ + 2p

2

and by using the value of a and l, we have

d =
l − a

p− 1
=

p(δ+)2+δ++2pδ++2p
2 − p(δ+)2+2pδ++δ++2

2

p− 1
=

2p− 2
2p− 2

= 1 2
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Table 4: Arc labels.
Ak Arc labels for arcs in Ak

A1 2p 2p + 1 4p 4p + 1 ... p(δ+ + 1)
A2 2p− 1 2p + 2 4p− 1 4p + 2 ... p(δ+ + 1)− 1
A3 2p− 2 2p + 3 4p− 2 4p + 3 ... p(δ+ + 1)− 2
... ... ... ... ... ... ...

... ... ... ... ... ... ...

Ap−1 p + 2 3p− 1 3p + 2 5p− 1 ... pδ+ + 2
Ap p + 1 3p 3p + 1 5p ... pδ+ + 1

4. The Generalized De Bruijn Digraphs

Theorem 4.1. The generalized de Bruijn digraph GB(n, d) is (pd2+pd+2d+2
2 , d + 1)

- vertex antimagic.

Proof. From the definition of GB(n, d), we have δ+ = |N+(v)| = d for all v ∈
V (GB(n, d)). By Theorem 3.5, the result follows. 2

Theorem 4.2. The generalized de Bruijn digraph GB(n, d) is(
d2+3d+2

2 , pd2+2pd+p−d2−2d−1
p−1

)
-vertex antimagic.

Proof. From the definition of GB(n, d), we have δ+ = |N+(v)| = d for all v ∈
V (GB(n, d)). By Theorem 3.7, the result follows. 2

It seems to be difficult to find (pd2+2pd+d+2
2 , 1)- vertex antimagic generalized de

Bruijn digraph GB(n, d). The total labeling assign integers 1, 2, 3, ..., p+ q = n+nd
to the vertices and arcs. So, we divide them into three categories.

1. d is even.

2. n is odd and d is odd.

3. n is even and d is odd.

Theorem 4.3. The digraph GB(n, d) is (pd2+2pd+d+2
2 , 1)- vertex antimagic, if d is

even.

Proof. From the definition of GB(n, d), we have δ+ = |N+(v)| = d for all v ∈
V (GB(n, d)). By Theorem 3.8, the result follows. 2

Theorem 4.4. The digraph GB(n, d) is (pd2+2pd+d+2
2 , 1)- vertex antimagic, if both

n and d are odd.

Proof. From the definition of GB(n, d), we have δ+ = |N+(v)| = d for all v ∈
V (GB(n, d)). By Theorem 3.9, the result follows. 2

Theorem 4.5. The digraph GB(n, d) is not (a, 1)- vertex antimagic, if both n and
d are even.
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Proof. Let |V (GB(n, d))| = n and |A(GB(n, d))| = nd. We assume that GB(n, d) is
(a, 1)-vertex antimagic. The weights of the vertices are given by a, a + d, . . . ,
a + (n− 1)d, the sum of the weights is given by

Sn =
n(2a + (n− 1)d)

2
=

(nd + d)(nd + d + 1)
2

After a simple calculation, we get

a =
3d2 + 2d− nd

2
+

d(d + 1)
2n

and is not an integer, since d ≤ n. 2

5. Conclusion and Scope

The (a, d)-vertex anti in-magicness of digraphs can be discussed in a similar way.
For a generalized de Bruijn digraph (a, d)-vertex anti in-magic labeling is same as
(a, d)-vertex anti out-magic labeling and (a, d)-vertex anti in-magic labeling and
(a, d)-vertex anti out-magic labeling is same for all regular digraphs.

In this paper, first we have introduced the concept of (a, d)-vertex antimagic
labeling in digraphs and found some results on digraphs. Secondly, we introduced
(a, d)-vertex antimagic labeling in generalized de bruijn digraphs.

Based on the Theorem 3.5, Theorem 3.7, Theorem 3.8 and Theorem 3.9, we
have the following open problem.

Open Problem 1. For given integers a and d, find all (a, d)-vertex antimagic
digraphs.

Acknowledgments. The authors are thankful to the anonymous referee for
his/her valuable suggestions to improve the quality and the readability of the arti-
cle.
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