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ON THE GROWTH OF ALGEBRAIC POLYNOMIALS IN

THE WHOLE COMPLEX PLANE

F. G. Abdullayev and N. P. Özkartepe

Abstract. In this paper, we study the estimation for algebraic polyno-
mials in the bounded and unbounded regions bounded by piecewise Dini
smooth curve having interior and exterior zero angles.

1. Introduction and main results

Let C := C ∪ {∞} be the extended complex plane, G ⊂ C be a finite region
with 0 ∈ G, bounded by a Jordan curve L := ∂G, Ω := C\G; ∆ := {w : |w| > 1}
(with respect to C). Let w = Φ(z) be the univalent conformal mapping of Ω

onto the ∆ normalized by Φ(∞) = ∞, limz→∞
Φ(z)
z > 0, and Ψ := Φ−1. For

R > 1 let us set LR := {z : |Φ(z)| = R}, GR := intLR, ΩR := extLR.
Let {zj}mj=1 ∈ L be a fixed system of distinct points. Consider a so-called

generalized Jacobi weight function h (z) being defined as follows:

(1.1) h(z) :=
m∏

j=1

|z − zj |γj , z ∈ GR0 , R0 > 1,

where γj > −1 for every j = 1, 2, . . . ,m.

Denote by ℘n the class of all complex algebraic polynomials Pn(z) of degree
at most n ∈ N := {1, 2, . . .} .

Let h(z) be a weight function. For any p > 0 we introduce:

(1.2) ‖Pn‖Ap(h,G) :=

(∫∫

G

h(z) |Pn(z)|p dσz

)1/p

< ∞,

where σz is the two-dimensional Lebesgue measure,

(1.3) ‖Pn‖Lp(h,L) :=

(∫

L

h(z) |Pn(z)|p |dz|
)1/p

< ∞,
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when L is rectifiable and

(1.4) ‖Pn‖C(G) := max
z∈G

|Pn(z)| .

The classical lemma Bernstein-Walsh [23] shows that:

(1.5) |Pn(z)| ≤ |Φ(z)|n ‖Pn‖C(G) , z ∈ Ω.

If take z ∈ LR, then from (1.5) we see that:

(1.6) ‖Pn‖C(GR) ≤ Rn ‖Pn‖C(G) .

Thus, we can estimate the growth uniform norm (C-norm) of the polynomial
Pn, depending on the extension of the region G up to GR for some R > 1,
containing G. In particular, the C-norm ‖Pn‖C(G) of polynomials Pn increases

no more than a constant, when G expands up to G1+ 1
n
. The same effect is

observed for the norm (1.3) according to the following estimate [11]:

(1.7) ‖Pn‖Lp(LR) ≤ Rn+ 1
p ‖Pn‖Lp(L) , p > 0.

Similar to (1.6) and (1.7) estimation for any p > 0 with respect to the Ap(h,G)-
norms was obtained in [2] for regions G with quasiconformal boundary (corre-
sponding definition is given below) and the weight function h(z) as defined in
(1.1) with γj > −2 and for arbitrary Jordan regions G and h(z) ≡ 1 in [4].

N. Stylianopoulos [20] investigated analogous problem for regions with recti-
fiable quasiconformal boundary and obtained pointwise estimations for |Pn(z)|
for every points z ∈ Ω, where he replaced the norm ‖Pn‖C(G) with norm

‖Pn‖A2(G) on the right-hand side of (1.5) and found a new version of the esti-

mation (1.5) as follows: for each Pn ∈ ℘n

(1.8) |Pn(z)| ≤ c

√
n

d(z, L)
‖Pn‖A2(G) |Φ(z)|

n+1
, z ∈ Ω,

where d(z, L) := inf {|ζ − z| : ζ ∈ L} and c = c(L) > 0 is a constant, indepen-
dent from n and Pn.

To evaluate |Pn(z)| on the whole complex plane with respect to Lp(h, L)-
norm at the right-hand side, we need to get the next estimation of following
type:

(1.9) ‖Pn‖C(G) ≤ cµn(G, h, p) ‖Pn‖Lp(h,L) ,

where c = c(G, p) > 0 is a constant independent from n and Pn, and µn(G, h, p)
→ ∞ as n → ∞.

We note that, the first results of type (1.9), in case h(z) ≡ 1 for L =
{z : |z| = 1} and 0 < p < ∞ was found by Jackson [12]. Further study estimates
(1.9) were carried out in [14], [16], [18], [21], [22] and others (for more references
see [18], [21]).

In this work, firstly, we study similar problems for regions with piecewise
Dini-smooth boundary with exterior and interior zero angles and generalized
Jacobi weight function h (z) defined in (1.1), with respect to Lp(h, L)-norm,
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p > 1, in the right-hand side of (1.8). Secondly, for such regions we obtain
estimate for |Pn(z)|, z ∈ G, of the (1.9) type. Finally, combining corresponding
estimates, we obtain an estimate for |Pn(z)| in whole complex plane when region
G has exterior and interior cusps, depending on the geometrical properties of
the region G and the weight function h(z).

Let us give some definitions and notations that will be used later in the text.
Let S be a rectifiable Jordan curve or arc and z = z(s), s ∈ [0, |S|] , |S| :=

mesS (linear measure of S), denote the natural representation of S.

Definition 1.1 ([17, p. 48], see also [9, p. 32]). We say that a Jordan curve
or arc S called Dini-smooth, if it has a parametrization z = z(s), 0 ≤ s ≤ |S|,
such that z

′

(s) 6= 0, 0 ≤ s ≤ |S| and
∣∣∣z′

(s2)− z
′

(s1)
∣∣∣ < g(s2 − s1), s1 < s2,

where g is an increasing function for which

∫ 1

0

g(x)

x
dx < ∞.

Now, we shall define a new class of regions with piecewise Dini-smooth
boundary, which have at the boundary points corners, interior and exterior
cusps simultaneously.

For any j = 1, 2, . . . and sufficiently small ε1 > 0 we denote by fj : [0, ε1] → R

the twice differentiable functions, such that fj(0) = 0, f
(k)
j (x) > 0, x > 0 and

k = 0, 1, 2.
In the sequel, we denote by c, c0,c1, c2, . . . are positive and ε0, ε1, ε2, . . . are

sufficiently small positive constants (in general, different in different relations),
which depend on G in general.

Definition 1.2. We say that a Jordan region G ∈ PDS(λi; fj), 0 < λi ≤ 2,
i = 1,m1, fj = fj(x), j = m1 + 1,m, if L = ∂G consists of a union of finite
number of Dini-smooth arcs {Lj}mj=0 , connecting at the points {zj}mj=0 ∈ L

such that L is locally Dini-smooth at z0 ∈ L\ {zj}mj=1and:

a) for every zi ∈ L, i = 1,m1, m1 ≤ m, the region G has exterior (with
respect to G) angles λiπ, 0 < λi ≤ 2, at the corner zi;

b) for every zj ∈ L, j = m1 + 1,m, in the local co-ordinate system (x, y)
with origin at zj the following conditions are satisfied

b1) {z = x+ iy : |z| < ε1, c1fj(x) ≤ y ≤ c2fj(x), 0 ≤ x ≤ ε1} ⊂ Ω,

b2) {z = x+ iy : |z| < ε1, |y| ≥ ε2x, 0 ≤ x ≤ ε1} ⊂ G,

for some constants −∞ < c1 < c2 < +∞, 0 < εi < 1, i = 1, 2.

Here and in further, for any k ≥ 0 and m > k, notations j = k,m denotes
j = k, k + 1, . . . ,m.

For any z ∈ C and sufficiently small ε1 > 0 let

K(z, fj, ε1) := {z = x+ iy : 0 ≤ x ≤ ε1, c1fj(x) ≤ y ≤ c2fj(x)}
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for some constants −∞ < c1 < c2 < +∞, 0 < ε1 < 1. Let f(x) := fj0(x),
where j0, m1 + 1 ≤ j0 ≤ m, chosen such that K(zj, fj0 , ε1) ⊆ K(zj, fj , ε1) for
all m1 + 1 ≤ j ≤ m and sufficiently small ε1 > 0.

