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ABSTRACT. The goal of this note is to provide a detailed proof for local boundedness esti-
mate near the boundary for weak solutions for second order elliptic equations with bounded
measurable coefficients subject to Neumann boundary condition.

1. INTRODUCTION AND MAIN RESULTS

The goal of this note is to provide a detailed proof for local boundedness estimates near
the boundary for weak solutions for second order elliptic equations in divergence form with
bounded measurable coefficients subject to Neumann boundary condition. Local Holder conti-
nuity as well as local boundedness of weak solutions are very well known and usually referred
to as De Giorgi-Moser-Nash theory. There is rich literature regarding this theory; for ellip-
tic equations with Dirichlet boundary condition, one of most popular reference is a book by
Gilbarg and Trudinger [1]. In contrast to Dirichlet problem, literatures dealing with Neumann
(or conormal) problem are limited. This is partly because pure conormal problem, as com-
pared to oblique derivative problem, is easy to handle, and our guess is that experts might have
considered it unworthy of elaborating.

In a recent paper [2], we stated without proof that weak solutions of second order elliptic
equations in divergence form with measurable coefficients in a Lipschitz domain with smooth
conormal data on its boundary satisfy a certain local boundedness estimate. This statement is
of course well known to experts. However, it turned out that it is very hard to locate a specific
reference in the existing literature. There are a few classical and modern books discussing
conormal boundary conditions (for example, [3, 4, 5, 6]), but none of them contains the exact
local boundedness estimate as asserted in [2]; on the contrary, the corresponding estimate for
Dirichlet problem is easily found in [1, Theorem 8.25]. As a matter of fact, since the publication
of [2], we have received inquiries about its exact reference, and being unable to identify a
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satisfactory source, we reluctantly made a short note containing a detailed proof and circulated;
eventually, an idea of making it accessible to public occurred to us. By no means we claim this
note is original but we hope it serve as a good reference to non-experts.

Let 2 be a domain in R¢ (d > 2) such that Sobolev embedding and the trace embedding
are both available; i.e., if 1 < p < d, then there exist positive constants vy = 7o(d, p, ) and
71 = 1(d, p, 0) such that for any u € W1P(£2) we have

[ull pavsia-m () < Yllullwir) (1.1)
and
[ull pota—v) /@m0y < M llullwie), (1.2)
where we use notation
d
lullwir) = llullLe@) + ZHDiUHLP(Q)-
i=1

It is a well known fact that the above inequalities (1.1), (1.2) are satisfied when 2 is a bounded
Lipschitz domain.
In this note, we consider the Neumann problem
—Di(aiiju) =divF —f in Q, (13)
(aiiju + FYn;=g on 09, .
where a” are coefficients defined on ) satisfying the uniform ellipticity and boundedness
condition

d d
AP <Y algg;, D la]P < A2 (14)
i,j=1 i,j=1
for some positive constants A and A. We of course assume the compatibility condition
/fdx :/ gdo if |Q] < 0. (1.5)
Q o0

We say that u € W12(Q) is a weak solution of (1.3) if the following identity holds:
/ (a” DjuD;v + F'Dyv + fv) do = / gudo, Yv e CHQ),
Q N

where C(€Q) is the set of all C'* functions with compact support in Q; if {2 is bounded, then
CL(Q) agrees with C1(9).
We are now ready to state our main theorem.

Theorem 1.6. Let Q C R? be such that Sobolev embedding and trace inequalities (1.1), (1.2)
are available. Assume that

FeIP(Q)? felr(Q), gelLP09Q),

where p1 > d, po > d/2, and ps > d — 1. Let u € Wl’Q(QLbe a weak solution of (1.3)
with conditions (1.4) and (1.5). Then u is locally bounded in ) and there exists a positive
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constant C that can be determined quantitatively a priori only in terms of the set of parameters
{d, \, A\, p1, p2, p3} and Q via the constants o and 1 such that for any xg € Qand 0 < r < 1,
we have

_d 1—4
lullzo, < C (r Elulzeg,) + 7' 7 IFln o,

o_d 1—4=1
7 | fllaaion + 7 lgllzras,) ) - (1.7)
where we denote Q, = QN By(xg) and ¥, = 0Q N B, (o).
Finally, several remarks are in order.

