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OPTIMALITY CONDITIONS AND DUALITY IN
NONDIFFERENTIABLE ROBUST OPTIMIZATION
PROBLEMS

MoonN HeEe Kim

ABSTRACT. We consider a nondifferentiable robust optimization problem,
which has a maximum function of continuously differentiable functions
and support functions as its objective function, continuously differentiable
functions as its constraint functions. We prove optimality conditions for
the nondifferentiable robust optimization problem. We formulate a Wolfe
type dual problem for the nondifferentiable robust optimization problem
and prove duality theorems.

1. Introduction

A standard form of nonlinear programming problem with inequality con-
straints

(P) inf {f(2) : gila) <0, i =1+ m},

where f : R™ — R and g; : R — R are continuously differentiable functions.
The problem in the face of data uncertainty in the constraints can be captured
by the following nonlinear programming problem:

(UP) ienugn{f(mvu) 591'(93,111') S07 1= la am}7

where u, v; are uncertain parameters and v € U, v; € V;,i = 1,--- ,m for
some convex compact sets U C RP,V; C R%¢ = 1,---,m, respectively and
f:R"XRP - R, g;: R" xR? - R,5 =1,--- ,m are continuously differen-

tiable. Sometimes, f(x,u) in (UP) can be f(z) without the uncertain parameter
u € U. Robust optimization, which has emerged as a powerful deterministic
approach for studying mathematical programming under uncertainty ([1] — [4],
[6]), associates with the uncertain program (UP) its robust counterpart [5],

P) inf .0 N < A ...
(RP) xlean{Iiléigf(m,u) gi(x,v) <0, Yo, € V;, i o, M,
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where the uncertain constraints are enforced for every possible value of the

parameters within their prescribed uncertainty sets U, V;, i =1,--- ,m.
Recently, Kuroiwa and Lee [9] extend the necessary optimality theorem to a

multiobjective robust optimization problem. Furthermore, Kim [8] extend the

robust duality theorems to a multiobjective robust optimization problem.
Now, we consider nondifferentiable robust optimization problem:

(NRP) ln]Rf {mag(f(xvu) + S(LC‘C) :gi(x,’l]i) < 07 vai € V;a i= ]-7 e 7m}'
z€R™ "ue

Let F:={z € R": g;(x,v;) <0, Vu; € V;, i =1,--- ,m} be the robust feasible
set.

Let Z € F and let us decompose J := {1,--- ,m} into two index sets J =
J1(z) U Jo(z) where Ji(z) = {j € J | Fv; € Vj s.t. g;(z,v;) = 0} and Jo(Z) =
J\J1(Z). Let C be a compact convex set of R" and s(x|C) = max{zTy |y € C}.
Let k(x) = s(z|C). Then k is a convex function and dk(z) = {w € C | wTx =
s(x|C)}, where 0k is the subdifferential of k. For a continuously differentiable
function g : R® x R? — R, we use V¢ to denote the derivative of g with respect
to the first variable.

We say that T is a robust solution of (NRP) if Z is a minimizer of (NRP),
that is, z € F" and Igleaécf(x,u)—l—s(xw) > Igleaécf(fc,u)—l—s(ﬂC) Ve e R", ueU.

In this paper, we consider a nondifferentiable robust optimization problem,
which has a maximum function of continuously differentiable functions and sup-
port functions as its objective function, and continuously differentiable functions
as its constraint functions. We prove optimality conditions for the nondifferen-
tiable robust optimization problem. We formulate a Wolfe type dual problem for
the nondifferentiable robust optimization problem and prove duality theorems.

2. Optimality Theorems

In this section, we give necessary, and sufficient optimality conditions for the
nondifferentiable robust optimization problem (NRP).

Lemma 2.1. [11] Let © be a nonempty, compact topological space and let
h : R" x © — R be such that h(-,0) is differentiable for every 6 € © and
Vih(z,0) is continuous on R™ x ©. Let ¢(x) = sup h(z,0). Define ©(x) to be
fco
O(z) := argmax h(xz,0). Then the function ¢(x) is locally Lipschitz continuous,
pre

directionally differentiable and

¢/(I7d): sup vlh(‘r79)Td7
0€6(x)

where ¢’ (z,d) = limy_,o w_

Now we say that an Extended Mangasarian-Fromovitz constraint qualifica-
tion (EMFCQ) holds at Z for (NRP) if there exists d € R™ such that for any
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j € J1(Z) and any v; € V},
Vig,(Z,v;)Td <0
195\T, Uj .

Now we present a necessary optimality theorem for a solution of (NRP).
For the proof of the following theorem, we follow the approaches of proofs for
Theorem 3.1 in [7] and Theorem 3.7 in [9)].