As is clear from Definition 1.2, each region G ∈ PDS(λi; fj) may have
exterior λiπ, 0 < λi ≤ 2, angles (when λi = 2-interior zero angles) at the
points zi ∈ L, i = 1,m1, and exterior zero angles at which the boundary
arcs are touching with fj(x)-speed at the points zj ∈ L, j = m1 + 1,m. If
m1 = m = 0, then the region G does not have such angles, and in this case we
will write: G ∈ DS; ifm1 = m ≥ 1, then G has only λiπ, 0 < λi ≤ 2, i = 1,m1,

exterior angles (when λi = 2-interior zero angles) and in this case we will write:
G ∈ PDS(λi; 0); if m1 = 0 and m ≥ 1, then G has only exterior zero angles
and in this case we will write: G ∈ PDS(1; fj).

Throughout this work, we will assume that the points {zj}mj=1 ∈ L defined

in (1.1) and Definition 1.2 are identical. Without loss of generality, we assume
that these points on the curve L = ∂G are located in the positive direction such
that, G has λjπ, 0 < λj ≤ 2, j = 1,m1, exterior angles (when λj = 2-interior
zero angles (interior cusps)) at the points {zj}m1

j=1, m1 ≤ m, and has exterior

zero angles (exterior cusps) on the points {zj}mj=m1+1 and wj := Φ(zj).

Before stating our main results, we introduce some notation. Let us set:

Γ := Γ1,m1 ∪ Γ2,m,

where

Γ1,k :=
{
γj , j = 1, k, k ≤ m1

}
,

Γ2,k := {γj , j = m1 + 1, m1 + k, 1 ≤ k ≤ m−m1};
Γ
(1)
1,k := {γk ∈ Γ1,m1 : γk > p− 1, k ≤ m1} (with possible skips),

Γ
(2)
1,k := {γk ∈ Γ1,m1 : γk = p− 1, k ≤ m1},

Γ
(3)
1,k := {γk ∈ Γ1,m1 : γk < p− 1, k ≤ m1} ;

Γ
(1)
2,k := {γk ∈ Γ2,m : γk > p− 1, m1 + 1 ≤ k ≤ m} (with possible skips);

Γ
(2)
2,k := {γk ∈ Γ2,m : γk = p− 1, m1 + 1 ≤ k ≤ m} ,

Γ
(3)
2,k := {γk ∈ Γ2,m : γk < p− 1, m1 + 1 ≤ k ≤ m};

γ1
k = max {γk : γk ∈ Γ1,k, k ≤ m1} , γ1 := γ1

m1
;

γ̃
1
k = max{0; γk : γk ∈ Γ1,k, k ≤ m1}, γ̃

1 := γ̃
1
m1

;

γ2
j = max{γj : γj ∈ Γ2,k, m1 + 1 ≤ j ≤ m1 + k, 1 ≤ k ≤ m−m1},

γ2 := γ2
m; γ̃

2
k = max {0; γk : γk ∈ Γ2,k, k ≤ m} ,

γ̃
2 := γ̃

2
m; γ∗

k = max {γk : γk ∈ Γ, k ≤ m} ,
γ∗ := γ∗

m; γ̃
∗
k = max {0; γk : γk ∈ Γ, k ≤ m} ,

γ̃
∗ := γ̃

∗
m,
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γ̃
2
∗,k :=

{
0; −1 < γk ≤ 0

min γk, γk > 0
, γk ∈ Γ2,k, k ≤ m

}
;

γ̃
2
∗, := γ̃

2
∗,m,

λ̃k = max{λj ; 1 : j = 1, k, k ≤ m1},
λ̃ := λ̃m1 ; α∗ := min

{
αj , j = m1 + 1,m

}
,

α∗ := max
{
αj , j = m1 + 1,m

}
.

Now we can state our new results.

Theorem 1.1. Let p > 1; G ∈ PDS(λi; fj) for some 0 < λi ≤ 2, i = 1,m1

and fj(x) = cx1+αj , αj > 0, j = m1 + 1,m; h(z) be defined in (1.1). Then,

for any Pn ∈ ℘n, n ∈ N, we have:

(1.10) |Pn(z)| ≤ c1
Bn;1

d(z, L)
‖Pn‖Lp(h,L) ·

{
|Φ(z)|n+1

, z ∈ Ω,
1, z ∈ G,

where c1 = c1(G, p) > 0 is the constant, independent from z and n, and

(1.11)

Bn;1 :=





m1∑
i=1

n
(γi+1−p)λ̃i

p

+
m∑

j=m1+1

n
γj+1−p

p(1+αj) ,

if γi ∈ Γ
(1)
1,k

for all i = 1, k, 1 ≤ k ≤ m1

and if γj ∈ Γ
(1)
2,k

for all j = m1 + 1, k, m1 + 1 ≤ k ≤ m;

(lnn)1−
1
p ,

if γi ∈ Γ
(2)
1,m1

for all i = 1,m1 and

if γj ∈ Γ
(2)
2,m for all j = m1 + 1,m;

1,
if γi ∈ Γ

(3)
1,m1

for all i = 1,m1 and

if γj ∈ Γ
(3)
2,m for all j = m1 + 1,m.

Theorem 1.1 is local, that is, each term in the sum on the right side of Bn;1

shows the local growth of |Pn(z)|, depending on the behavior of the weight
function h(z) and the boundary L in the neighborhood of a each point zj ∈ L

for any j = 1,m. Comparing the terms in the sum for each point {zj} , j = 1,m,
and using the above notations, we can obtain the following result of global
character:

Theorem 1.2. Let p > 1; G ∈ PDS(λi; fj) for some 0 < λi ≤ 2, i = 1,m1

and fj(x) = cx1+αj , αj > 0, j = m1 + 1,m;h(z) be defined in (1.1). Then, for
any Pn ∈ ℘n, n ∈ N, we have:

(1.12) |Pn(z)| ≤ c2
Bn;2

d(z, L)
‖Pn‖Lp(h,L) ·

{
|Φ(z)|n+1

, z ∈ Ω,
1 z ∈ G,
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where c2 = c2(G, p,m) > 0 is the constant, independent from z and n, and

(1.13)

Bn;2 :=





n
(γ1+1−p)λ̃

p

+n
γ2+1−p

p(1+α∗) ,

if there is at least one γi ∈ Γ
(1)
1,k

for some i = 1, k, 1 ≤ k ≤ m1

and if there is at least one γj ∈ Γ
(1)
2,k

for some j = m1 + 1, k; m1 + 1 ≤ k ≤ m;

(lnn)1−
1
p ,

if there is at least one

γj ∈ (Γ
(2)
1,k ∪ Γ

(2)
2,k)\(Γ

(1)
1,m1

∪ Γ
(1)
2,m)

for some j = 1,m, k ≤ m;

1,
if γj ∈ Γ

(3)
1,k ∪ Γ

(3)
2,k

for all j = 1,m.

In particular, in the case of L having two singular points z1 ∈ L and z2 ∈ L

(i.e., m1 = 1, m = 2), we obtain the following:

Corollary 1.1. Let p > 1; G ∈ PDS(λ1; cx
1+α2) for some 0 < λ1 ≤ 2, α2 > 0;

h(z) be defined in (1.1) for j = 2. Then, for any Pn ∈ ℘n, n ∈ N, we have:

(1.14) |Pn(z)| ≤ c3
Bn;3

d(z, L)
‖Pn‖Lp(h,L)

{
|Φ(z)|n+1

, z ∈ Ω,
1 z ∈ G,

where c3 = c3(G, p) > 0 is the constant, independent from z and n, and

(1.15)

Bn,3 :=





n
(γ1+1−p)λ̃1

p + n
γ2+1−p

p(1+α2) , if γ1, γ2 > p− 1,

(lnn)1−
1
p ,

if γ1 = p− 1, −1 < γ2 ≤ p− 1
or − 1 < γ1 ≤ p− 1, γ2 = p− 1,

1, if − 1 < γ1, γ2 < p− 1.

We can take individual cases when the region G has only one singular point
on the boundary L: exterior non zero (interior zero) angle or exterior zero
angle. In this case, from Corollary 1.1, we obtain the following:

Corollary 1.2. Under the conditions of Corollary 1.1, we have:

(1.16) |Pn(z)| ≤ c4
Bn;4

d(z, L)
‖Pn‖Lp(h,L)

{
|Φ(z)|n+1

, z ∈ Ω,
1 z ∈ G,
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where c4 = c4(G, p) > 0 is the constant, independent from z and n, and

(1.17) Bn,4 :=





n
(γ1+1−p)λ̃1

p , if α2 = 0, γ1 > p− 1,

n
γ2+1−p

p(1+α2) , if λ1 = 1, α2 > 0, γ2 > p− 1;

(lnn)1−
1
p ,

if α2 = 0, γ1 = p− 1,
or λ1 = 1, γ2 = p− 1;

1,
if α2 = 0, − 1 < γ1 < p− 1,
or λ1 = 1, − 1 < γ2 < p− 1.

