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SYSTEM OF GENERALIZED NONLINEAR MIXED
VARIATIONAL INCLUSIONS INVOLVING RELAXED
COCOERCIVE MAPPINGS IN HILBERT SPACES

BYUNG-SO0O LEE AND SALAHUDDIN

ABSTRACT. We considered a new system of generalized nonlinear mized
variational inclusions in Hilbert spaces and define an iterative method
for finding the approximate solutions of this class of system of general-
ized nonlinear mized variational inclusions. We also established that the
approximate solutions obtained by our algorithm converges to the exact
solutions of a new system of generalized nonlinear mized variational in-
clusions.

1. Introduction

It is well known that the variational inequality theory and complementar-
ity problems are very powerful tools of the current mathematical technology.
In recent years, classical variational inequality and complementarity problems
have been extended and generalized into a large variety of problems arising in
mechanics, physics, optimization and control theory etc., see [3, 4, 6, 10, 11].
Hassouni and Moudafi [12] introduced and studied a class of mixed type vari-
ational inequalities with single-valued mappings which was called variational
inclusions. Verma [22, 23, 24] studied some system of variational inequali-
ties with single-valued mappings and suggested some iterative algorithms to
compute approximate solutions of these systems in Hilbert spaces. As an ap-
plication of system of variational inclusions Pang [20] showed that the traffic
equilibrium problem, the Nash equilibrium problem and the general equilibrium
problem, can be modeled as a system of variational inequalities and inclusions,
see [5, 9, 16, 19].

Inspired and motivated by recent research works in this field, see [1, 2, 7,
8, 13, 14, 15, 17, 21, 25|, we introduce a new system of generalized nonlinear
mized variational inclusions and suggest an iterative algorithm. By the defini-
tion of relaxed cocoersive mapping and resolvent operator techniques, we find
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the exact solutions of our systems of generalized nonlinear mized variational
inclusions involving different nonlinear operators and fixed point problems in
Hilbert spaces.

2. Basic Foundation

Throughout this paper, H is a real Hilbert space endowed with an inner
product (-,-) and a norm || - ||. Let CB(#H) denote the family of all nonempty
closed bounded subsets of H. Let M, : H — 2™ be the maximal monotone
mappings, T; : H — 27 be the set-valued mappings and A;, B;,g; : H — H be
the nonlinear single-valued mappings for ¢ = 1,2,3. We consider the following
problem of finding x,y, z € H such that u; € Tiy,us € Toz,u3 € T3z and

0€gi(z) —g1(y) +r1(A1(91(y)) — Br(ur)) +r1Mi(g1(x)),
0 € g2(y) — 92(2) + 12(A2(92(2)) — B2(u2)) + 12M2(g2(y)),
(1) 0 € g3(2) — g3(x) +r3(A3(gs(w)) — Bs(usz)) +r3Ms(gs(z)),

which is called the system of generalized nonlinear mized variational inclusions
with a solution set (z,y, 2, u;), denoted by SGNMVID(2L, B, T, g) of the problem
(1) for i =1,2,3.

Definition 1. [4] If M : H — 2" is a maximal monotone mapping, then for
any fixed r > 0, the mapping Jj,; : H — H defined by
Ji (@)= (I +rM)"'(z), Vo € H, (2)

is called the resolvent operator of index r of M, where I is the identity map-
ping on H. Furthermore the resolvent operator Jj, is single-valued and non-
expansive, i.e.,

13 () = T W < Ml = yll, Yo,y € . 3)

Lemma 2.1. [18] Let D be a Hausdorff metric in CB(H) and A,B € CB(H),
and € > 0 be any real number. Then for a € A, there exists b € B such that

la—0b|| < (1+¢€) D(A,B).

Definition 2. Let 7' : H — 2" be a set-valued mapping and z,y € H. T is
said to be

1) p-cocoercive if there exists a constant 1 > 0 such that
jz jz
(ur —ug,x —y) > pllug — ua|?, Yuy € T, up € Ty
(ii) relaxed p-cocoercive if there exists a constant p > 0 such that
(ug — ug,x —y) > —pllur — usl|?, Yur € Ta,up € Ty

Definition 3. Let T : H — C'B(H) be a set-valued mapping. T is said to be
A-Lipschitz continuous if D(Tx,Ty) < A- ||z — y|| for z,y € H.