Remark 1.8. We say that u € Wl’Q(Q) is a weak sub-solution (super-solution) of (1.3) if the
following identity holds:

/ (a” DjuD;v + F'Dyv + fv) dx < (2)/ gudo, Yv e CHQ).
Q o0N

The same proof of the theorem will show that if w is a weak sub-solution (super-solution) of
the Neumann problem (1.3), then the estimates (1.7) remains valid with u replaced by uy =
max(u,0) (u— = max(—u,0)).

Remark 1.9. 1t should be clear from the proof that in the case when g = 0, the constant C' in
the theorem does not depend on the parameter ;. Therefore, in the case when g = 0, it is not
required to assume that the domain €2 enjoy the Sobolev trace inequality (1.2).

Remark 1.10. It should be also clear from the proof that (1.7) holds for any 0 < r < rq, if we
allow the constant C to depend on rg as well. In particular, if €2 is a bounded Lipschitz domain,
then we obtain condition (LB) of [2] with C; = C1(d, A, A, ©, diam Q).

Remark 1.11. If Q) is a Lipschitz epigraph domain (i.e., a domain above the graph of a Lipschitz
function ¢ : R~ — R), then for 1 < p < d we have

[ull pansa-r ) < VN[ Dull e

where + is a constant depending only on d, p, and the Lipschitz constant K of the domain (see
[2, Lemma 6.8]). Therefore, if g = 0, then the restriction » < 1 is not needed in (2.3) and

(2.6). So, in the case when () is a Lipschitz epigraph domain, we also get the condition (LB”)
of [2] with Cy = C4 (d, A A, K)
Remark 1.12. We say that u is a weak solution of
—Di(a“D:w)=divF — f in Q,,
—Dilat D) d ' (1.13)
(a”Dju+ F')n; =g on %,

if the following identity holds for any v € C} (2, U X,.):

/ (aiijuDiv + F'Djv + fv) dr = / gu do.
Qn .

T
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We note that the estimate (1.7) is local in nature. In fact, if u € W1’2(Qr) is a weak solution
of (1.13), then the same proof will show that the estimate (1.7) still holds.

Remark 1.14. In addition to the local boundedness estimate (1.7) for a weak solution of (1.3),
local Holder continuity estimate (near the boundary) is also available; we leave it to interested
reader to fill the details.

2. PROOF OF THE THEOREM

We prove the theorem by adapting the idea of De Giorgi. Forn = 1,2,. .., we denote

rooor 1
rn—§+27, kn—k<2_2n_1>a Ap ={z € Wy, 1 u(x) > kn},

where k is a nonnegative constant to be chosen later. We denote
U = (U — kn)+,
and let 7 = ), be a smooth function in R satisfying
0<n<1l, n=1on B, suppnC By, |Dn <2"*1

By testing with %v,, in (1.3), we get
/ nQaiijvnDivn dr = —/ aiijvnQanvn dx
Q Q
— / (FinzDivn + FiZnDinvn) dr — / f772vn dr + / g772vn do.
Q Q i)
By using the ellipticity and the properties of 7, we get
)\/ n?|Dvy, |? dx < 2A/ n|Dvy,||Dn|vy, dz
An An
+ [ APl dz+2 [ 1FIDajv o+ [ |finoado+ [ gl do
An An Q o0

and thus, by Cauchy’s inequality and Holder’s inequality, we have

4n
/ n2|Dvn|2dx§C()\,A)r2/ v2 dx
An

n

+C(N) </A |F|2da:+/Q|f|77vnd:1:+/89\g\nvnda>. (2.1)

By Holder’s inequality we get

_2
/A]F|2d3:<\FH2Lp1(QT)]An|1 P (2.2)
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When d > 2 we set p = 2 and when d = 2 we take any p € [1,2) satlsfylng 5 — pi % Then
by Holder’s inequality, (1.1), and Cauchy’s inequality, we have

