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SOLVABILITY FOR A SYSTEM OF MULTI-POINT
BOUNDARY VALUE PROBLEMS ON AN INFINITE
INTERVAL

JEONGMI JEONG AND EUN KYOUNG LEE

ABSTRACT. The existence of at least one solution to a system of multi-
point boundary value problems on an infinite interval is investigated by
using the Alternative of Leray-Schauder.

1. Introduction

The boundary value problems on an infinite interval arise quite naturally
in the study of radially symmetric solutions of nonlinear elliptic equations and
in various applications such as an unsteady flow of gas through a semi-infinite
porous media and theory of draining flows (see, e.g., [1, 2, 6]). The study
on nonlocal elliptic boundary value problems was investigated by Bicadze and
Samarskil ([3]), and later continued by II'in and Moiseev ([10]) and Gupta (]9]).
Since then, the existence of solutions for nonlocal boundary value problems has
received a great deal of attention in the literature. For more recent results, we
refer the reader to [5, 11, 12, 13, 14, 15, 16, 17, 19, 20, 21, 22, 23, 24] and the
references therein.
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In this paper, we consider the following system of second-order nonlinear
differential equations with coupled boundary conditions

(wipp(u) (t) + f(t,ult),v(t),d (t),v'(t)) =0, a.e. t € (0,00),

(wggop(v’g)’(t) + g(t,u(t),v(t),d (t),v'(t) =0, a.e. t € (0,00),

u(0) =Y (au(&)) +bv(&))), Jim (@ (wn)u/) () = b, (P)
j=1

v(0) = Z(Cju(ﬁj) +djv(§;)), tlgfglo(wgl(wz)vl)(t) = lo,

where p > 1, ¢,(s) = |s[P72s for s € R, aj,bj,c;,dj € R, & € (0,00) with
0<& <<~ <&u<oo,neN, Iyl € R, wy,ws : (0,00) = (0,00) are
continuous functions, and f,g : [0,00) x R* — R are Carathéodory functions
such that f = f(t,u,v,y,2) and g = g(¢,u,v,y, z) are Lebesgue measurable in
t for all (u,v,y, z) € R* and continuous in (u,v,y,2) for almost all t € [0, 00).
We further assume the following conditions hold:

(H) 1—20,]‘ 1_Zdj —ijZCj#O;
j=1 j=1 j=1 j=1

1
(W) fori=1,2, ¢! (w) € L},.[0,00), and let

K2

(F) fori = 1,2, there exist nonnegative measurable functions «;, f;, v such
that

(1+46,)P oy, %, v € L*0,00)
and, for almost all ¢ € [0,00) and all (u,v,y,2) € R,
[t w0y, 2)] < cr(O)ulP ™ +as ()0 + B (E)]ylP 4 B2 () |2P T +(2) (1)
and
l9(t,u, 0,9, 2)| < ax(B)[ulP ™ +az(t)oP T+ BBy P+ Ba(t)|2 P HA(E). (2)

Recently, Zhang ([24]) studied the following multipoint boundary value prob-
lems on an infinite interval in a Banach space E with uncoupled boundary
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conditions

() + k1 (t,u(t), v(t),
v (t) + kQ(t, u(t),v(t),

Zaj u(&;), gmu()—uweR,

'"(t),v'(t)) =0, a.e. t € (0,00),

u'(t),v'(t)) =0, a.e. t € (0,00),

Zﬁg v(&), Jim o'(t) = ve €R,

where «;,8; € [O,oo), & € (0,00) with 0 < & < & < -+ < &, < o0,
0 <Xl o <1,0<30 8 <1, 30 a6/(1 =" a;) > 1, and
> i1 Bi€i/(1 =327, B;) > 1. Under the suitable conditions on the nonlinear-
ities k1 (t,u,v,y, z) and ko(t,u,v,y, z) which may be singular at t = 0, u,v = 0,
and/or y, z = 6, the existence of positive solutions for the problem was investi-
gated in view of cone theory with Moénch fixed point theorem and a monotone
iterative technique (see, e.g., [4, 8]). Kosmatov ([14]) studied the second-order
nonlinear differential equation

(qy)'(t) = ka(t,y(t), y'(1)), ae. t €[0,00),

satisfying two sets of boundary conditions:
n n
/ _ : — . . 3 R
y'(0)=0, lim y(t) =) ry(&;) with Y r; =1,
j=1 j=1
or