As we can see from the above results, it remains to find an estimate on the
|Pn(z)| for the boundary points. In this case the following is true:

Theorem 1.3. Let p > 1; G ∈ PDS(λi; fj) for some 0 < λi < 2, i = 1,m1

and fj(x) = cx1+αj , αj > 0, j = m1 + 1,m; h(z) be defined as in (1.1). Then,
for any Pn ∈ ℘n, n ∈ N, we have:

(1.18) ‖Pn‖C(G) ≤ c5

(
m1∑

i=1

n
(γ̃i+1)λ̃i

p +

m∑

i=m1+1

Di
n,m

)
‖Pn‖Lp(h,L) ,

where c5 = c5(G, p) > 0 is the constant, independent from z and n,

Di
n,m :=





n
γ̃i+1

p(1+αi)
+

αi
p(1+αi) , 1 < p < 2 + γ̃i

1+αi
,

(n ln)1−
1
p , p = 2 + γ̃i

1+αi
,

n1− 1
p , p > 2 + γ̃i

1+αi
,

for any i = m1 + 1,m.

Comparing the terms in the sum for each point {zj}, j = 1,m, we obtain
result of global character as follows:

Corollary 1.3. Under the conditions of Theorem 1.3, we have

(1.19) ‖Pn‖C(G) ≤ c6 (Dn,m1 +Dn,m) ‖Pn‖Lp(h,L) ,

Dn,m1 := n
(γ̃1+1)λ̃

p ; Dn,m :=





n
γ̃2+1

p(1+α∗)
+ α∗

p(1+α∗) , 1 < p < 2 +
γ̃2
∗

1+α∗ ,

(n ln)1−
1
p , p = 2 + γ̃2

1+α∗
,

n1− 1
p , p > 2 + γ̃2

1+α∗
,

where c6 = c6(G, p) > 0 is the constant, independent from z and n.

In particular, when the region has one exterior angle λ1π, 0 < λ1 ≤ 2, at the
boundary point z1 and one exterior zero angle x1+α2 , α2 > 0, at the boundary
point z2, then from Theorem 1.3 we obtain the following:

Corollary 1.4. Let p > 1; G ∈ PDS(λ1; f2) for some 0 < λ1 ≤ 2 and

f2(x) = cx1+α2 , α2 > 0; h(z) be defined as in (1.1). Then, for any Pn ∈ ℘n,

n ∈ N, we have:

(1.20) ‖Pn‖C(G) ≤ c7 (Dn,1 +Dn,2) ‖Pn‖Lp(h, L) ,
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where c7 = c7(G, p, λ1, α2) > 0 is the constant, independent from z and n, and

Dn,1 := n
(γ̃1+1)λ̃

p ; Dn,2 :=





n
γ̃2+1

p(1+α2)
+

α2
p(1+α2) , 1 < p < 2 + γ̃2

1+α2
,

(n ln)1−
1
p , p = 2 + γ̃2

1+α2
,

n1− 1
p , p > 2 + γ̃2

1+α2
.

Combining Corollary 1.4 with Corollary 1.2, we obtain an estimate at the
growth of |Pn(z)| on the whole complex plane (for simplicity, we assume m1 =
1, m = 2):

Corollary 1.5. Let p > 1; G ∈ PDS(λ1; f2) for some 0 < λ1 ≤ 2 and

f2(x) = cx1+α2 , α2 > 0; h(z) be defined as in (1.1). Then, for any Pn ∈ ℘n,

n ∈ N, we have:

(1.21) |Pn(z)| ≤ c8 ‖Pn‖Lp(h,L)

{
Bn,4

d(z,L) |Φ(z)|
n+1

, z ∈ Ω,

(Dn,1 +Dn,2) , z ∈ G,

where c8 = c8(G, p) > 0 is the constant, independent from z and n; Bn;4 and

Dn,1, Dn,2 are defined as in (1.17) and (1.20), respectively.

1.1. Sharpness of estimates

The sharpness of the estimations (1.10)-(1.21) for some special cases can be
discussed by comparing them with the following results:

Remark 1.1. For any n ∈ N and i = 1, 2 there exist polynomials Pi,n ∈ ℘n,

regions Gi ⊂ C and constants c9 = c9(G
1) > 0, c10 = c10(G

2) > 0 such that

(1.22) ‖P1,n‖C(G1) ≥ c9n
1
p ‖P1,n‖Lp(∂G1) ,

and

(1.23) |P2,n(z)| ≥ c10 |Φ(z)|n ‖P2,n‖L2(∂G2) , ∀z ∈ F,

where F is a closed subset in Ω\G2.

2. Some auxiliary results

For the nonnegative functions a > 0 and b > 0, we shall use the notations
“a � b”(order inequality), if a ≤ cb and “a ≍ b”are equivalent to c1a ≤ b ≤ c2a

for some constants c, c1, c2 (independent of a and b) respectively.
We can find a well known definition of a K-quasiconformal curve in [5], [13,

p. 97], [17, p. 286] and [19] as follows:

Definition 2.1 ([13, p. 97], [19]). The Jordan curve (or arc) L is called K-
quasiconformal (K ≥ 1), if there is aK-quasiconformal mapping f of the region
D ⊃ L such that f(L) is a circle (or line segment).

Let F (L) denote the set of all sense preserving plane homeomorphisms f of
the region D ⊃ L such that f(L) is a line segment (or circle) and let

KL := inf {K(f) : f ∈ F (L)} ,
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where K(f) is the maximal dilatation of a such mapping f. Then L is a qua-
siconformal curve if KL < ∞, and L is a K-quasiconformal curve if KL ≤ K.

We well know that there exist quasiconformal curves which are not rectifiable
[13, p. 104].

According to the “three-point” criterion [5, p. 100], every piecewise Dini-
smooth curve (without any cusps) is quasiconformal.

Lemma 2.1 ([1], [3]). Let L be a K-quasiconformal curve, z1 ∈ L, z2, z3 ∈
Ω ∩ {z : |z − z1| � d(z1, Lr0)}; wj = Φ(zj), (z2, z3 ∈ G ∩ {z : |z − z1| �
d(z1, LR0)}; wj = ϕ(zj)), j = 1, 2, 3. Then

a) The statements |z1 − z2| � |z1 − z3| and |w1 − w2| � |w1 − w3| are

equivalent. So are |z1 − z2| ≍ |z1 − z3| and |w1 − w2| ≍ |w1 − w3| ;
b) If |z1 − z2| � |z1 − z3| , then

∣∣∣∣
w1 − w3

w1 − w2

∣∣∣∣
K2

�
∣∣∣∣
z1 − z3

z1 − z2

∣∣∣∣ �
∣∣∣∣
w1 − w3

w1 − w2

∣∣∣∣
K−2

,

where 0 < r0 < 1, R0 := r−1
0 are constants, depending on G.

Recall that for 0 < δj < δ0 := 1
4 min {|zi − zj| : i, j = 1, 2, . . . ,m, i 6= j}, we

put Ω(zj , δj) := Ω ∩ {z : |z − zj| ≤ δj} ; δ := min
1≤j≤m

δj , Ω(δ) :=
⋃m

j=1 Ω(zj , δ),

Ω̂ := Ω \ Ω(δ). Additionally, let ∆j := Φ(Ω(zj , δ)), ∆(δ) :=
⋃m

j=1 Φ(Ω(zj , δ)),

∆̂(δ) := ∆\∆(δ). Let wj := Φ(zj) and for ϕj := argwj , j = 1, 2, . . . ,m,

we put ∆
′

j :=
{
t = Reiθ : R > 1,

ϕj−1+ϕj

2 ≤ θ <
ϕj+ϕj+1

2

}
, where ϕ0 ≡ ϕm,

ϕ1 ≡ ϕm+1; Ωj := Ψ(∆
′

j), L
j := L∩Ωj , i = 1, 2, . . . ,m. Clearly, Ω =

⋃m
j=1 Ωj .

L
j
R := LR ∩ Ω

j
, F i := Φ(Li) = ∆

′

i ∩ {τ : |τ | = 1} , F i
R := Φ(Li

R) = ∆
′

i ∩
{τ : |τ | = R} , i = 1,m.