Remark 1. The same definitions could be obtained for the single-valued mapping
T in Definition 2 and Definition 3.
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Definition 4. A single-valued mapping B : H — H is said to be relaxed pu-
cocoercive with respect to T': H — 2% if

(Buy — Bug,x —y) > —p||Buy — BU2H2 for z,y € H and u; € Tx,us € Ty.

3. Main Results

First we give the following lemma, the proof of which is a direct consequence
of Definition 1, hence is omitted.

Lemma 3.1. (z,y,z,u;) is the solution set of system of generalized nonlinear
mized variational inclusions (1) if and only if it satisfies

g1(z) = Jyp [91(y) — 11 (A1(91(y)) — Bi(u1))],
92(y) = Ji1,[92(2) — r2(A2(92(2)) — Ba(u2))],

(4) 93(2) = Jpi,[93(2) — r3(As(gs()) — Bs(us))].

where r; > 0 and JITV} = (I +7;M;)~! is a resolvent operator for i =1,2,3.

The preceding lemma allows us to suggest the following iterative algorithm
for the system (1).

Algorithm 3.2. Let {e,} be a sequence of nonnegative real numbers with
€n — 0 as n — oo. For any given g, yo, 20 € H, compute {x,},{yn},{zn} C
Ho{un1} C Upeo T1yn: {un2}t C Uy Tozn and {uns} C Usey Tsan, gener-
ated by the following iterative processes;
Tpy1 = Tp — g1(Tn) + erv}l [91(Yn) — 11(A1(91(yn)) — Bi(un,1))];
Un,1 € Ti(Yn), un-11 € T1(yn-1) : [ung—un—11l < (1+€2) D(T1(yn), T1(Yn-1)),
92(yn) = Ji1,[92(2n) — r2(A2(92(2n)) — Ba(un2))l;
Un,2 € To(2n), Un—1,2 € To(2n—1) : |Jun2—tn—12] < (1+€,)D(T2(2n), T2(2n-1)),
93(2n) = Jp1,193(xn) — r3(A3(93(70)) — Bs(un,3));
Un3 € T3(xn), Un-1,3 € T3(xn-1) : |[unz3—tun_13] < (1+en) D(T3(2y), T3(2n-1)),
r1,r2,73 >0 andn =20,1,2,---. (5)
We apply Algorithm 3.2 to prove the following convergence theorem.

Theorem 3.3. Let H be a real Hilbert space and M; : H — 2M be the mazimal
monotone mapping (i = 1,2,3). Let T; : H — CB(H) be the n;-Lipschitz
continuous, B; : H — H be o;-Lipschitz continuous and Bi be relazed &-
cocoercive with respect to Ty (i = 1,2,3). Let g; : H — H be p;-cocoercive
and X\;-Lipschitz continuous, and A; : H — H be p;-Lipschitz continuous (i =
1,2,3). Suppose that for all x,y € H, we have

1737, () = Jar, @) < [l —yll (i = 1,2,3). (6)

p1 = \/1 — 2#1)\% +)\21 <1 (7)

Put
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If

(i) |1 — Emffﬁ*mkl(lﬂpl” < V(€102ni —p1xai (1=2p1)) 2 — (o3 —p2A)dp: (1—p1)
! oIn?—pIN oI —pIN] ’

&rotn? > pihi(1—2py) + \/(0%77% — pIX)Ap (1 — p1),

&oint > pra(1—2py)
oin; > piAT

1

P1 < 57

~ Ag(p2A — 1)
P22 + Tang

| <0,

T2
(iid)
~ As(psAs — 1)

.
Irs P3As + 0313

| <0,
(iv)
and 0 <1

where

0= (90 + (90 + 91 + 7’1p1>\1) 9293 with, (8)

[2fi3 AN
90 = D1,

b1 = \J1 - 260070} + riond,
02 = Ao + ra(p2ra + 0212),
03 = A3 +13(p3A3 + 03m3).

Then SGNMVID(,B, %, g) # 0. Moreover, the sequences {xy},{yn}t, {zn}, {tn1}, {tnz2}
and {un 3} generated by Algorithm 3.2 converge strongly to x*,y*,z*,uf €

Ty (y*),us € Ta(2*) and u} € T3(x*), respectively, where (x*,y*, z*, ui, uj, u3) €
SGNMVID(,B,%, g).