1 <1
y(0) = 0, hm y(t Zn]y (&) with Zr@j/ —) / ——dr,
0

q(7)

where k3 : [0,00) x R? — R satisfies L]0, 00)-Carathéodory conditions, ¢ €
C[0,00) N C1(0,00), 1/q € L*[0,00), and ¢(t) > 0 for all ¢t € [0,00). Using
coincidence degree theory ([18]), the existence of solutions for the problems was
investigated . More recently, Kim ([12]) showed the existence of at least one
bounded solution for problem

(wapp(u’))_’gt) + ka(t,u(t),w'(t)) =0, a.e. t €[0,00),

0) = Y cvul€), Jim (¢, (w)a')(t) = 0

where a; € R with Z:’;Q a; # 1, kg : [0,00) x R? — R is a Carathéodory
function, and w € C0, 00) with ¢, ' (1/w) € L'(0,00).

Motivated by the above results, we investigate the existence of solutions to the
problem (P) with coupled boundary conditions. By a solution to problem (P),
we understand a function (u,v) € (C[0,00) N C(0,00)) x (C[0,00) N C(0,00))
with (w1, (1), wap,(v')) € ACI0, 00) x AC0, 00) which satisfies (P). The main
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tool of this paper is the following theorem (Alternative of Leray-Schauder, see,
e.g., [7, p.124]):

Theorem 1.1. Let C be a convex subset of a Banach space X, and assume that
0€C. Let L: C — C be a compact operator, and let

E={xeC:x= ALz for some X € (0,1)}.
Then either £ is unbounded or L has a fized point.

In next section, the main theorem is proved and an example is given to
illustrate the main result.

2. Main result

Let X := X; X X5 be a Banach space with norm ||(u,v)| x := |lull1 + ||v]2-
Here, for i = 1,2,
t
X; = {u € C[0,00) N C*(0,0) : ﬂ%»@;l(wi)ul € C[0,00) N L*>(0,0)}
i
with norm
lu(®)]

ull; == sup + sup (o5 (w) | (@).
[l B ST te[o,oo)( p (W) |[W])(t)

Let Y := L*(0,00) with norm ||h||y := [;~ |h(s)|ds.
For i = 1,2, we define K; : Y — X; by, for h € Y and ¢ € [0, ),

Ki(h)(t) = /Ot ol <wl(s) (gop(li) + /:o h(T)dT)) ds.

For (hy1,h) €Y XY, we define Fi,F»: Y xY — R by

n

Fy(h1,ho) =Y (a;K1(h1)(&)) + bjKa(h2)(&;))

j=1
and .
Fy(hy,ha) =) (e;K1(m)(&) + diKa2(ha)(&))).
j=1
Let
1-— Z aj — Z bj
M = ];1:1 j:;
— ZC]‘ 1 — dj
j=1 j=1

Z > exists and let

(i) =0 (B )
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Fori=1,2,T;: Y xY — X; is defined by, for (hy,hs) €Y XY,
Ti(h1, h)(t) :== A;(h1, he) + K;(h;)(t) for all t € (0, 00).
Define T:Y xY — X by, for (hy,he) €Y XY,
T(hy, he)(t) == (T1(h1, h2)(t), To(hi, he)(t)) for all t € (0, c0).
For (h1,hs) € Y x Y, consider the following problem

(wipp(u)) () + hi(t) =0, a.e. t € (0, 00),
(wapp (V") () + ho(t) =0, a.e. t € (0,00),

u(0) =Y (au(§)) +b;u(&)), lim (g, (wi)u') (1) =1, (3)

j=1
n

v(0) =Y (cju(&;) + d;v(&)), Jim (g (w2)v') (1) = la.

Jj=1

Then we have the following lemma:

Lemma 2.1. For each (h1,hs) € Y XY, (3) has a unique solution (u,v) =
T(hl,hg) mn X.

Proof. Let (u,v) be a solution of (3) with a fixed (hq,hs) € Y x Y. Then, for
t € [0,00),

u(t) = u(0) + K1(h1)(t), v(t) = v(0) + Ka(ha)(t).

