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OPTIMAL CONTROL FOR THE FOREST KINEMATIC
MODEL

SANG-UK Ryu

ABSTRACT. This paper is concerned with the optimal control for the forest
kinematic model. That is, we show the exiatence of the strong solution
for the forest kinematic model and then show the existence of the optimal

control.

1. Introduction
In this paper we consider the following optimal control problem
(P) minimize J(u)
with the cost functional J(u) of the form

T T
T = [ W = walfsydt+ [ 1ot = pallrd
+ulinor), weH'(0,D),
where y = y(u) and p = p(u) are governed by the forest dynamical system

oy 0%y B

5t = dg52 ~ Py —Fy+gp  in Ix(0,T],

% = fy—hp—u(t)p in Ix(0,T], (1.1)
Ay _ 9 _

5,0t =22(L,t) =0 on (0,T),

y(x,0) =yo(x), p(x,0)=po(x) in I

Here, I = (0, L) is a bounded interval in R. y = y(z,t) denotes tree density of
young age class in I at time ¢ and p = p(x,t) is tree density of old age class
in I at time ¢t. g > 0 is fertility of the species. h > 0 and f > 0 denote death
and aging rates. y(p) denotes a mortality rate function of the young trees with
v(p) = alp — b)*> + ¢ (a,b,c > 0). u(t) denotes the control term.
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The modelling of forest age structure dynamics is one of the most impor-
tant problems of mathematical ecology. The model (1.1) is introduced as base
mathematical model of mono-species forest with two age classes ([1], [2]).

Many authors studied for the optimal control problem governed by the re-
action diffusion model. In [8], the optimal control problem for the chemotaxis
model was stusied. Brandao et al.([6]) considered the optimal control problem
for FitzHugh-Nagumo equation. In [3], [4] and [7], the optimal control problem
for prey-predator reaction diffusion model was studied. In this paper, we show
the existence of the strong solution of (1.1). We also show the existence of the
optimal control.

The paper is organized as follows. Section 2 is a preliminary section. In
Section 3, we show the existence of the strong solutions. Section 4 show the
existence of the optimal control.

Notation. Let J be an interval in the real line R. LP(J;H), 1 < p < oo,
denotes the LP space of measurable functions in J with values in a Hilbert space
H. C(J;H) denotes the space of continuous functions in J with values in .
WL2(J; H) = {y; D'y € L*(J;H),j = 0,1}, where D is the derivative in the
sense of distributions. For simplicity, we shall use a universal constant C' to
denote various constants which are determined in each occurrence in a specific
way by a,b,c,d, f,g,h, m,l and I.

2. Preliminaries

First we recall a general existence result which we use in the sequel([5]).
Consider the following abstract problem

dY

o =AY +F(LY (1), te€[0.T], (2.1)
Y (0) = Yo,

where A is a linear operator defined on a Banach space X, with the domain
D(A)and F : [0,T]xX — X is a given function. If X is a Hilbert space endowed
with the scalar product (-,-), then the linear operator A is called dissipative if
(AY,Y) <0, for all Y € D(A).

Theorem 2.1. ([5]) Let X be a real Banach space, A: D(A) C X — X be the
infinitesimal generator of a Cy-semigroup of linear contractions {S(t),t > 0}
on X, and F : [0,T] x X — X be a measurable function in t and Lipschitz
continuous in x € X, uniformly with respect to t € [0,T].

(i) If Yo € X, then problem (2.1) admits a unique mild solution, i.e. a
function' Y € C([0,T); X) which verifies the equality

Y(t)=St)Y, + /Ot S(t—s)F(s,Y(s))ds, Vte[0,T].
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(i) If X is a Hilbert space, A is self adjoint and dissipative on X and Yy €
D(A), then the mild solution is in fact a strong solution and Y € W12(0,T; X)N
L?(0,T; D(A)).

3. Existence of the strong solution

In this section, we show the existence and uniqueness of a local strong solution
for (1.1).

We rewrite (1.1) as an abstract problem (2.1) in the Hilbert spaces H =
L?(I) x L?(I). To this end, let us define the operator A : D(A) C H — H as

follows: 52
AY = ( 5 0) <p)’ Y (p) € D(A).