Proof. From Algorithm 3.2 and using the non-expansiveness of the resolvent
operator, we have

[znt1=2nll = [lzn—91(zn)+J31, (91 (Yn) —71(A1(91 (Yn)) —B1(un,1))|—{zn-1—91(zn-1)
+ a1, (91 (Yn—1) — 71 (A1(91(Yn—1)) — Bi(un—11))]}
< Nzn—zn-1=(g1(xn)=g1(@n-1)) | +191 (¥n) =91 (Yn-1)—71(A1(91 (Yn)) — A1 (91 (Yn-1)))
+71(B1(un,1) — Bi(un—1,1))|l
<zn = zn—1 = (91(2n) = g1 (@n—1)) | + [[Yn — Yn—1 — (91(yn) — g1 (yn—1))||
+yn =yn—1+71(B1(tn,1) = Bi(tn-1,1))[[+71]lA1(91(¥n)) — A1 (g1 (yn-1)) |- (9)



SYSTEM OF GENERALIZED NONLINEAR MIXED VARIATIONAL INCLUSIONS 387

On the other hand, by using the A;-Lipschitz continuity and pi-cocoercivity of
g1, we have

|2n—2n—1—(g91(xn) =0 (xn—l))H2 < ”xn—xn—l||2_2<91(37n)_91($n—1)7xn_xn—l>
+lgi(zn) = g1 (@n-1)l”
< @y — xn71||2 - 2;11)\%”33” - xanHQ + A%”mn - manHQ
< pillwn — 2ol (10)
and

1y = yn—1 = (91(Un) = g1 Wn-)I* < PilIyn — g1, (11)

where p1 = /1 — 2103 + 3.

Since Bj is o1-Lipschitz continuous and T3 is n;-Lipschitz continuous, we have
[ B1(tn,1) = Bi(un—1,1)| < o1 luny — un—11]

< o1 D(T1(yn), T1(yn—1)) (12)
< o1(1+ e)mllyn — yn—1ll-

Since Bj is relaxed &;-cocoercive with respect to 77, from (12) we have

1Yn = yn—1 + r1(B1(un1) — Bi(un—1,1))|”

= lyn=yn-1?+2r1(B1(un1) =Bi(tn-1,1), Yyn—=n—1)+71 [ Bi (tn,1) = Bi(un-1,1) ||?

< lyn = yn1ll” = 2ri&1|| Bi(un1) = Bi(un—1,0)|1> + 73 [ Bi(un,1) = Bi(un—11)[”

< ||Yn —Yn-1 ”2 _27"15105(1 +€n)277%”3/n _yn—1||2 +T%U%(1 +€n)277%”yn _yn—1H2

< (1-2n&ot(1+en)ni + 1ot (L+ e)* i) lyn — yoal®. (13)

By the Lipschitz continuities of A; and g1 with constants p; and Ap, respectively,
we have

[A1(91(yn)) — Ar(g1(Yn—-1))Il < p1llgr(yn) — g1 (yn-1)|
(14) < piillyn = Yn1ll-
From (10) to (14), (9) becomes

[@n41 — 2n|

< pullzn — 2o + (o1 + /1 2rE0TnR(1+ €0)2 + 1203 (1 + €020 + T M)
(15) X ”yn - yn—1||'

Now
lg2(yn) = 92—y — yn-1ll = (92(¥n) — g2(Yn—1)s Yn — Yn—1)
> pallg2(yn) — g2(yn—1)|1?
(16) > 23| Yn — yn—1 ).
Hence

1
Y — yn-1]l < —z lg2(Yn) — g2(yn—1)|l
H2AS
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Lo
< —5 13, [92(20) = r2(A2(92(20)) — Ba(un,2))]
H2Ag
— Jﬁz [gz(anl) — Tz(Az(gz(anl)) - B2(Un71,2))]||
1
< m||92(zn)—gz(zn_l)—7“2(Ag(g2(Zn))—Ag(gg(Zn_l)))-‘rrg(Bz(un,2)_B2(un—1,2))H
2
1
< ol () =)+l Aa( (20)) = An(ga )72l Ba (i 2) = Baun -1 2
2
< 5[A2llzn = zn—1|l +12X2p2llzn — Zn_1ll + roo2 |t — un_12]|]
25
1
< WD‘QH'Z” — zn-1ll + r2depallzn — znoall + r202(1 4 €n)m2ll2n — 2n-all]
2
1
< — e +r2(Aepe + o2 (1 + en)m2)]ll 20 — 201
125
Consequently,
|| | < bl H a7)
Yn Yn—1|| > /142>\% n,2||%n Zn—1||
where 0,, 2 = Ay + r2(A2p2 + 02(1 + €,)02).
Again

ll93(2n) — 93(2n-1)lllzn — 2n-1ll = (g3(zn) — g3(2n-1), 2n — 2n-1)
> p3llgs(zn) = g3(zn—1)?
(18) > 11303]|zn — 2n—1|*.
That implies that