The following lemma is a consequence of the results given in [17, pp. 41–58],

[9, pp. 32–36], and estimation for the
∣∣∣Ψ′
∣∣∣ (see, for example, [8, Th. 2.8]):

(2.1) |Ψ′(τ )| ≍ d(Ψ (τ) , L)

|τ | − 1
.

Lemma 2.2. Let a Jordan region G ∈ PDS(λj ; 0), 0 < λj ≤ 2, j = 1,m1.

Then,

i) for any w ∈ ∆j , |Ψ(w)−Ψ(wj)| ≍ |w − wj |λj , |Ψ′(w)| ≍ |w − wj |λj−1
;

ii) for any w ∈ ∆\∆j , |Ψ(w)− Ψ(wj)| ≍ |w − wj | , |Ψ′(w)| ≍ 1.

Let L be a quasiconformal curve; y(ζ) denotes the regular quasiconformal
reflection across L (see, for example, [1], [8], [13]), and for any R > 1, let L∗ :=
y(LR), G∗ := intL∗, Ω∗ := extL∗; w = ΦR(z) be the conformal mapping of Ω∗

onto the ∆ normalized by ΦR(∞) = ∞, limz→∞
ΦR(z)

z > 0, and ΨR := Φ−1
R .
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For t > 1, let us set L∗
t := {z : |ΦR(z)| = t} . According to [7], for all z ∈ L∗

and t ∈ L such that |z − t| = d(z, L) we have

(2.2) d(z, L) ≍ d(t, LR) ≍ d(z, L∗
R).

Lemma 2.3 ([1]). Let L be a quasiconformal curve. Then, for any polynomial

Pn(z) ∈ ℘n, n ∈ N and R > 1, we have

(2.3) ‖Pn‖C(G) � ‖Pn‖C(G∗
) .

Let {zj}mj=1 be a fixed system of the points on L and the weight function

h (z) defined as (1.1):

Lemma 2.4. Let L be a rectifiable Jordan curve h(z) as defined in (1.1). Then,
for arbitrary Pn(z) ∈ ℘n, any R > 1 and n ∈ N, we have

(2.4) ‖Pn‖Lp(h,LR) ≤ Rn+ 1+γ∗

p ‖Pn‖Lp(h,L) , p > 0,

where γ∗ = max {γk : γk ∈ Γ, k ≤ m}.
Proof. Let us set:

fn (t) :=
m∏

j=1

[
t(Ψ(

1

t
)−Ψ(wj))

] γj
p

tnPn

(
Ψ

(
1

t

))
· (Ψ′

(
1

t
))

1
p .

Since fn is analytic in B and L is rectifiable, fn belongs to Hardy class Hp,

and then, by Hardy’s convexity theorem, we have
∫

|t|= 1
R

|fn (t)|p
|dt|
|t| ≤

∫

|t|=1

|fn (t)|p |dt| ,

which implies that
∫

LR

h(z) |Pn (z)|p |dz|

=

∫

|w|=R

m∏

j=1

|Ψ(w)−Ψ(wj)|γj

∣∣∣∣Pn (Ψ (w))
(
Ψ

′

(w)
) 1

p

∣∣∣∣
p

|dw|

=

∫

|t|= 1
R

m∏

j=1

∣∣∣∣Ψ(
1

t
)−Ψ(wj)

∣∣∣∣
γj

∣∣∣∣∣Pn

(
Ψ

(
1

t

))(
Ψ

′

(
1

t
)

) 1
p

∣∣∣∣∣

p

|dt|

≤ Rnp+1+γj

∫

|t|=1

m∏

j=1

∣∣∣∣Ψ(
1

t
)−Ψ(wj)

∣∣∣∣
γj

∣∣∣∣∣Pn

(
Ψ

(
1

t

))(
Ψ

′

(
1

t
)

) 1
p

∣∣∣∣∣

p

|dt|

= Rnp+1+γj

∫

L

h(z) |Pn (z)|p |dz| .

We completed the proof of (2.4). �

Remark 2.1. In case of h(z) ≡ 1, the estimate (2.4) has been proved in [11].
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3. Proofs

3.1. Proof of Theorem 1.1

Proof. Suppose that G ∈ PDS(λi; fj) for some 0 < λi ≤ 2, i = 1,m1 and
fj(x) = cx1+αj , αj > 0, j = m1 + 1,m; h(z) be defined in (1.1). Let’s denote

(3.1) Tn (z) :=
Pn (z)

Φn+1(z)
,

and, Cauchy integral representation for Tn:

(3.2) Tn (z) = − 1

2πi

∫

L

Tn (ζ)
dζ

ζ − z
, z ∈ Ω.

Hence

|Tn (z)| ≤
1

2π

∫

L

|Tn (ζ)|
|dζ|

|ζ − z| ≤
1

2πd(z, L)

∫

L

|Pn (ζ)| |dζ| ,

since |Φ(ζ)| = 1, and

(3.3) |Pn (z)| ≤
|Φ(z)|n+1

2πd(z, L)

∫

L

|Pn (ζ)| |dζ| .

Let

(3.4) An :=

∫

L

|Pn (ζ)| |dζ| =
m∑

i=1

∫

Li

|Pn (ζ)| |dζ| .

Multiplying the numerator and denominator of the integrand by
∏m

j=1|ζ−zj|
γj

p ,
after then applying Hölder inequality, we obtain:

An ≤
m∑

i=1



∫

Li

m∏

j=1

|ζ − zj |γj |Pn(ζ)|p |dζ|




1
p

(3.5)

×



∫

Li

|dζ|
m∏
j=1

|ζ − zj|
qγj
p




1
q

=:

m∑

i=1

Ai
n,

where

Ai
n :=



∫

Li

h(ζ) |Pn(ζ)|p |dζ|




1
p



∫

Li

|dζ|
m∏
j=1

|ζ − zj|
qγj

p




1
q

=: J i
n,1·J i

n,2,
1

p
+
1

q
= 1.

For the J i
n,1 we have:

(3.6) J i
n,1 � ‖Pn‖Lp(h,L) , i = 1,m.
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Then, from (3.5) and (3.6) we obtain:

An � ‖Pn‖Lp(h,L)

m∑

i=1

(
J i
n,2

) 1
q .

For the integral J i
n,2 we get:

(3.7) J i
n,2 :=

∫

Li

|dζ|
m∏
j=1

|ζ − zj|
qγj

p

≍
∫

Li

|dζ|
|ζ − zi|γi(q−1)

,

since the points {zj}mj=1 are distinct on L. For simplicity calculations, we

assume that m1 = 1, m = 2, z1 = −1, z2 = 1; (−1, 1) ⊂ G and let local coordi-
nate axis in Definition 1.2 be parallel to OX and OY in the coordinate system;
L = L+ ∪ L−, where L+ := {z ∈ L : Im z ≥ 0} , L− := {z ∈ L : Im z < 0} ;
Let w± :=

{
w = eiθ : θ = ϕ1±ϕ2

2

}
, z± ∈ Ψ(w±), l±i (zi, z

±)-denoted the arcs,

connected the points zi which z±, respectively;
∣∣l±i
∣∣ := mesl±i (zi, z

±), i = 1, 2.
Let z0 be taken as an arbitrary point on L+ (or on L− subject to the chosen
direction). Then, from (3.7), we have:

(3.8) An � ‖Pn‖Lp(h,L)

2∑

i=1

(
J i
n,2

) 1
q ,

where

(3.9) J1
n,2 =

∫

L1

|dζ|
|ζ − z1|γ1(q−1)

; J2
n,2 =

∫

L2

|dζ|
|ζ − z2|γ2(q−1)

.

For estimation the integral, we give some notations:

R = 1 +
1

n
; di,R := d(zi, LR);

E
1,±
1 :=

{
ζ ∈ L1 : |ζ − z1| < c1d1,R

}
,

E
1,±
2 :=

{
ζ ∈ L1 : c1d1,R ≤ |ζ − z1| ≤

∣∣l±1
∣∣} ,

E
2,±
1 :=

{
ζ ∈ L2 : |ζ − z2| < c2d2,R

}
,

E
2,±
2 :=

{
ζ ∈ L2 : c2d2,R ≤ |ζ − z2| ≤

∣∣ l±2
∣∣} ;

I
i,±
n,k := Iin,k(E

i,±
k ) :=

∫

Ei,±

k

|dζ|
|ζ − zi|γi(q−1)

; i, k = 1, 2.

