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ABSTRACT. Let A be a unital C*—algebra, a,x and y are elements in A. In this paper, we
present the expression of the Moore—Penrose inverse and the group inverse of a —zy*under
the conditions = = aa™z, y* = y*aTa, respectively.

1. Introduction

Let A be a C*—algebra with unit 1 and ¢ € A. The element b € A which
satisfied aba = a and bab = b is called the generalized inverse of a, denoted by a™.
The set of the elements which have generalized inverse in A, denoted by Gi(A).

The Moore-Penrose inverse of a is denoted by a' and is the unique element to
the following equations:

aa’a =a, alaa’ =af, (ad")* =aa’, (a'a)* =dla.

It is well known that ¢ € A has an Moore-Penrose inverse iff a is generalized
invertible in A.
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The group inverse of an element a € A is an unique element b € A such that
aba =a, bab=0>b, ab=ba.

The Moore-Penrose inverse of a — zy* has many applications in statistics, net-
works, optimizations etc. (see [8],[9],[11]). Many authors have been studying the ex-
pression of (a—zy*)" and get some results similar to the famous Shermen—Morrison—
Woodbury (SMW) formula (see [2],[3],[4],5],[6],[7],[10],[12]).

In this paper, we investigate the Moore—Penrose inverse of a — xy* again. We
present the explicit expressions of the Moore—Penrose inverse and the group inverse
of a — zy* under the conditions z = aa™z;y* = y*a™a, respectively. Our results
are new and cover a lots of the known results.

2. Preliminaries

Let a € A\{0}. We know that aa* is a positive element and 1 + aa* is always
invertible in A. So, for an idempotent element s € A, (1 —s—5*)? = 1+ (s—s*)(s—
s*)* is always invertible. Thus, we have the following Lemma:

Lemma 2.1.([1],[7],[13]) Let s be an idempotent element in A, then 1 — s — s* is
invertible in A and o(s) = s(s + s* — 1)t is a projection (i.e. (0(s))? = o(s) =
(0(s))*) and o(s) = sst,0(1 —s) =1 — s's.

Lemma 2.2.([1],[7],[13]) Let a € A\{0} with a € Gi(A). Then
af = [1-o(1 — a*a)la*ofaa*) = (1 - p—p) la* (1 — g — ¢*) L.
Here, p=ata,q=aa™.
The Lemma 2.2 shows if at exists, then a' exists and
aa’ = o(aa™) = aa*t (aa® + (aa™)* — 1)1,

ala=1-0(1-a%a)=(aTa+ (ata)* —1)"tata.
Lemma 2.3. Let a,b € A. Then 1+ ab is invertible iff 1 + ba is invertible and

(14ab)™t =1—a(l+ba)" b

Lemma 2.4.([13]) Let a € A\{0} with a™ exists. Then the following conditions are
equivalent:

(1) a* emists.

2 +

(2) aa™ +ata—1 is invertible in A for some a™.
(3) a?at +1—aat is invertible in A for some at.
(4)

4) a?at +1 —aat is invertible in A for any a™t.
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(5) a+1—aat is invertible in A for some a™.
(6) a+1—aat is invertible in A for any a™.

Proof. Noting that a?at+1—aa™ = 1+(a—1)aa™ and 1+aat(a—1) = a+1—aa™t.
Thus, by Lemma 2.3, we have (3) < (5) and (4) < (6). Please see [13] for the
equivalence of (1) to (4). O

Lemma 2.5. Let a € A with o exists. Then

# = (I1+a-— aa*)*Qa
=a(l+a—ata)™?
=(1+a—aa")ra(l +a—ata)™t

Proof. Let w = a?a™ +1—aa™ and b = w™2a. Noting that a?a™ = aatw = waa™,

we have ab = ba, aba = a,bab = b. That show b = a¥.
Noting that
(1+a—aat)fa=a(l+a—a+a)t,

by Lemma 2.3, we have
# = (a®a™ +1—aa")2a
1+ (a—1)aa™]?
=[1—(a—1)(
=[1—(a—1)(1+a—-aa") " aa])(2 —aa™)(1+a—aat)ta
[1-— )(1+a—aa+) YaaT)a(l14+a —aTa)”
at

+

1+a—aat) taa™)?a

(a—1 !
=a(l+a—ata)™?
=(1+a—aa")%a
=(1+a—aa")ta(l+a—ata)™t O

3. Main Results

Let a,z,y € A with a € Gi(A). Weset ¢, = 1 —aa™,f, =1 —ara,z =
1—y*atx,u = e,x,v = y*f, throughout this section.

Proposition 3.1. Let a,z,y € A with a € Gi(A) and u = e,z = 0,v = y*f, = 0.
If 2% exists, then (a — zy*)" exists and

(a—2y )t =at +aT2(z" — f.e.)y*a™

Proof. Let A =a™ +atx(zt — f.e.)y*a™. Noting that aatx = z,y*a*a = y* and
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y*atx =1 — 2, we have

(a—2y")A = (a —zy*)(a™ +aTz(zT — f.e.)y*a™)

T —ze.ytat,

Aa—ay") = (" +a2(2" — fee.)y"a™)(a - ay")

=ata—atzfy*

= aa

and (a — zy*)A(a — zy*) = (a — 2y*), A(a — zy*)A = A. O
Corollary 3.2. Let z,y € A. Then (1 — zy*)" exists iff (1 — y*z) ewists and
1-ay) " =1+2{(1-y"2)" ~[1-(1-y"2) (1-y )]1-1-y"2)(1-y"2)"}y"

Theorem 3.3. Let a,z,y € A with a € Gi(A) and u = e,z = 0,v =y*f, =0. If
21 emists, then (a — xy*)' exists and

