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ON ERROR ESTIMATES OF AN IMPLICIT ITERATION
SCHEME

ARIF RAFIQ AND BYUNG-SOO LEEY}

ABSTRACT. The purpose of this note is to study the estimation of errors
of the implicit Mann iterative process with random errors.

1. Introduction

In 1995, Liu [3] introduced the Mann iteration process with errors. In [7], Xu
pointed out that Liu’s definition [3] depend on the convergence of error terms is
not compatible with randomness because the occurence of error terms is always
random. During the last few years or so many authors under certain condi-
tions have employed the Mann and Ishikawa iteration methods with errors for
the itrative approximation of the solution of nonlinear equations with eccretive
operator and the fixed points of psedocontractive mappings.

Let K be a nonempty convex subset of a real Banach space X. The sequence
{zn} called implicit Mann iteration process [1, 5-6] is defined as

{.TO eK, (1)

Ly = (1 - an)1'7L—1 +a,Txn, n2>1,

where T': K — K is a mapping and {«,} is a real sequence satisfying some
conditins.

In this paper we study that the implicit Mann iterative process (1) is in-
fluenced by the random errors. We show that the accumulative errors in the
iterative process are bounded and the errors are controllable in a permissible
range if we select {a,} appropriately.

2. Main Results

Following the approach of [8], suppose that T': K — K is a mapping. For
any x, € K (n > 1) define the error of Tz, by u, = Tz, — Tx,, where Tz,
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is an exact value of Tz, in other words T'z,, is an approximate value of Tz,,.
It is easy to know that {|lu,||} is bounded from the theory of errors. Hence
we set M = sup {||un|| : » > 1} which is called the bounds on absolute errors of
{Tz,}. In the implicit Mann iterative process the errors come from Tz, and
the errors of last iteration will affect next. So we have

To = Zo,
z1 = (1—a)zo+arTay
= (1-0a1)%+a1(Tx1 + up)
= 71 +touy,
o = (1—a9)zy +aeTay
= (1—a)71 + as(Tws +u2) + (1 — az)aruy
= T2+ (1 —ag)arug + agus,
3 = (1—as)xs+asTas

(1 —ag)Ta+as(Tzs +us) + (1 —as)(l — az)arug + (1 — ag)agus
= T3+ (]. — 043)(]. — 042)04111,1 + (]. — Oég)OlQUQ —+ a3us.

Hence by induction, we have

LTn = (1 - an)xn—l + oy Tay,
= En—|—(1—an)(l—an,l)...(l—ag)alul
+(1 = an)(l —ap—1)...(1 — a2)agus + ...

+(1 - an—Q)an—lun—l + apup
n

= En—l—Zajuj H (1—0[2‘),
j=1

i=j+1

for all n>1.
Putting

n

Sn:xn_fn:zn:ajuj H (1_051')’ (2)
j=1

i=j+1

for all n > 1. Obvious, the errors of iterative process, after n + 1 times iter-
ations, are added up to S,.

Now we prove a main result as follows.

Theorem 2.1. Let T and S,, be as above , then there exists a constasnt k €
(0,1) such that ||Sp|| < kM, n > 1.
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Proof. In fact, from (2) we have

n n

I1Sull < MY ay JT (1 -a) (2)
J=1  i=j+1
= M{1-JJ0=a) ]|,
i=1
for all n > 1.

n n
Putting k =1 — J[(1 — o), since [](1 — ay) € (0,1), therefore, k € (0,1)

=0 =0
and ||S,|| < kM, n > 1. O

From this theorem, we obtain some results as follows:

Remark 1. 1. The accumulative errors in the Mann iterative process is bounded

and it is not more than the bounds on absolute error of {Tz,, }.
n n

2. If > a; =+oo then [[(1— ;) =0. It is implies that ||S,|| < M, n > 1.
3=0 i=0

3. If > a; < +oo then [[(1 —«;) € (0,1], ie., k € (0,1). It implies that
=0 i=0

1Sl < kM, n > 1.

3. Applications

n

(1) Taking oy; = 1/(i +2)2, n > 1 then [[(1 — a;) = 1/2, ie., k = 1/2. It

i=0
imlies that ||S,|| < M/2, n > 1.
(2) In particular, for any ¢ € (0, 1), taking a; = /242,

H(l—ai)zl—iajzl—%>l—s.
7=0

=0

Consequently, k& < e. It implies that ||S,| < eM, n > 1. Hence, the
random errors is controllable in a permissible range if we can select an

{«a;} appropriately.
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