/Q [ flnva da < ||f|rLdp/(dp,d+p>(An)||nvnHLdp/<dfpm>

< Yol £l ez (an) | Anl’
< 70l Fll o (amyAn T3 F2 ol

1
< (73/4€)Hf”2Lpz(Qr)’An| T

where 79 = o(d, Q, p2). Let ¢ = dps/(dps — d + 1). Then similarly we get

" [7vnllwe @)

2
P2 4 eannH%,Vl,z(Q) for any € > 0,

/80|9’77Un do < ||g||Lp3(Zr)||77Un||LP3/(p3—1)(aQ) < '71”g”LP:J,(Er)||77”71HW1"1(Q)

1_d-1
< llgllpes ) [Imvnllw, 2(9)\14 |2 e

d—1)
< (41 /46) |91l s 55,y | Anl oy ellnvnlfyzy,
where 71 = v1(d, 2, p3). On the other hand, we have

Iouliysey = [ Inenl? + Do) o < [ frun? 21Dk + 22100,  de
Therefore, we get (use r < 1)
2
B 1+2-2
[ ifmndat [ lolnondo < 2 fl1mm 0, 4nE
2(d—1) 4n+3
’71 HgHLpS(E)|A\ dm +2(-:( 2 / vzd:p+2/ 7]2|Dvn|2d1:>. (2.3)
An An

Let § = min (% - pl 42 2 2d- 1)) > 0. Then we get from (2.1), (2.2), and (2.3) that

4m _2 2
/ nQ!Dvnlzda:SC(M>Tz/A V2 da+ CO|Anl T4 (B, |45 | F |12, 1+

2 2 —1
OO0 0,1 An (rBrd iy + 1Bl g >)

Therefore, if we set

= |B,| leF”Ll’l(Q + | By |d ”2||f||Lp2 @) + 18| i lglles (s,

then we have

4n
/ n?|Dvy, | dx < C()\’A)TQ/ v%dx—i—C’()\,70,71)]An|1+5_%|3r|%_5M2. (2.4)
Ap An
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Now, denote
Y, = / n2v? dr,
An
and observe that )
k
Y, > / Vdr> T Al 2.5)
An+1
Then it follows from (1.1) and Holder’s inequality that (use < 1)

2
Yo < 7(/)||77n+1vn+1H%/Vl,zd/(dw)(g) < 76|An+1\d ”77n+1Un+1||12/V1,2(Q)

/ 2 [4nt3 2 2 2
< Y0l Ant1]4 5 U1 dw +2 M1l Dvnsr[“da |, (2.6)
r An+1 An+1

where 7, = v (d, ). This together with (2.4) implies that (use v,, > vp41)

2 (4" _d 2_
Vo1 < ColAn+1]4 (Tz/ Vi dz + | Ap |02 By 5M2> :
n+1

where Cop = Co(\, A, 70,70, 71) = Co(d, A\, A, 2, pa, p3). Therefore, by (2.5) we obtain (use
0<2-9)

4m
Yn-l—l S CO’BT’%76 <r2|An+1‘5Yn + ‘An+11+6M2>

g 1+6
2 g [An [4m qr
gaﬂmd5<ﬂ(MJ *(M) Aﬂ)ﬁ“

2n 22712
< CO|BT|%_5472]€_25 (1 + 7“]\4) Y1+6.
r k2 "

We take
k= 4Y% 2Co| Bi2)Y? | B, |~ |ul| 20y + M and K = 2Cor— 2| B,|d k2.

Then we have (rM < k)
Yoy < 16"KY,1H0

and
Y]gu/|uﬁdx§]6_UyK‘U§
The following lemma is taken from [Séj Lemma 15.1, p. 319].
Lemma 2.7. Let {Y,,} be a sequence of positive numbers linked by the recursive inequalities
Y1 < BUKY,ITO
for someb > 1, K > 0,and§ > 0. If
Y, < b—1/a2K—1/5,
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then {Y,,} — 0asn — oo.

By the lemma, we have Y,, — 0 as n — o0, and thus, we get
u <2k onQ,p.

By applying the same argument to —u, we obtain the estimate (1.7) from the definition of M
and k. |
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