Theorem 2.2. Let & € F be a robust solution of (NRP). Suppose that f(z,-)
is concave on U and g;(Z,-) are concave on'Vj, j=1,--- ,m. Then there exist
i >0, j=1,--- mucU,v;€V;, j=1,--- ,m and w € C, such that

0 € NV f(Z,0) +w] + Y 1;V1g;(T,05),
j=1

f(z,u) = max f(z,u),

w’'z = 5(z|C),
Moreover, if we assume that the Ezxtended Mangasarian-Fromouvitz constraint
qualification then we have (EMFCQ) holds, then

0eVif(z,u)+w+ Z,ujvlgj(fa v5),
=1

f(@, @) = max f(z,u),
wlz = s(z|0),

Proof. Assume that max 9i(#,0;) <0, j =1,---,m, and Jy(z) = 0. Then
v EV;

Z € intF, where intF is the interior of F. Let k(x) = s(z|C). Let ¢(x) =
max f(x,u) + k(z). Then U® = {u € U | f(z,u) + k(z) = v(z)}. Then U is

convex and compact. By Lemma 2.1, for any d € R",

Y (z,d) = maxVyf(z,u)ld+ kK (z;d)
ueUo
- m%%{(vlf(a’:,u) +w)Td | uweU° we dk(z)}.
ue
So, we can be proved in the same way as the proof of Theorem 3.3 in [9] O

Theorem 2.3. Let T € F' and assume that f(Z,-) is concave on U and g;(Z, )
are concave on Vj, j =1,--- ,m. Suppose that there exist u; >0, j=1,--- ,m,
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wueU,v;€V;, j=1,---,m and w € C such that

0e V1f(fvﬂ) +w+ Zﬂjvlgj(jal_}j%
J=1

f(@,u) = max f(z,u),

wl'z = 5(z|C),

wigi(z,v;) =0, j=1,---,m.
If f(-,u) and g;(-,v;), j=1,---,m, are convex on R™, then & € F is a robust
solution of (NRP).

Proof. Let T be feasible for (NRP) and assume that f(Z,-) is concave on U and

g;(Z,-) are concave on V;, j=1,--- ,m. Suppose that there exist pu; > 0, j =
1, mueU,v;€V;, j=1,--- ,mand w € C such that
m
Vif(@a) +w+ Y pVig(,0;) = 0. (1)
j=1

Assume that Z is not a robust solution of (NRP). Then there exists a feasible
solution z of (NRP) such that

rqilea(}(f(x,u) +s(z|C) < I;lea[}(f(ﬁc,u) + s(Z|C).
Then
fla,u) + 5(2|C) < f(z,u) + s(2[C).
Since wT'z = 5(z|C) and w € C,
[z, u) + s(|C)
f(@,u) + 5(7|C)
f@a) +w”

+w” .

flx,a) +wla

AN

2y

By the convexity of f(-,a),
Vif(z,a) +w]" (z—z) <0. (2)
Since w;g;(z, ;) < p1,;9;(Z,7;), by the convexity of ¢;(-,7;),

> 1 Vag(,0;)" (@ - 2) <0. (3)
=1
From (2) and (3),
T
Vif(@a) +w+ > pVig(T,0;)| (z—x) <0
j=1

From (1), £¥'(z — &) > 0, which is a contradiction since (1) holds. O
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3. Robust Duality Theorems

In this section, we establish Wolfe type robust duality between (NRP) and
(WD).

(WD) maximize f,u) +wls + Z wigi(z,v5)
j=1

subject fo 0€ Vif(r,u) +w+ ) 1 Vig(,v;),
j=1
weC, p; >0, vel v;eV;, j=1,---,m.

Let V=V x---xV,.

R*"xUxV xCxR™ be feasible for (WD). Suppose that f(-,a) and g;(-,7;), j =
1,---,m are convez, f(Z,-) is concave on U and g;(Z,-) are concave on 'V}, then

max f(z,u) + s(z|C) > f(z,a) + 0"z + Zlﬂjgj(:fﬁj).
=

m
Vif(z,a)+ o+ Zﬂjvlgj(fc,@j) = 0. Now suppose, contrary to the result.
j=1
Then we have

floa)+ats < max f(z,u) + 5(2|C)

< f@u) +w'z+ 9, 05).
j=1

Since fi;95(x,7;) <0,

flaa) + o'z + ) fi0:(2,0) < f(@,0) + w72+ Y fi59;(7,05)-
j=1 j=1
By the convexity of f(-,a) and g;(-, 7;),
T
vlf(f,ﬂ)+w+Zijlgj(f,l_)j) (xij) <0.
j=1
This is a contradiction. O

Theorem 3.2. (Strong Duality) Let T be a solution of (NRP). Assume that
the Extended Mangasarian-Fromovitz constraint qualification holds. Then, there

values of (NRP) and (WD) are equal. If f(-,u) and g;(-,v;), j=1,---,m are



376 MOON HEE KIM
convez, f(Z,-) is concave on U and g;(Z,-) are concave on'V;, then (&, 4,7, W, ft)

is a solution of (WD).

Proof. Since T is a solution of (NRP) at which the Extended Mangasarian-
Fromovitz constraint qualification is satisfied, then by Theorem 2.1, there exists
i >0, j=1,--- mueU,v;€V;, j=1,---,m, and w € C such that

0€Vif(@a)+w+ ) i1;Vig(2,v)),
j=1
f(z,u) = max f(z,u),
wl'z = 5(z|C),
Thus (Z,a, v, i) is feasible for (WD) and the objective values of (NRP) and
(WD) are equal. Moreover, max,cy f(Z,u)+s(Z|C) = f(Z, 11)+1I}T5c—|—2?1:1 a9, (Z,v;).
It follows from a weak duality (Theorem 3.1) holds that for any feasible solution

f@a)+ o'z +) pgi(E,v;) = max f(7,u) + 5(z|C)
j=1

> f@u)+ o E Y fg(E, ;).
j=1

Hence (Z, 4,7, w, i) is a solution of (WD). O
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