20 — 2n-1]l < (2n) — 93(2zn—1)l

—
g3
11373

< %”Jﬁg (93(n) — 73(A3(g3(2n)) — Ba(un,3))]
H3A3
— I, 193(wn—1) — r3(As(g3(zn-1)) — Ba(un—13))]l

< 1)\2 l93(20)—g3(n—1)—73(A3(g3(2n))—A3(93(Tn-1)))+r3(B3 (un,S)_B?,(un—l,S)) I
H3A3
1

7[”93(%)—93(%71)||+7“3HA3(93(xn))—A3(93($n71))||+7“3 | B3 (un,3)—Bs(tn—1,3)|]
H3A3

1
< — Asllen — zaoa || 4+ r3dspsl|zn — 2n_1ll + 7303 |un,s — tn_1,3]]]
H3A3

1
< WP\SH% = Tn—1l| + r3A3p3]|Tn — Tn—1l| + r303(1 + €n)n3]|Tn — Tn—1][]
3A3
< 1
= A3

Az +r3(Asps + o3(1 4 €n)n3)]|| 20 — 2n_1]|

Hence

1
||Zn - Zn71|| S menﬁnxn - xn71||7 (19)
3
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Where 0n,3 = )\3 + 7"3()\3[)3 —+ 0'3(1 —+ En)ﬁg).
Combining (17) and (19), we have

9n = yn-1ll < On,20n 3| Tn — Tn—1]|- (20)

1
Ha i3 A3
From (15) to (20), we have

1
Hanrl - xn” S [90 + (90 + en,l + Tlpl)\l)menﬂenﬁ]”xn - -'L‘n71||7 (21)
where
0o =p1=1/1=2mA + A,
Ot = /1 — 21600331+ €0)? + r20Tn? (1 + en)?,
On,2 = A2 + 12(p2A2 + 0am2(1 + €,,)) and
On,3 = A3+ 13(p3sAs + o3nz(1 +€,)).
Hence
|Tni1 — 2l < Onllzn — 201 (22)
where )
0 =00+ (00 + 0n 1 + Tlpl/\l)men,Qan,?;]-
Letting
1
0 = (90 + (90 + 01 + Tlﬂl)\l)m@g&g%
where

90 =p1 = \/1—2/11/\%4—/\%,

0, = \/1 —2r&109n} +rioing,
Oy = Xy + 7“2(/)2)\2 + 0—2772)
93 = Ag + Tg(p3/\3 + 03773)7

from (22) we have

[Znt1 — znll < Ollxn — zn—ll- (23)
By the condition (iv), we have § < 1. It follows from (23) that ||zp+1 —2n| — 0
as n — oo, which implies that {z,} is a Cauchy sequence in H. By (20), it
follows that {yy,} is a Cauchy sequence in H and from (19) {z, } is also a Cauchy
sequence in H. Moreover, since T; is 1;-Lipschitz continuous we have that {u, ;}
is also a Cauchy sequence in ‘H for ¢ = 1,2,3. Thus there exist z*,y*, z* and
u; € H such that z, — «*,y, = y*,2, — 2" and u,,; — u; as n — oo for
i =1,2,3. Since g;, A;, B;, T}, Jyj, are continuous for i = 1,2,3 in (5) we have

93(2") = Jyz,193(2") — r3(As(gs (™)) — Bs(u3))],
92(y") = Ji1,192(2") — r2(A2(92(27)) — Ba(u3))],
" =z —gi(z") — pp (91 (y") — r1(Ai(g1(y™)) — Ba(uy))]-
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Hence from (1), (4) and (5), it follows that (*, y*, z*, uf) € SGNMVID(2(,B, %, g)
is a solution of the system of generalized nonlinear mized variational inclusions
(1). Finally, we prove that u} € T1(y*). Indeed we have
d(uy, Ty (y")) = inf{||uj —wl : w € T1(y")}
[ul = unall + dun,1, Ti(y"))
< Jui = unall + D(Ti(yn), Ta(y"))
< lut = unall +m (1 + en)llyn —y*[| = 0 as n — oo.
Thus d(uj, T1(y*)) = 0. Since T1(y*) € CB(H), we must have uj € Ti(y").

Similarly, we can show that u} € Ty(z*),u} € T5(x*). This complete the proof.
U
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