Taking into consideration these notations, (3.8) can be written as:

An � ‖Pn‖Lp(h,L)

2∑

i=1

(
J i
n,2

) 1
q(3.10)

=: ‖Pn‖Lp(h,L)

2∑

i=1

[
Iin,1(E

i,±
1 ) + Iin,2(E

i,±
2 )

] 1
q
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=: ‖Pn‖Lp(h,L)

2∑

i=1

[
I
i,±
n,1 + I

i,±
n,2

] 1
q

, i = 1, 2.

According to (3.3) and (3.4), it suffices to estimate the integrals Ii,±n,k for each
i = 1, 2 and k = 1, 2, 3.

Let’s start with the evaluation of the follows integral J1
n,2 from (3.9) and

(3.10):

J1
n,2 =

∫

L1

|dζ|
|ζ − z1|γ1(q−1)

(3.11)

:=




2∑

k=1

∫

E1,±
k

|dζ|
|ζ − zi|γ1(q−1)




1
q

=:
[
I
1,±
n,1 + I

1,±
n,2

] 1
q

.

Given the possible values of γi (−1 < γi < 0, γi ≥ 0, i = 1, 2), we will consider
the estimates for the J1

n,2 separately.

Let γ1 ≥ 0 and γ2 ≥ 0. In this case for the integral J1
n,2, we get:

I
1,±
n,1 �

∫

E1,±
1

|dζ|
|ζ − z1|γ1(q−1)

(3.12)

�
c1d1,R∫

0

ds

sγ1(q−1)
�
{

d
1−γ1(q−1)
1,R , γ1 > p− 1,

1, γ1 ≤ p− 1;

I
1,±
n,2 �

∫

E1,±
2

|dζ|
|ζ − z1|γ1(q−1)

�
|l±1 |∫

c1d1,R

ds

sγ1(q−1)
�





d
1−γ1(q−1)
1,R , γ1 > p− 1,

ln 1
d1,R

, γ1 = p− 1,

1, γ1 < p− 1;

Similar estimates for the integral J2
n given:

I2n,1 �
∫

E2
1

|dζ|
|ζ − z2|γ2(q−1)

(3.13)

�
c2d2,R∫

0

ds

sγ2(q−1)
�
{

d
1−γ2(q−1)
2,R , γ2 > p− 1,

1, γ2 ≤ p− 1;

I
2,±
n,2 �

∫

E2,±
2

|dζ|
|ζ − z2|γ2(q−1)

�
|l±2 |∫

c2d2,R

ds

sγ2(q−1)
�





d
1−γ2(q−1)
2,R , γ2 > p− 1,

ln 1
d2,R

, γ2 = p− 1,

1, γ2 < p− 1;
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Let γ1 < 0 and γ2 < 0. Then, analogously to the (3.12) and (3.13)

I1n,1 �
∫

E1
1

|ζ − z1|(−γ1)(q−1) |dζ| � d
(−γ1)(q−1)
1,n mesE1

1 � 1,(3.14)

I1n,2 �
∫

E1
2

|ζ − z1|(−γ1)(q−1) |dζ| �
∣∣l±1
∣∣(−γ1)(q−1)+1 � 1,

and

I
2,±
n,1 �

∫

E2,±
1

|ζ − z2|(−γ2)(q−1) |dζ| � d
(−γ2)(q−1)
2,R mesE

2,±
1 � 1,(3.15)

I
2,±
n,2 �

∫

E2,±
2

|ζ − z2|(−γ2)(q−1) |dζ| �
∣∣l±2
∣∣(−γ2)(q−1)+1 � 1.

Therefore, in this case, from (3.10)-(3.15), we obtain:

(3.16) An � ‖Pn‖Lp(h,L)





d
1−γ1(q−1)

q

1,R + d
1−γ2(q−1)

q

2,R , γ1, γ2 > p− 1,

(
ln 1

d1,R

) 1
q

+
(
ln 1

d2,R

) 1
q

, γ1 = γ2 = p− 1,

1, γ1, γ2 < p− 1.

Comparing (3.3), (3.4) and (3.16), we have:

(3.17) |Pn (z)| ≤ c
B0

n,1

d(z, L)
‖Pn‖Lp(h,L) |Φ(z)|

n+1
,

where c = c(G, p, γi) > 0, i = 1, p, constant independent from n and z, and

(3.18) B0
n,1 :=





d
1−γ1(q−1)
1,R + d

1−γ2(q−1)
2,R , γ1, γ2 > p− 1,

ln 1
d1,R

+ ln 1
d2,R

, γ1 = γ2 = p− 1,

1, γ1, γ2 < p− 1.

According to Lemma 2.2, for the point z1 we get:

(3.19) d1,R � n−λ̃1 .

For the estimate d2,R, let’s set: zR ∈ LR such that d2,R = |z2 − zR| , ζ± ∈
L± such that d(zR, L

2 ∩ L±) := d(zR, L
+); z±2 := ζ ∈ L2 : |ζ − z2| = c2d2,R.

Under this notations, from Lemma 2.1, we obtain:

(3.20) d±R := d(zR, L
2 ∩ L±) ≍

∣∣zR − z±2
∣∣ ≍ d1+α2

2,R .
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In this, d2,R =
(
d±R
) 1

1+α2 . On the other hand, according to Lemma 2.2 and [6,

Corollary 2], we get: d±R � n−1. Therefore,

(3.21) d2,R � n
− 1

1+α2 .

Comparing (3.17)-(3.21), we get:

|Pn (z)| �
B

0

n,1

d(z, L)
‖Pn‖Lp(h,L) |Φ(z)|

n+1
,

where

(3.22) B0
n,1 �





n
(γ1(q−1)−1)λ̃1

q + n
γ2(q−1)−1

q(1+α2) , γ1, γ2 > p− 1,

(lnn)
1
q , γ1 = γ2 = p− 1,

1, γ1, γ2 < p− 1.

Combining the corresponding estimates for each point {zj} , j = 1,m, and
taking into account the above notation, we complete the proof for the points
z ∈ Ω.

Let z ∈ G be an arbitrary fixed point. Cauchy integral representation for
the G gives

(3.23) Pn (z) =
1

2πi

∫

L

Pn (ζ)
dζ

ζ − z
, z ∈ G.

In this, we have

|Pn (z)| =
1

2π

∫

L

|Pn (ζ)|
|dζ|

|ζ − z|(3.24)

≤ 1

2πd(z, L)

∫

L

|Pn (ζ)| |dζ| =:
1

2πd(z, L)
An,

where An defined as in (3.4). Combining relations (3.16), (3.18) and (3.24), we
complete the proof. �

3.2. Proof of Theorem 1.3

Proof. Let G ∈ PDS(λi; fj) for some 0 < λi ≤ 2, i = 1,m1 and fj(x) =
cx1+αj , αj > 0, j = m1 + 1,m, is given. If G ∈ PDS(λi; 0) for some 0 < λi <

2, i = 1,m1, i.e., αj = 0 for all j = m1 + 1,m, the proof is just. Really, for
any z ∈ G, according to Theorem 1.1, (3.23) and (3.24), we have

(3.25) |Pn(z)| �
B

′′

n,1

d(z, L)
‖Pn‖Lp(h,L) , z ∈ G,
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where

(3.26) B
′′

n;1 :=





n
(1−p+γ̃1)λ̃

p ,
if there is at least one γi ∈ Γ

(1)
1,k

for some i = 1, k, k ≤ m1;

(lnn)1−
1
p ,

if there is at least one

γj ∈ Γ
(2)
1,k\Γ

(1)
1,m1

for some j = 1, k, k ≤ m1;

1,
if γj ∈ Γ

(3)
1,k

for all j = 1,m.

On the other hand, according to the “three-point” criterion [5, p. 100], we see
that L := ∂G is Q-quasiconformal for some Q > 1. Let z ∈ L∗ be arbitrary
fixed and R = 1 + 1

n . According to Lemma 2.2 and (2.2), we obtain:

(3.27)
d(z, L) ≍ d(t, LR) � n−λ̃,

|Pn(z)| � nλ̃B
′′

n,1 ‖Pn‖Lp(h,L) , z ∈ G
∗
.

Combining (2.2), (3.25) and (3.27), from Lemma 2.3, we obtain the proof.
Now, we consider the general case. Let λi = 2 for some i = 1,m1 and αj > 0

for some j = m1 + 1,m. Cauchy integral representation for a region GR gives:

Pn (z) =
1

2πi

∫

LR

Pn (ζ)
dζ

ζ − z
, z ∈ GR.