(a—a2y")t = {1 = (a'efy”) — (alafoy™) ) Hal +al2(zF - foe.)y al}
x {1 — (ze,y*al) — (zey*al)*} L.
In addition, if (a'zf.y*)t, (ze.y*ah) exist, then
(a—a2y")t = {1 - (a'afoy") (@' e fy") Ha  + T (2" - fre.)ya'}
x {1 = (ze y*a’) T (ze,y*al)}.
Proof. Using Proposition 3.1 and Lemma 2.2 and (2afa — 1)? = (2aa’ — 1)? = 1,
we have
(a —zy")" = {1 = (a'zfoy*) — (aTafoy®) ) H{a + alz(zl - foe.)y"al}
x {1 — (ze,y*al) — (zey*al)*} L.
Noting that
(1 —atzfy)a’ +atz(z" — foe)y al](1 — ze.y*a) = o + aT2(2" — fre.)y*al,
by Lemma 2.1, we get
(a—zy")t = {1 - (a'afoy") (@' e fy") Ha  + T (2" - foe.)ya'}
x {1 — (ze y*a®) T (ze,y*ah)}.
O

Corollary 3.4. Let a,z,y € A withu = e,z = 0,v =y* fo =0 and z = 1 — y*a'x.
Then
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(1) If a is invertible and z € Gi(A), then

(a—zy")’ = {1—(a " foy*)—(a 2 foy) } o +a  w(T = freo )y a ™"}
x {1 — (zesy*a™t) — (zesy*a™t)*} L
(2) Ifa=1 and z € Gi(A), then

(1—ay) ={1—afoy’ = (foy")} 11+ 2(2" ~ frea)y")
x {1 — ze,y* — (ze,y*)*} L.

(3) If a and z are invertible, then

(a—zy" ) t=at+a ez y et

This is the famous SMW formula.
(4) If a is invertible and z = 0, then
a—x =1—-a 2y —(a x e —a TryTa
(a—azy" )t ={l—a tay" = (a tay)} M (a teytah)
x {1 —ay*a™! — (zy*a 1)} L.

This is better then the result of Theorem 3.5 in [5], since there is only true
inverse in this formula.

(5) Ifu=v=0 and z =0, then
(a—ay")" = {1 —aley” — (aTzy*)"}~
x {1 —ay*a’ — (zy*al)*} !
= (1 - (a'zy")(aTzy")")al (1 - (zy*a")! (zyal))
= (1 - (alz)(a’2)Na’ (1 - (y*a") (y*a")).
This is the result of Theorem 2.2 in [7].
FEspecially, when a =1, we get the result of Theorem 3.3 in [5], i.e.,
(1 =yt = (1 = 221 — ).

(6) Ifu=v=0 and e,y* =0,2f, =0, then

Yat — atzy*al)

(a —zy")' =al + aTz2Ty*al.
This is the result of Theorem 2.2 in [4].
(7) If u=v =0 and z is invertible, then
(a —zy*)' =a' +aTzz1y*al.

This result has been proved by Du and Xue in [7, Proposition2.1] and Deng
in [4, Corllary2.3], respectively.
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111 1 110 0 0 0
00 11 100 0 0 0
Example 3.5. Let A = 0011,X— 100,Y— 10 0
00 0 1 1 0 0 1 0 1
Then
1 1 1
11 _1 9
A S B 00 3
AT:(Q) IR L Zt=(1-v*ATX)' =0 1 0],
7 3~ i
0 0 0 1 003
Lo 4 1 00
Fz=(0 0 0], Ez=10 0 0],
Lo 4 00 0
00 0 0 00 0 0
. 000 0 et |3 1 3 3
Z 4 4 4 4
000 3 00 0 0

It is easy to verify that U = E4 X =0,V =Y*F4 = 0. So by Theorem 3.4,

%000

L o000 o0
_xys\t— | 2
(4—XY7) 0 0 0 -1

000 O

Theorem 3.6. Let a,z,y € A withu=ce,x=0,v=y*f, =0 and 2 =1—y*a*tx.
If (a — xy*)* emists, then

(a—zy*)* = (1+a—aat —zy* +ze,y at) Y a—zy*)(1+a—ata—zy* +atzfoy*) L.

Proof. Using Proposition 3.1 and Lemma 2.5, we have

(a— gV = [1+ (0 — 29") — (a — 2")(a — 25") "] (a — 2")

X [+ (a—ay") = (a —a2y") " (a —ay")] "

=(1+a—aa" —2y* +zey*at)  (a — xy*)

x (1+a—ata—ay +atafy*) " a
Corollary 3.7. Leta,z,y € A withu=e,z =0, v=9y"f, =0 and z=1—y*a*x.
Assume that (a — xy*)¥ emists.

(1) If z =0, then

(a—zy")* = (1 +a—aa" —zy* +zy*a®) Ha — zy*)
1

x(1+a—ata—ay* +atzy*) L.
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(2) If a is invertible, then
(a —2y")* = (a —zy* +ze.y a™ ) Ha — zy*)(a — xy* +a tafy®) 7L
(3) Ifa=1, then
(1—ay))* = (1 —ay* +zey*) 11 — 2y A — zy* +xfy*) L.

In addition, if z =0, then 1 — xy* is an idempotent element in A.

110 010
1 00 0 0 1
Example 3.8. Let X = 10 0 Y = 10 0 . Then
1 00 101
-1.0 0 -3 -3 0
Z=1-Y*X=[-1 0 0], zt = 0],
-2 0 1 -1 -1 1
i =10 000
Ey=1-27t=(-3 3 0], Fp=1-Z'Z=10 1 0
0 0 0 000
By Corollary 3.8 (3), we have
00 -1 -1
01 -1 -1
XY # =
(7= X¥7) 00 0 -1
00 -1 0
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