Here, D(A) = {Y = (1) € H2(I) x L*=(I), 3(0) = (L) = o}. Then A is a
self adjoint dissipative operator in H.

Thus, (1.1) is formulated to the following abstract form
dy

o PAY =F(LY(®#), 0<t<T, (3.1)
Y(0)=Y,
in the space H. Here, F(¢,Y(t)) : [0,T] x H — H is the mapping
ft,y, p)) (—v(p)y —fy+ gp)
FLY(t)) = - 3.2
(Y] (g(t, ) fy—hp—u(t)p (32)
and Yj is defined by Yy = (zg) K= {(zg) € D(A);0 < yp and 0 < po} and

Uud = {u € H'(0,T); [|ull 1 0,my <m, 0 <ult) <1}

Now, we have the followig result for the local strong solution to (1.1).

Theorem 3.1. For Yy € K and v € Uuq, (1.1) has a unique strong solution
Y= (Z) € WH2(0, Ty, pou; H) such that

0 <y € L0,Tyypou) X I) NLZ(0,Tyy pous H (1)) N L0, Ty po,u; H2(I)),
0 < pE LOO((Ovaovﬂmu) x I) N LOO(O’Tyo,Po,u;IP(I))'

Here, Ty, po,u > 0 is determined by ||yol| o (1), ||pollLe=(ry and ||u| g1 o,1). More-
over, the estimates

%y <cC
o - amcy 112200 T ity s Il 013 1) <
(3.3)
and
i <C 3.4
5] o0z, gm0 e + sz < (3.4)

hold, where C' is also determined by ||yol|Le<(r), [|pollLee(r)y and ||u|| g (0,1)-
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Proof. Since F(t,Y (t)) defined in (3.2) is not Lipschitz continuous with respect
to Y uniformly for ¢ € [0, 7], we can not apply Theorem 2.1 for (3.1).

Step 1. We use a truncation procedure for F (¢, Y (¢))([1], [2], [7]). For a fixed
positive integer N > 0, let us consider the following auxilary problem:

dy;
TtN + AYy = Fx(t, YN (1), 0<t<T, (3.5)
Y (0) = Yo,

N
where Yy = (zZ) and Fy(t,Yn(t)) = (Z:Ngfzzﬁg’g) with fN(t, yn, pn),
N
9" (

t,yn,pn) defined as follows: If y and p are greater than N or less than
—N, then we replace y and p by N or —N. If |y|,|p| < N, then y and p in
f(t,y, p) remain unchanged. Similarly, y and p in g(¢,y, p) remain unchanged.

Thus Fn(t, Yn(t)) = (gzgzzzl’zg) is well defined on [0,7] x H. Then, we can

check that the function Fy (¢, Yn(t)) is Lipschitz continuous with respect to Yy
uniformly for ¢ € [0,T]. Thus, it follows from Theorem 2.1 that there exists a
unique strong solution Yy € W2(0,T;H) N L2(0,T; D(A)).

Step 2. We show that yy € L>(0,T; H*(I)). Indeed, from first equation of
(3.5), we deduce that

t 2 t 2 9 )
/ /’aﬂ’ dxd7+d2/ /’8 yf’ dxdwrd/‘aﬂ‘ "
o Jr! Ot o Ji o v
I 12 ¢
:d/’ﬂ‘ dm+/ /|fN(TayN7PN)\2d:vdT.
110z o J1

By the Lipschitz property of fV (¢, yn, pn) we obtain that

2 2 T
d/’ay—N’ d:cgd/’%’ dx+C/ /(\yN|2+|pN|2)dxdt.
I ax I OI 0 T

Since yn, py € WH2(0,T; L*(I)) and yo € H%(I), we have yy € L°°(0,T; H'(I)).
Similarly, multiplying the second equation of (3.5) by px, we obtain that

T
/ Pz < / Ipol2da 4 C / / 1™ (8, s pov) Pt
I I 0 I

T
< [1oodz ¢ [ [P + lowP?)dod.
I 0 I

Since yn, py € WH2(0,T; L3(I)) and pg € L>°(I), we have py € L>°(0,T; L(I)).
Step 3. Let us prove the boundedness of Yy on (0,7) x I. Put

M = max{|| fN L 0.1)x 1) 19" | 0,7y % 17 10l o< (1) 1 P0 ]| oe (1) }-
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Note that function gy (¢, z) = yn(t,z) — Mt — |[yo| L (1) satisfies the following
problem

dyn danN

dt Ox?