Replacing the variable τ = Φ(ζ), multiplying the numerator and determinator

of the integrant by
∏m

i=1 |Ψ(τ)−Ψ(wi)|
γi
p |Ψ′(τ )|

1
p , according to the Hölder

inequality, we get:

|Pn (z)| ≤ 1

2π

∫

LR

|Pn (ζ)|
|dζ|

|ζ − z|

(3.28)

=
1

2π

∫

|τ |=R

|Pn (Ψ(τ ))| |Ψ′(τ )|
|Ψ(τ )−Ψ(w)| |dτ |

≤ 1

2π



∫

|τ |=R

m∏

j=1

|Ψ(τ )−Ψ(wj)|γj |Pn (Ψ(τ ))|p |Ψ′(τ )| |dτ |




1
p

×



∫

|τ |=R

|Ψ′(τ )|(1−
1
p)q

m∏
j=1

|Ψ(τ)−Ψ(wj)|
qγj

p |Ψ(τ)−Ψ(w′)|q
|dτ |




1
q
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=
1

2π

(∫

LR

h(ζ) |Pn (ζ)|p |dζ|
) 1

p

×



∫

|τ |=R

|Ψ′(τ )|
m∏
j=1

|Ψ(τ)−Ψ(wj)|γj(q−1) |Ψ(τ)−Ψ(w′)|q
|dτ |




1
q

=
1

2π
Jn,1 × Jn,2,

where

Jn,1 := ‖Pn‖Lp(h,LR) ,

Jn,2 :=



∫

|τ |=R

|Ψ′(τ )|
m∏
j=1

|Ψ(τ )−Ψ(wi)|γi(q−1) |Ψ(τ)−Ψ(w)|q
|dτ |




1
q

.

Then, from Lemma 2.4, we have:

(3.29) |Pn (z)| � Jn,1 · Jn,2 � ‖Pn‖Lp(h,L) · Jn,2, z ∈ L, w = Φ(z).

In order to estimate the integral Jn,2, taking into account the estimation for
the |Ψ′| (2.1), we get

Jn,2 =




m∑

i=1

∫

F i
R

|Ψ′(τ )| |dτ |
m∏
j=1

|Ψ(τ)−Ψ(wi)|γi(q−1) |Ψ(τ)−Ψ(w)|q




1
q

(3.30)

=:

(
m∑

i=1

J i
n,2

) 1
q

≤
m∑

i=1

(
J i
n,2

) 1
q ,

where

J i
n,2 :=

∫

F i
R

|Ψ′(τ )| |dτ |
m∏
i=1

|Ψ(τ)−Ψ(wi)|γj(q−1) |Ψ(τ )−Ψ(w)|q
, i = 1,m.(3.31)

≍
∫

F i
R

|Ψ′(τ )| |dτ |
|Ψ(τ )−Ψ(wi)|γi(q−1) |Ψ(τ )−Ψ(w)|q

=: J(F i
R),

since the points wi := Φ(zi) are distinct.
It remains to estimate the integrals J(F i

R) for each i = 1,m.

For simplicity of the our next calculations, we assume that:

(3.32) i = 1, 2; m1 = 1, m = 2; z1 = −1, z2 = 1;R = 1 +
1

n
.
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In addition to the previously notations, we introduce the following: LR =
L+
R ∪ L−

R, where L+
R := {z ∈ LR : Im z ≥ 0} , L−

R := {z ∈ LR : Im z < 0} ; Let
w±

R :=
{
w = Reiθ : θ =

ϕ1±ϕ2

2

}
, z±R ∈ Ψ(w±

R), let’s set: zi,R ∈ LR such that

di,n = |zi − zi,R| and ζ± ∈ L± such that d(z2,R, L
2∩L±) := d(z2,R, L

±); z±i :={
ζ ∈ Li : |ζ − zi| = cid(zi, LR

}
, z±i,R :=

{
ζ ∈ Li

R : |ζ − zi,R| = cid(zi,R, LR

}
,

w±
i,R = Φ(z±i,R). l

±
i,R(z

±
i,R, z

±
R )-denoted the arcs, connected the points z±i,R with

z±R , respectively and
∣∣∣l±i,R

∣∣∣ := mesl±i,R(z
±
i,R, z

±
R), i = 1, 2. Let z0 be taken as

an arbitrary fixed point on L+distinct from z1 and z2 (or on L− subject to
the chosen direction). For simplicity, without loss of generality, we assume that

z0 = z+R (z0 = z−R ). We denote: E
1,±
1,R := {ζ ∈ LR : |ζ − z1| < c1d1,R}, E1,±

2,R :={
ζ ∈ LR : c1d1,R ≤ |ζ − z1| ≤

∣∣∣l±1,R
∣∣∣
}
, E

2,±
1,R :=

{
ζ ∈ L2

R : |ζ − z2| < c2d2,R
}
,

E
2,±
2,R :=

{
ζ ∈ L2

R : c2d2,R ≤ |ζ − z2| ≤
∣∣∣l±2,R

∣∣∣
}
, and F

i,±
j,R := Φ(Ei,±

j,R), i, j =

1, 2.
Taking into consideration these designations, (3.31) can be written as:

J i
n,2 ≍

2∑

i,j=1

∫

F i,±
j,R

|Ψ′(τ )| |dτ |
|Ψ(τ )−Ψ(wi)|γi(q−1) |Ψ(τ)−Ψ(w)|q

(3.33)

=:

2∑

i,j=1

J(F i,±
j,R ).

So, we need to evaluate the integrals J(F i,±
j,R ) for each i, j = 1, 2.

Let be

(3.34) ‖Pn‖C(G) =: |Pn (z
′)| , z′ ∈ L = L1 ∪ L2,

and let w′ = Φ(z′). There are two possible cases: point z′ may lie or L1, or L2.
1) Suppose first that z′ ∈ L1. In this case, from Lemma 2.2 and Lemma 2.1,

we have:
1.1) If z′ ∈ E

1,±
1 , then

J(F 1,+
1,R ) + J(F 1,−

1,R )(3.35)

=

∫

F 1,+
1,R ∪F 1,−

1,R

|Ψ′(τ )| |dτ |
|Ψ(τ )−Ψ(w1)|γ1(q−1) |Ψ(τ)−Ψ(w′)|q

�
∫

F 1,+
1,R ∪F 1,−

1,R

|τ − w1|λ1−1 |dτ |
|τ − w1|γ1(q−1)λ1 |τ − w′|qλ1

�
∫

F 1,+
1,R ∪F 1,−

1,R

|dτ |
[min {|τ − w1| ; |τ − w′|}](γ1(q−1)+q)λ1−λ1+1

� n(γ1+1)(q−1)λ1
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for γ1 > 0, and

J(F 1,+
1,R ) + J(F 1,−

1,R )(3.36)

=

∫

F 1,+
1,R ∪F 1,−

1,R

|Ψ(τ )−Ψ(w1)|(−γ1)(q−1) |Ψ′(τ )| |dτ |
|Ψ(τ )−Ψ(w′)|q

�
∫

F 1,+
1,R ∪F 1,−

1,R

|τ − w1|(−γ1)(q−1)λ1+λ1−1 |dτ |
|τ − w′|qλ1

� n(γ1+1)(q−1)λ1

for −1 < γ1 ≤ 0;

1.2) If z′ ∈ E
1,±
2 , then

J(F 1,+
1,R ) + J(F 1,−

1,R )(3.37)

=

∫

F 1,+
1,R ∪F 1,−

1,R

|Ψ′(τ )| |dτ |
|Ψ(τ )−Ψ(w1)|γ1(q−1) |Ψ(τ)−Ψ(w′)|q

�
∫

F 1,+
1,R ∪F 1,−

1,R

|τ − w1|λ1−1 |dτ |
|τ − w1|γ1(q−1)λ1+qλ1

�
∫

F 1,+
1,R ∪F 1,−

1,R

|dτ |
|τ − w1|γ1(q−1)λ1+qλ1−λ1+1

� n(γ1+1)(q−1)λ1

for all γ1 > −1;

1.3) If z′ ∈ E
1,±
1 , then

J(F 1,+
2,R ) + J(F 1,−

2,R )(3.38)

