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ABSTRACT. We consider Witt-type formula for the extension of Changchee and Daehee
numbers and polynomials. We derive some identities and properties of those numbers and
polynomials which are related to special polynomials.

1. Introduction

Throughout this paper, we denote the rings of p-adic integers by Z,, the fields
of p-adic numbers by Q,, and the completion of algebraic closure of Q, by C,.

The p-adic norm | - |, is normalized by |p|, = %. Let ¢ b an inderteminate in

C, with [1 — ¢, < Pﬁ. Let UD[Z,] be the space of uniformly differentiable
functions on Z,. The following ¢-Haar measure is defined by Kim in [5, 6] (see also
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3]) pq(a +meP)ﬁ, where [z], = %. For f € UD|Z,), the p-adic invariant
integral on Z, is defined by Kim [6] to be

(L) L) = [ @) = Jim e S @ 1G).
P 4 j=0

Note that the bosonic integral is considered as the bosonic limit ¢ — 1, I1(f) =
limg_,q I;(f). In [1, 7, 8, 9], the p-adic fermionic integration on Z, defined as

(1.2) I_y(f) = / F(@)dpiq(z)

By (1.2), we have the following well-known integral identity

(1.3) qL—q(f1) + I-q(f) = [2]4£(0),

(1.4) L (f) + 1(f) = (1 - ) f(0) + 2.2

log ¢ dx (@) la=o,

where f1(z) = f(z +1).
The Changhee polynomials Ch,(x) are defined by the generating function to be

(1.5) 2 (1417 =Y Chu(z

2+t
n>0

When = = 0, Ch,, = Ch,(0) are called Changhee numbers. The Daehee polynomials
D,, 4(x) are defined by the generating function to be

log(1 + 1)
(1.6) Og(%1+t =Y Du(a)
n>0

When « = 0, D,, = D,(0) are called Daehee numbers. Recently, Changhee and
Daehee numbers and polynomials are introduced (see [10, 11]). Many interesting
identities of those numbers and polynomials arise from umbral calculus.

In this paper, we consider (r, s)-generalizations for Changhee and Daehee num-
bers and polynomials and we present the Witt-type formula for each case. To state
our main results, we introduce some notation from the g-calculus (see [2]). The
g-Pochhammer symbol (a; q),, is defined as HJ i "(1—ag)) =(1—a)(1—aq)---(1—
ag"™ ') with (a;q)o = 1. The g-factorial [n],! is defined as ((q_q;)" More generally,
the g-falling factorial is defined as [z]p,q = [2]4[z —1]4 - - - [ +1—n], with [z]o, = 1.

By the g-factorial, ones can define the ¢-binomial coefficients as (Z)q = %

The g-exponential function e, () is defined by e, () = 3, 5, #nq, =2 >0 ((1;3))2)71 .

The g-binomial theorem is given by (—t;¢), = > 1, q(;) @) qti. More generally, we
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define (1 4-1)7 to be 3, q2) (gf)qti, where (Z)q = [[g;j]kq," for all k > 0.

2. (r,s)-Changhee Numbers and Polynomials
We define the n-th (r, s)-Changhee number as

(=r)"[n]! 7" (85 8)n
(jhn ) = = ;
(r) (I+7rs)(T+7rs?)---(L+7rs?)  (s—1)*(—rs;$)n
for all n > 0. For instance, Cho(r,s) = 1, Chi(r,s) = —1; and Cha(r,s) =
r2(1+s)
(1+rs)(1+7rs?) "

Theorem 2.1. For alln > 0.

[ Ghdir(a) = Chars).
Z

P

Proof. Let L, = [, [¢]n;sdp—r(2). Then

/

<1_8n+8n_sac+1

o+ st (o) = | e

Zyp

— (0)eLos 5" [ laledios (0)

Zp

mn_hs) i (2)

P

= [n]sLp—1+ s"Ly.

On the other hand, by (1.3), we have rI_.(f1) + I_.(f) = (1 + r)f(0). Thus
r([n)sLn-1 + $"Lyn) + Ly = 0, which implies L, = A L,, 1, for all n > 1. By
the initial condition Lo = 1, and induction on n, we obtain that L, = Ch,(r,s), as

claimed. O

Example 2.1. Theorem 2.1 with s = 1 gives

(=r)™n!

which agrees with the generalization of Changhee numbers in [13] (for the case
r=s=1, see [10]).
The generating function for the (r, s)-Changhee numbers is given by

o (=rt)"
ZOhn(r,s)—[n]S! => sl
n>0 n>0
Corollary 2.1. We have
/Z 1+ O2dp—r(w) = > sC)Ch(r,5) s

) = [n]s!

n
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Proof. By Theorem 2.1 we have

@ _ _ ()i B s) (=rt)!
/Zp(l ) Tdp_(z) = QZO (/ [x]z;sdﬂr($)> i ; (=rs,s);

ZP
which completes the proof. O

Now, we define the (r, s)-Changhee polynomials by the generating function

n

S rss)i & [n]s!