Thus

iaﬂt(ig‘) = Xn:ajU(O) + Xn:ajKl(hﬁ(ﬁj) (4)
and "~ " "

S b(e) = Y bye(0) + 3 byEa(ha)(s,) %)
Adding (4) and (5])_,1 ” a

u(0) = iajum) +zn:bju(0) + Fy(ha, hy). (6)
In a similar manner, . ”

v(0) = ilcju(()) +Zn:1dju(0) + Fy(ha, hy). (7)

By (6) and (7),
uw(0) \ _ [ Fi(hi, hs)
M( v(0) ) = ( Fy(ha, ho) )
By (H), (u(0),v(0)) = (A1 (h1, ha), Aa(h1, ha)), and thus (u,v) = T(hy, ha). O
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For convenience, we make use of the following notations:

A:i((aaj—ﬂbc] 0 <w1 ) >
B- ]zn;<|ab|+|bd (w2 ) )

() ).
D= VL <(|cbj|—|—|ddj|)/0£j ! (w;(s)> ds).

j=1

C

|

((Icajl + Idca

1

J

<

Lemma 2.2. Assume that (H) and (W) hold. For (hi,hs) €Y x Y,

171 (has ho) [l < (A+2) (1P~ + [l |ly) 77 + B(|l2?~" + [hally) 7
and

Tk, ho) 2 < O™ + R lly) 77 + (D +2)([2P~! + [hally) 7
Proof. Let (hi,hs) € Y x Y be given. Then, we have

laFy (hy, ho)|
14 64(t)

< lal Z(\%Kl(hl)(fjﬂ + |b; K2 (h2)(&5)])

j=1

<al z:; { <|aj| /05-7‘ 90;1 (wll(s)) ds) (|gl|p—1 i ||h1||y)'”+1
' ('bj' /ogj a (wl<>> dS) (U + ally) ™ |- ®)
Similarly,

|bFs(h1, ho)]
14 64(t)

< |b| il { (|cj| /Ogj 90;1 (wll(s)) ds) (|ll|p—1 L ”hl”Y)p%l
(5 () o) e =]

|K1(h1)(t)]

< (P + b lly) 7T, 10
OO0 < (= + ) (10
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and
(0 (wn) (K1 (h1)) ) (O] < (1P~ + [ fly) 77 (11)

By (8)-(11), we have
T3 (ks ho)lh < (A+2) ([P~ + ally) 7T + B(Jl2P~ + [|hally) 7.

In a similar manner,

ITo (1, ha)ll2 < C(IL [P~ + [lhally) 7T + (D +2)(|l2P~ + [ holy) 7T

and thus the proof is complete. O

We define the Nemytskii operators Ny, Ny : X — Y by

Ny(u,v)(t) = f(t,u(t),v(t), u'(t),0'())
and

Ny (u,v)(t) := g(t,u(t), v(t),u'(£),v'(t))
for almost all ¢ € (0,00), and define L : X — X by

L(u,v) = (Li(u,v), La(u,v)) := T (N¢(u,v), Ng(u,v)) for (u,v) € X.

Then L is well defined. By Lemma 2.1, problem (P) has a solution (u,v) if and
only if L has a fixed point (u,v) in X.

To show the compactness of the operator L, we use the following compactness
criterion.

Theorem 2.3. ([1]) Let Z be the space of all bounded continuous vector-valued
functions on [0,00) and S C Z. Then S is relatively compact in Z if the following
conditions hold:

(i) S is bounded in Z;

(1) the functions from S are equicontinuous on any compact interval of [0,00);
(#it) the functions from S are equiconvergent at oo, that is, given € > 0, there
exists a T = T(e) > 0 such that ||¢p(t) — ¢(c0)||rn < € for all t > T and all
¢ e S

Lemma 2.4. Assume that (H), (W) and (F) hold. Then the operator L : X —
X is compact.

Proof. We only prove that L; : X — X; is compact, since the compactness
of Ly : X = X5 can be proved in a similar manner, and thus L : X — X is
compact. Recall that L (u,v) = T1(Nf(u,v), Ng(u,v)) for (u,v) € X.

Let ¥ be bounded in X, i.e., there exists R; > 0 such that ||(u,v)||x < Ry
for all (u,v) € 3. By (F), there exists hy € Y such that

[Ny (u, 0)(0)] < hs(t) (12)
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for almost all ¢ € [0, 00) and all (u,v) € 2. Indeed, for (u,v) € 3 and for almost
all ¢ € [0,00), by (F),

[N (u, 0)(#)]
< @)+ aa®)o@)P + B (O + B2 ()P + (1)

( Bi(t) 522(t)> [ (u, 0) |5+ (2).

<

D (14 6:()"  eu(t) + +

2 w(t) " ws(t)

Set, for almost all ¢ € [0, ),

h(t) = (Z(lwi(t))plai(m Aul) | Balt) )Rﬁ”ﬂw,

O] " Twa(0)

then hy, € Y and (12) holds. Thus N;(X) is bounded in Y. Similarly, we can
prove that N(X) is bounded in Y. It follows from Lemma 2.2 that L;(X) is
bounded in X;.