=

∫

F 1,+
2,R ∪F 1,−

2,R

|Ψ′(τ )| |dτ |
|Ψ(τ)−Ψ(w1)|γ1(q−1) |Ψ(τ )−Ψ(w′)|q

�
∫

F 1,+
2,R ∪F 1,−

2,R

|Ψ′(τ )| |dτ |
min {|Ψ(τ )−Ψ(w1)| ; |Ψ(τ )−Ψ(w′)|}γ1(q−1)+q

�
∫

F 1,+
2,R ∪F 1,−

2,R

|dτ |
min {|τ − w1| ; |τ − w′|}[γ1(q−1)+q]λ1−λ1+1

� n(γ1+1)(q−1)λ1

for γ1 > 0 and

J(F 1,+
2,R ) + J(F 1,−

2,R )(3.39)

=

∫

F 1,+
2,R ∪F 1,−

2,R

|Ψ(τ )−Ψ(w1)|(−γ1)(q−1) |Ψ′(τ )| |dτ |
|Ψ(τ)−Ψ(w′)|q
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�
∫

F 1,+
2,R ∪F 1,−

2,R

|τ − w1|(−γ1)(q−1)+λ1−1 |dτ |
|τ − w′|qλ1

�
∫

F 1,+
2,R ∪F 1,−

2,R

|dτ |
min {|τ − w1| ; |τ − w′|}[γ1(q−1)+q]λ1−λ1+1

� n(γ1+1)(q−1)λ1

for −1 < γ1 ≤ 0;

1.4) If z′ ∈ E
1,±
2 , then

J(F 1,+
2,R ) + J(F 1,−

2,R )(3.40)

=

∫

F 1,+
2,R ∪F 1,−

2,R

|Ψ′(τ )| |dτ |
|Ψ(τ )−Ψ(w1)|γ1(q−1) |Ψ(τ )−Ψ(w′)|q

�
∫

F 1,+
2,R ∪F 1,−

2,R

|Ψ′(τ )| |dτ |
[min {|Ψ(τ)−Ψ(w1)| ; |Ψ(τ)−Ψ(w′)|}]γ1(q−1)+q−1

�
∫

F 1,+
2,R ∪F 1,−

2,R

|τ − w1|λ1−1 |dτ |
[min {|τ − w1| ; |τ − w′|}]γ1(q−1)+q−1

� n(γ1+1)(q−1)λ1

for γ1 > 0, and

J(F 1,+
2,R ) + J(F 1,−

2,R )(3.41)

=

∫

F 1,+
2,R ∪F 1,−

2,R

|Ψ(τ )−Ψ(w1)|(−γ1)(q−1) |Ψ′(τ )| |dτ |
|Ψ(τ)−Ψ(w′)|q

�
∫

F 1,+
2,R ∪F 1,−

2,R

|dτ |
min {|τ − w1| ; |τ − w′|}[γ1(q−1)+q]λ1−λ1+1

� n(γ1+1)(q−1)λ1

for −1 < γ1 ≤ 0. Combining the relations (3.35)-(3.41), we obtain:

(3.42) J(F 1,+
1,R ) + J(F 1,−

1,R ) � n(γ̃1+1)(q−1)λ̃1 .

2) Now, suppose that z′ ∈ L2. In this case, according to (2.1):

2.1) If z′ ∈ E
2,±
1 , then

J(F 2,+
1,R ) + J(F 2,−

1,R )

=

∫

F 2,+
1,R ∪F 2,−

1,R

|Ψ′(τ )| |dτ |
|Ψ(τ )−Ψ(w2)|γ2(q−1) |Ψ(τ)−Ψ(w′)|q

≍
∫

F 2,+
1,R ∪F 2,−

1,R

d(Ψ(τ ), L) |dτ |
|Ψ(τ)−Ψ(w2)|γ2(q−1) |Ψ(τ )−Ψ(w′)|q (|τ | − 1)

�
∫

F 2,+
1,R

|dτ |
d
γ2(q−1)−1
2,R |Ψ(τ )−Ψ(w′)|q (|τ | − 1)



ON THE GROWTH OF ALGEBRAIC POLYNOMIALS 719

+

∫

F 2,−
1,R

|dτ |
d
γ2(q−1)−1
2,R |Ψ(τ)−Ψ(w′)|q (|τ | − 1)

for all γ2 > −1. The last two integrals are evaluated identically, therefore, we

evaluate one of them, say the first. When τ ∈ F
2,+
1,R for the |Ψ(τ)−Ψ(w′)| we

obtain:

|Ψ(τ )−Ψ(w′)| � max
{
|Ψ(τ )−Ψ(w2)| ;

∣∣Ψ(τ)− z+2
∣∣}

= |Ψ(τ )−Ψ(w2)| �
∣∣Ψ(τ)− z+2

∣∣ 1
1+β2 .

Then,

J(F 2,+
1,R ) � n

∫

F 2,+
1,R

|dτ |
∣∣Ψ(τ)− z+2

∣∣
γ2(q−1)+q−1

1+α2

� n

∫

F 2,+
1,R

|dτ |
∣∣Ψ(τ)− z+2

∣∣
(γ2+1)(q−1)

1+α2

� n

∫

F 2,+
1,R

|dτ |
∣∣τ − w+

2

∣∣
(γ2+1)(q−1)

1+α2

�





n
(γ2+1)
1+α2

(q−1)
,

(γ2+1)
1+α2

(q − 1) > 1,

n lnn, (γ2+1)
1+α2

(q − 1) = 1,

n,
(γ2+1)
1+α2

(q − 1) < 1,

if γ2 > 0, and

J(F 2,+
1,R ) � n

∫

F 2,+
1,R

|Ψ(τ )−Ψ(w2)|(−γ2)(q−1) |dτ |
∣∣Ψ(τ )− z+2

∣∣ q−1
1+α2

� n

∫

F 2,+
1,R

|dτ |
∣∣τ − w+

2

∣∣ q−1
1+α2

�





n
q−1
1+α2 , q−1

1+α2
> 1,

n lnn, q−1
1+α2

= 1,

n, q−1
1+α2

< 1,

if −1 < γ2 ≤ 0, and so, in this case we get:

(3.43) J(F 2,+
1,R ) + J(F 2,−

1,R ) �





n
(γ̃2+1)
1+α2

(q−1)
,

(γ̃2+1)
1+α2

(q − 1) > 1,

n lnn, (γ̃2+1)
1+α2

(q − 1) = 1,

n,
(γ̃2+1)
1+α2

(q − 1) < 1.

2.2) If z′ ∈ E
2,±
2 , then

J(F 2,+
1,R ) + J(F 2,−

1,R )
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=

∫

F 2,+
1,R ∪F 2,−

1,R

d(Ψ(τ ), L) |dτ |
|Ψ(τ)−Ψ(w2)|γ2(q−1) |Ψ(τ )−Ψ(w′)|q (|τ | − 1)

� n

∫

F 2,+
1,R ∪F 2,−

1,R

|dτ |
|Ψ(τ )−Ψ(w2)|γ2(q−1) |Ψ(τ)−Ψ(w′)|q−1

for all γ2 > −1.When τ ∈ F
2,+
1,R for the |Ψ(τ )−Ψ(w′)| we obtain: |Ψ(τ)−Ψ(w′)|

�
∣∣Ψ(τ )− z+2

∣∣ , and analogous to previous case, we get:

J(F 2,+
1,R ) � n

∫

F 2,+
1,R

|dτ |
|Ψ(τ )−Ψ(w2)|γ2(q−1) ∣∣Ψ(τ )− z+2

∣∣q−1

� n

∫

F 2,+
1,R

|dτ |
∣∣Ψ(τ)− z+2

∣∣
γ2(q−1)
1+α2

+q−1

� n

∫

F 2,+
1,R

|dτ |
∣∣τ − w+

2

∣∣ γ2(q−1)
1+α2

+q−1

�





n
γ2(q−1)
1+α2

+q−1
,

γ2(q−1)
1+α2

+ q − 1 > 1,

n lnn, γ2(q−1)
1+α2

+ q − 1 = 1,

n,
γ2(q−1)
1+α2

+ q − 1 < 1,

if γ2 > 0, and

J(F 2,+
1,R ) � n

∫

F 2,+
1,R

|Ψ(τ )−Ψ(w2)|(−γ2)(q−1) |dτ |
∣∣Ψ(τ )− z+2

∣∣q−1

� n

∫

F 2,+
1,R

|dτ |
∣∣Ψ(τ)− z+2

∣∣q−1

� n

∫

F 2,+
1,R

|dτ |
∣∣τ − w+

2

∣∣q−1

�





nq−1, q > 2,
n lnn, q = 2,
n, q < 2,

if −1 < γ2 ≤ 0. So, in this case we have:

(3.44) J(F 2,+
1,R ) + J(F 2,−

1,R ) �





n
γ̃2(q−1)
1+α2

+q−1
,

γ̃2(q−1)
1+α2

+ q > 2,

n lnn, γ̃2(q−1)
1+α2

+ q = 2,

n,
γ̃2(q−1)
1+α2

+ q < 2.