For instance, Cho(z|r, s) = 1, Chy(z|r,s) = [x]s — and

_r_
1+rs?

B r2[2],! r(z]s[2]s!
Cha(z|r, s) = [2]2;s + (1+7s)(1+rs?) B s(1+rs)

Theorem 2.2. For alln > 0,

ékﬁwhﬁmﬁw:CMQM$

P

Proof. By the definitions, we have

8(2) n
Z(/Z [$+y]n;sdur(y)> [n]st! :/Z (L+ )2 du—,(y)

n>0 P

:a+ﬂ§é<1+wwwﬁw>

P

gy e

= (—rs,$)n
n tn
= Z S(Q)Chn(I"f’, 5)77
[n]s!
n>0
By comparing the coefficient of t", we complete the proof. O
Example 2.2. Theorem 2.1 with s = 1 gives
t" 1+7r
-1)--- 1—n)du_, —=——(14+1)7,
g;(éfx+wu+y ) oyt m;1<@>n! )

which agrees with Theorem 2.1 in [13] (for the case r = s = 1, see [10]).

3. (r,s)-Daehee Numbers and Polynomials
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Let (r,s) # (1,1). We define the n-th (r, s)-Dachee number as

n—1

Do) = ™ [n],! 1 (I1-r)logs (—}J)j(rs;s)j
(rs, s)n r(1 —s)logr = ?"jS(' * )[j )
for all n > 0. For instance, Do(r,s) = 1, Di(r,s) = 155 — (1_(:5[1)_12%150@"

o r2(14s 1—7)(1—2rs—rs?) log s
Dg(’f’, S) - (177“3()(172"52) + s((lfs))(lfrs)(lfrs)Z)l%)gr'

Theorem 3.3. For alln > 0.

/ [z]n;sdﬂr(l’) = l)n(T7 S).
Z

'

Proof. Let L, = pr [#]n:sdptr (x). Then

[ + Unssdpr (z) = L-smtsm - o™ [#]n_1:s ) dpr(2)
/ L

1—s
P P

= [n]sLn_1+ Sn/Z [2]nssdptr ()

P

= [n}sLn,1 + S”Ln.
On the other hand, by (1.4), we have

(=1)"[n—=1]s! (1 —r)logs

— L,_ "L L, =
r(lnlsLnoy 5" Ln) + L s(3) (1—s)logr’

which implies

r[n]s (=1)"[n—1]s! (1 —r)logs
Ln-1 3(3)(1 — rsn) (1—s)logr’

L,=—">—
1—rs»

By induction on n with using the initial value Ly = 1, we obtain

P § U <—(]1)>J'[j ~ U (= logs 77 _rll:
st 5B (1 —rsd) (1-3s) ogr — 1—rs
which is equivalent to
n—1 ;
L, = " [n],! L (1-7r)logs (—}J)i(rs; s)j Do s),
(rs, $)n r(1—s)logr = ris(’s )[] + 1],

as required.
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Example 3.3. Theorem 3.3 with s = 1 gives (see [14] and [10])

/pr(x - (z+1 )dﬂr()*(l_%)n 1+lgr; j

Corollary 3.2. We have

|z @) = 3 sOD,s) L

. = [n]s

Proof. Direct calculations show

| sz =3

) < (/Zp[x]n;sd/ir(x)> n],! )

which, by Theorem 3.3, completes the proof.

Now, we define the (r, s)-Daehee polynomials by the generating function

(rs;5); (rt)"
Vj+1, ) (rs8)n

t
*Z |1"5n

n>0

(1+t)§z 1 (1—r)logs =2 (—

Z T =) logr &0

v

w

Theorem 3.4. For alln > 0,

é [$ + y]n;stT(y) = Dn(x\r, 8).

D

Proof. By the definitions, we have
3(3)15”
Z / [ + Ylnssdir (y) T
750 \/Zp [n]s!

= [ @z ) = 402 [ @02
Z Z

P P

_ z ! [ (1=r)logs k= (—1)(rs;s); s
_ﬂ+m§%@wh gt 2 U 1), ) ) Tl
- Z D, (x|r,s [;1!7

n>0

By comparing the coefficient of t", we complete the proof.
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Example 3.4. Theorem 2.1 with s =1 gives (see [14] and [10])

> </Zp($+y)(z+y—1)---(x+y+1—n)dm«(w)>ZZ

n>0

:(1+t)zz (771);” 1+logli(1_7,i)j ng

n>0 (1- ?) " J

r—1 1 (—t)™
r—14rt TjZOanJ(l_;) J
=1 ol log(144) — 1)1 )
Cr—1+47t &, 8 '
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