In(0) = yo — llyollLoe (1)-

Then the strong solution of (3.6) can be written as

+ Nt yn(t), pn () =M, 0<t<T, (3.6)

gn () = S() (yo — llyollz= (1) +/0 S(t =) (£ (s,yn(s), pn(s)) — M)ds,

where {S(t),t > 0} is the Cy-semigroup generated by the operator B : D(B) C
L3(I) — L*(I).
2
By=a2¥ D) ={yem ;22w = 2w)=o}

Since yo — [|yol ey < 0 and fN (¢, yn(t), pn(t)) — M < 0, it follows from the
comparison principle of parabolic equation that gy (¢,2) < 0 for all (¢,z) €
(0,T) x I. In the same manner we can prove that wy (¢, z) = yn(t,x) + Mt +
lyoll o= (1) is nonnegative. Thus, we have

lyn (t,2)] < Mt +[lyoll Loy,  (t,2) € (0,T) x 1. (3.7)
On the other hand, the function py(t,z) = pn(t,x) — Mt — ||pol| (1) satisfies
the following problem
dpn
dt
pn(0) = po = llpolle(n)-
Since po — |lpollpee(ry < 0 and gV (¢, yn(t), pn(t)) — M < 0, it follows that
pn(t,z) <0 for all (t,z) € (0,T) x I. In the same manner we can prove that
2y (t,x) = pn(t,x) + Mt + ||po|| Lo (1) is nonnegative. Therefore, we obtain

on () < Mt + [pollery, (t2) € (0,T) x I. (3.8)

Thus we have proved that yn,pn € L*°((0,T) x I), the upper bound being
dependent only on N.

Step 4. To show the positiveness of yy, we consider the following auxilary
problem:

=g (t,yn(t), pn(t)) =M, 0<t<T,

dy - = =
d—tN—i—AYN:FN(t,YN(t)), 0<t<T,

e ()i — o + gl
T (4 V —Y(PN)YN — JYN + gIPN
Fnt,Yn(t) = F ) ’ .
w{t Y () ( fyn — hpy —u(t)pn )
Let us verify first that gy > 0 by the truncation method([10]). Consider
)
H(yy) is C11 cutoff function for —oo < i < oo given by H(jn) = yTN for
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—00 < gy <0 and H(gy) =0 for 0 < gy < 0.
If we put

L
- / H(gn(0))de, 0<t<T,
0

then t(t) is continuously differentiable function with the derivative

/ H (v () (D)

6
/ H'(y d— 5 = 1pN)iN — fin + gIﬁNI)dw
y

—d / H' (g (1))

_y / " G ()i + g / H (g (£))|pwlde
:fa/ ‘M‘ dxfc/ H'(yn(t))yndx
0

L
_y / H' (g (8))gder + ¢ / H' (5 () | |d.

Since H'(gn) <0, H' (gn)yn > 0, we obtain

/ H'(y Y(pn)yndx

d
%w(t) <0

Therefore, ¥(t) < ¥(0) for 0 <t < T. Thus, ¥(0) = 0 implies ¥ (t) = 0, that is,
gn(t) > 0 for 0 < ¢t < T. Similarily, we obtain that px(¢t) > 0 for 0 <t < T.
We conclude that Fy(t,Y y) = Fn(t,Y n). Thus we see that Y is a solution
of (3.5). By the uniqueness, we see that Y y(t) = Yn(t) for 0 <t < T.

If we choose N > 2max{||yollzo (1), |poll (1)}, there exists s € (0,T) such

that
N

5.