For any R > 0 and t1,t2 € [0, R] with ¢; < o,

‘Tl(Nf(u)v)ng(uvv))(tl) _ Tl(Nf(ua'U)ng(uvv))(t?)
14 0:1(t1) 14 0:1(t2)

1 1

(wv)) ’14—01(151) T 14 01(t)

Ki(Ny(u,0))(t1)  Ki(Ny(u,v))(t2)
1+6:1(t1) 1+ 01(t2)

( SH)I;Z{IAl(Nf(U,v),Ng(u, v)[}0:1(t2) = O1(41)]

1 1
n (1 T m)) L (N ) (1)
1

+7
14 61(t2)

( sup {[|A1(Ny(u,v), Ng(u,v))|}
(u,w)ET

IN

[ A1 (N (u, v), Ny

IN

[ K (N (u,0)) (t2) = K1 (Nj(u,v))(81))]

IN

R
P+ hslly) 7 / sopl(

to
p—1 = -1
+([l11P7 + |hslly) /tl ®p <w1(3)> ds,
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and

(5 (w1) (Ta (N (u, 0), Ny (u,v)))") (t1)
—(p ' (wi)(T1(Ng (u, v), Ny(u, v)))") (2)|

oy (wp(lﬂ + :O Nf(“a“)(s)ds)
—p, (wp(ll) + /t :O Ny (u, U)(s)ds)

{Tl(Nf(uvv)vNy(u7U))
146,

)

which yield that

:(u,v) € E}

and
{ep ! (wi)(Ta(Ny (1), Ng(u,0))) + (u,v) € T}
are equicontinuous on any finite subinterval of [0, 00) by (12).
For (u,v) € X, by L’Hospital’s rule,

iy B0y (0.0)0

o
=ty (ot + [ 0t

and
Jim (o () (T3 (N (o, ), N (,0)))') ()
= gt (e + [T Nt
It follows from (12) that, as t — oo,

Ty (Ny (u,v), Ny(u, v))(#)
14 641(t)

—>ll

and
(0 (w1) (T2 (N (u, ), Ny (u, 0)))) (1) = b
uniformly on X. Consequently,

{TI(Nf(U7v)aNg<u’U)) : (u,v) € E}

1+6,

and
{30;1(w1)T1(Nf(u, v), Ng(u,v))" : (u,v) € T}

329

are equiconvergent at oo, and thus T4 (Ny, Ny) is compact in view of Theorem

2.3.

Now we give the main result in this paper.

O
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Theorem 2.5. Assume that (H), (W) and (F') hold. Then problem (P) has at
least one solution (u,v) in X provided that

2
Kp(A+ 1P (1461)P Lo [y +CP Y[ (1402 anly )+
=1

B

<1
y 2

(13)

i

and

2
Kp(BP Y| (14007 Lot |y +(D+1)P [ (1402)7 L anlly) + Y

i=1

Bi 1
— — (14
| <3 o

hold. Here k, = max{1,2P~2}.

Proof. Let (u,v) € X satisfying

(u,v) = AL(u,v)

for some A € (0,1). Then

u = )\Tl(Nf(U,'U), Ng(ua U))

and

v = )‘TQ(Nf(ua U))Nq(uav))'

It is well known that, for ¢ > 0 and for any a,b € R,

la + b|? < max{1,297}(|a|? + [b]9). (15)
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Using the assumption (F') and the inequality (15), by the same arguments as
in the proof of Lemma 2.2, for almost all ¢ € (0, c0),

IN

IA

IN

IN

[N, 0)(0)
s (D) u(®) P~ + o (O~ 4 By ()| O + B ()P + (1)

(L4 0:(6)) (1) ('T“wal +>0N( g v>><t>|> -

| T2 (N (u, v), Ng(uvv))(tﬂ)p_l
1 +92( )

| (2 () Ty (N (1, v), Ny (u,0)) ) ()]

1+ 00 (1) (

[y (w2) To (N (1, 0), Ny (u,0) ) () + (1)
(14 020 aa () [(4 + )P~ + [ Np s 0)lly) 7
FB(B + [Ny (, ) )]

(1 6P az(8)[CULIP T+ [Ny, ) ) 7T

p—1

(D + DIl + 1Ny, ) ) 7]

Ba(t) Ba(t)
w1 (1) w2(t)
(1+6:(2))" 1a1( Yep(A+1)PT

([P Vg (u,0)[ly) + (I[P~ + | Ng (u, 0)[[y) +~(t)
Ba(t)
wl(t)