2.3) If z′ ∈ E
2,±
1 , then

J(F 2,+
2,R ) + J(F 2,−

2,R )(3.45)

=

∫

F 2,+
2,R ∪F 2,−

2,R

|Ψ′(τ )| |dτ |
|Ψ(τ )−Ψ(w2)|γ2(q−1) |Ψ(τ )−Ψ(w′)|q
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� n

∫

F 2,+
2,R

|dτ |
|Ψ(τ)−Ψ(w2)|γ2(q−1) |Ψ(τ )−Ψ(w′)|q−1

+ n

∫

F 2,−
2,R

|dτ |
|Ψ(τ )−Ψ(w2)|γ2(q−1) |Ψ(τ)−Ψ(w′)|q−1

for γ2 > 0. The last two integrals are evaluated identically. Therefore, we

evaluate one of them, say the first. For τ ∈ F
2,+
2,R and z′ ∈ E

2,±
1 , we have:

|Ψ(τ)−Ψ(w′)| �
∣∣Ψ(τ)− z+2

∣∣ ;

|Ψ(τ )−Ψ(w2)| � d2,R �
∣∣z2,R − z+2

∣∣ 1
1+α2 �

(
1

n

) 1
1+α2

.

Then

J(F 2,+
2,R ) � n

∫

F 2,+
2,R

|dτ |
∣∣Ψ(τ)− z+2

∣∣γ2(q−1)+q−1

� n
γ2(q−1)
1+α2

+1
∫

F 2,+
2,R

|dτ |
∣∣τ − w+

2

∣∣q−1 �





n
γ2(q−1)
1+α2

+q−1
, q > 2,

n
γ2(q−1)
1+α2

+1 lnn, q = 2,

n
γ2(q−1)
1+α2

+1
, q < 2,

and so, for γ2 > 0 we obtain:

J(F 2,+
2,R ) + J(F 2,−

2,R ) �





n
γ2(q−1)
1+α2

+q−1
, q > 2,

n
γ2(q−1)
1+α2

+1 lnn, q = 2,

n
γ2(q−1)

1+α2
+1

, q < 2.

For −1 < γ2 ≤ 0 we get:

J(F 2,+
2,R ) + J(F 2,−

2,R )

=

∫

F 2,+
2,R ∪F 2,−

2,R

|Ψ(τ )−Ψ(w2)|(−γ2)(q−1) |Ψ′(τ )| |dτ |
|Ψ(τ )−Ψ(w′)|q

� n

∫

F 2,+
2,R

|dτ |
|Ψ(τ)−Ψ(w′)|q−1 � n

∫

F 2,+
2,R

|dτ |
∣∣Ψ(τ)− z+2

∣∣q−1

� n

∫

F 2,+
2,R

|dτ |
∣∣τ − w+

2

∣∣q−1 �





nq, q > 2,
n lnn, q = 2,
n, q < 2.

Then, in this case we have:

(3.46) J(F 2,+
2,R ) + J(F 2,−

2,R ) �





n
γ2(q−1)
1+α2

+q−1
, q > 2,

n
γ2(q−1)
1+α2

+1 lnn, q = 2,

n
γ2(q−1)

1+α2
+1

, q < 2.
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2.4) If z′ ∈ E
2,+
2 , then for γ2 > 0

J(F 2,+
2,R )(3.47)

=

∫

F 2,+
2,R

|Ψ′(τ )| |dτ |
|Ψ(τ)−Ψ(w2)|γ2(q−1) |Ψ(τ )−Ψ(w′)|q

� n

d
γ2(q−1)
2,R

∫

F 2,+
2,R

|dτ |
|Ψ(τ )−Ψ(w′)|q−1

� n
1+

γ2(q−1)
1+α2

∫

F 2,+
2,R

|dτ |
|τ − w′|q−1 �





n
γ2(q−1)

1+α2
+q−1

, q > 2,

n
γ2(q−1)
1+α2

+1
lnn, q = 2,

n
γ2(q−1)
1+α2

+1
, q < 2

and

J(F 2,−
2,R )(3.48)

=

∫

F 2,−
2,R

|Ψ′(τ )| |dτ |
|Ψ(τ)−Ψ(w2)|γ2(q−1) |Ψ(τ )−Ψ(w′)|q

� n

d
γ2(q−1)
2,R

∫

F 2,−
2,R

|dτ |
|Ψ(τ )−Ψ(w′)|q−1

� n
1+

γ2(q−1)
1+α2

∫

F 2,−
2,R

|dτ |
|Ψ(τ)−Ψ(w′)|q−1

� n
1+

γ2(q−1)
1+α2

∫

F 2,−
2,R

|dτ |
|τ − w′|q−1 �





n
γ2(q−1)
1+α2

+q−1
, q > 2,

n
γ2(q−1)
1+α2

+1 lnn, q = 2,

n
γ2(q−1)

1+α2
+1

, q < 2.

Case of z′ ∈ E
2,−
2 is absolute identically to the case z′ ∈ E

2,−
2 .

If −1 < γ2 ≤ 0, then

J(F 2,+
2,R ) =

∫

F 2,+
2,R

|Ψ(τ )−Ψ(w2)|(−γ2)(q−1) |Ψ′(τ )| |dτ |
|Ψ(τ )−Ψ(w′)|q(3.49)

�
∫

F 2,+
2,R

|dτ |
(|τ | − 1)q

�
∫

F 2,+
2,R

|dτ |
(|τ | − 1)q

� nq−1

and

J(F 2,−
2,R ) =

∫

F 2,−
2,R

|Ψ(τ )−Ψ(w2)|(−γ2)(q−1) |Ψ′(τ )| |dτ |
|Ψ(τ )−Ψ(w′)|q(3.50)

� n

∫

F 2,−
2,R

|dτ |
|Ψ(τ)−Ψ(w′)|q−1 �





nq−1, q > 2,
n lnn, q = 2,
n, q < 2.
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Combining the relations (3.43)-(3.50), we obtain:

(3.51)
(
J2
n,2

) 1
q �





n
1
p , p < 2,

n1− 1
p lnn p = 2

n1− 1
p , p > 2,

for each −1 < γ2 ≤ 0,

(3.52)
(
J2
n,2

) 1
q �





n
γ2

p(1+α2)
+ 1

p , 1 < p < 2 + γ2

1+α2
,

n1− 1
p lnn, p = 2 + γ2

1+α2
,

n1− 1
p , p > 2 + γ2

1+α2
,

for each γ2 > 0.
Combining (3.33), (3.42), (3.51) and (3.52), from (3.33), for i = 1, 2;m1 =

1, m2 = 1, we get:

Jn,2 � n
(γ̃1+1)λ̃1

p +





n
γ2

p(1+α2)
+ 1

p , 1 < p < 2 + γ2

1+α2
,

n1− 1
p lnn, p = 2+ γ2

1+α2
,

n1− 1
p , p > 2 + γ2

1+α2
.

From (3.29), (3.30) and (3.31) according to (3.32) and (3.34), we have

‖Pn‖C(G)

� ‖Pn‖Lp(h,L) · Jn,2

� ‖Pn‖Lp(h, L)

m∑

i=1

(
J i
n,2

) 1
q

� ‖Pn‖Lp(h, L)

m∑

i=1

2∑

j=1

.
(
J(F i,±

j,R )
) 1

q

� ‖Pn‖Lp(h,L)

(
m1∑

i=1

n
(γ̃i+1)(q−1)λ̃i

q +
m∑

i=m1+1

n
γ̃i(q−1)−1

q(1+αi)
+1

)

� ‖Pn‖Lp(h,L)

·




m1∑

i=1

n
(γ̃i+1)λ̃i

p +





m∑

i=m1+1

n
γ̃i+1

p(1+αi)
+

αi
p(1+αi) , 1 < p < 2 + γ̃i

1+αi
,

(n lnn)1−
1
p , p = 2 + γ̃i

1+αi
,

n1− 1
p , p > 2 + γ̃i

1+αi
,




.

and the proof is completed. �
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