1+ 00 a0, PO N 0, 0)

Ba(t)
() Na 0l

)
(L4 01 ()P (Orp (A + PP+ B i)
F(L+ 05(0)  aa () (CPH LI + (D 4+ 1P i)

ﬁl( )| |p 1 ﬂ2(t )
wi (1) ws(t)

(
—|—|: 1 —|— 01 p 10&1(1&)/{po71
+(1+ 02())P L ag(t)ry(D + 1)P~ +
(

_|_

(1)
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Thus, we have

INfo)lly < [mp((A+ 1P+ 00 |y

+CP (L4 62)P  aslly) + ‘ ’%

Iy (o)l
Y
+ [y (B (14 01) ey

D4 D+ 0 anly) + |2
2

IV (s v) v
Y

Frp((A+ 1P HL P+ BPHLPTH (14 607 |y
Hrp(CPHL P+ (D 4+ 1P Hlo[P7H[I(1 + 62)P ey
B
wy

+i P + v (16)

Y

+ [loP
Y

B2
(5

In a similar manner, we have

INy s wlly < [mp((A+ 1P+ 0 ey
by

+O’Wu+%wlwhﬁ+‘
w1

Vs )11y
Y
+ [’fp(Bp_l 11+ 61" anlly

HD 4P 0l + 2
2

[ 1, (s 011
Y

Hrp(A+ DPTHLPT 4+ B2 P71+ 61)P tenly
Hrp(CPHL P 4 (D 4+ P H P14+ 62)P ™ aslly
B
w

o i Pt TS (17)
Y

Y

+]1y [Pt A
w1

Adding (16) and (17), we can conclude that there exists a constant C' > 0 such
that

N7 (u, ) ly + [|Ng (u, 0)[ly < C
provided (13) and (14) hold. It follows from Lemma 2.2 that there exists R > 0
such that ||(u,v)||x < R for all (u,v) satisfying (u,v) = AL(u,v) for some

A € (0,1). Thus problem (P) has at least one solution (u,v) in X in view of
Theorem 1.1. 0

Finally, we give an example to illustrate the main result.
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Example 2.6. Consider the following problem

(e () ' (B) + £ (2, u(t), o(8), W/ (8), v/ (8)) = 0, t € (0, 00),

(@O (@) + g(t, ult), o(t), ' (), 0'(£) = 0, £ € (0, 00),

u(0) = —u(1) — $v(1) + 3u(4) + 3v(4), lim¢ oo t2u/(t) =1, €R,

v(0) = 2u(1) — 20(1) — 2u(4) + 4v(4), limy_oo v'(t) =l € R.
Corresponding to the problem (P), p =3, n=2,& =1,& =4, a1 = —1,
as =3,b1 = —1/2, b =3/2,¢c1 =3/4, co = —1/4, dy = =2, ds = 4, wi1(t) = ¢,
and ws(t) = 1. Then 6, (t) = 2tz and 02(t) = t, and thus (H) and (W) hold.
Let

2
Flt0,0,9.2) = aa(usin(to)+aa ) ( 2 ) 4105+ 82t 05 (1) 42 ()
and
2 2
ot 0,3:2) = (00 + a0+ (00 (225 ) 4 a0 )

where aq(t) = 1079 1(1 4+ 2t2) 72, ay(t) = 10 9t (1 + 1)~ 2,

[ 1072z,  te(0,1) [ 107272, te(0,1)
i) = { 107271, te[l,o0) ’ Ba(t) = 1072672, te[l,00)
and ~1,72 are any functions in Y. Then
|f(t,u,0,,2)] < ar(t)u? + aa(t)o® + B1(t)y? + Ba(t)2® + an (t) + Ba(t) + [ (1)
and

l9(t,u, 0,9, 2) < a1(t)u? + az()v? + Bi(t)y? + Ba(t)2? + aa(t) + 2 (t)]-
Taking v(t) = a1(t) + aa(t) + B2(t) + |71 ()| + |12(t)], then (F) holds, and
3
1+6,)> = |I(1 + 65)* — 10~ and |2y = | 2y = 2
[(T+61)ully = [[(1+02) azlly an ||w1 Iy ||w2 Iy = 155
By direct calculation, k3 = 2,

-1 _ a b _ -2 2
wi=(ea)=(7 %)
A=33,B=49, C =19, and D = 85/2. Consequently, (13) and (14) hold. By
Theorem 2.5, the problem (18) has at least one solution for any l1,ly € R.
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