From (3.7) and (3.8), we derive that |yn| < N,|pn| < N for all t € (0,s). Thus
Fx(t,yn,pn) = F(t,y,p) for (t,z) € (0,8) x I, s0Y = (%) is the local solution
of (3.1) defined on (0,s) x I. O

N
Ms +llyollen < 55 Ms+llpollze=(n) <

4. Existence of the optimal control

Let S > 0 be such that for each u € U,q, (3.1) has a unique strong solution
Y(u) € Wh2(0,S5;H) N L%*(0,S; D(A)) satisfying (3.3) and (3.4). Thus, the
problem (P) is obviously formulated as follows:

(P) minimize J (u),
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where
S
ﬂ@iﬂ”ﬂ@*n@ﬁ+ﬂW%mwu€%m

Here, YV = (g) and Yy = (gj) is a fixed element of L%(0,S;H) with yg4,pq €
L?(0,8; L%(I)). v is a positive constant. Then, we have the following result.

Theorem 4.1. There exists an optimal control u* € Uy for (P) such that

o
J(u) = min J(u).
Proof. Let {u,} C Uuq be a minimizing sequence such that

lim J(u,)= min J(u).

n— 00 u€Uq4q

Since {u,} is bounded in H'(0,T), we can assume that u, — u* weakly in
H'(0,T). By the compactness of H'(0,T) < L*(0,T), we see that

u, — u* strongly in L*(0,T). (4.1)

Let Y, = (%") be the solution of (3.1) corresponding to w,. That is, ¥;, = (Z:)

is the solution of the following equations

ayn 0? Yn (P )

5 = 53 = fyn+gpn n Ix(0,5],

O g~ —unpn 0 1 (0,5, (4.2
Oyn, OYn .

a (O t) a ( 5t) - O on (075]5

n(x70) - yO( )a pn(x,o) = po(aﬁ) in I.

Then, we see from (3.3) and (3.4) that

lynllz20,5:m2(00)s Nynllar @y, Nynllzeo,s)xn < C, (4.3)

H OYyn
L2(0,8;L3(I))

0pn
|55 Ipallisoxns onllizn €. (44)

£2(0,8;L2(I))
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Therefore, it is seen from (4.3) and (4.4) that there exists y* such that

*

oyn O
Gn _, %Y weakly in L?(0, S; L*(I)),

ot ot
Pyn %y’ i L2 2
57 B weakly in L=(0, S; L*(I)),

yn — y* weakly star in L>°(0, S; H*(I)),
yn — y* weakly star in L°°((0,.5) x I),
Opn  Op* .

% — =5 weakly in L*(0, : L(1))
pn — p* weakly star in L°°(0, S; L*(I))

pn — p* weakly star in L*°((0,5) x I).

Since H'(I) is compactly embedded in L?(I), we deduce that {y,} is relatively
compact in C([0,S]; L*(I))([9]). Therefore, we see that

Yn — y* strongly in C([0, S]; L*(I)). (4.5)

Furthermore, mulitplying the second equation in (4.2) by p, we obtain

¢
/pidm = /pgd;v + 2/ /(fyn — hpp — un (T)pn) pndxdr. (4.6)
I I 0o JI1

From (4.6), we have
‘/pi(t,w)d:ﬂf /pi(s,x)dx’ < Clt—s|, Vt,s€]0,5].
I I
So, by Arzela-Ascoli Theorem, we can assume that
pn — p* strongly in L?(I) uniformly with respect to ¢ € [0, S]. (4.7)

Now we show that Y* = (i’)*) is the solution of (3.1) with respect to u*. We
first show that

Y(pn)yn — ¥(p*)y* strongly in L2(0, S; L*(I)). (4.8)

Indeed, since p*, pn,yn € L>=((0,5) x I), we have

/OS/I (Y(pn)yn —(p*)y*) dudt
< C/s /(Pn + p* —2b)%(pn V2 y2dadt + 0/ / et
<cC / / ) dadt + / / y*)Adadt).
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From (4.5)and (4.7), we see that (4.8) is satisfied. Furthermore, since y* €
L>((0,8) x I), we have

//un n — u*(t)y*)2dadt

< C’(HunHLm(o,s)Hyn =y 22(0,5:22(1)) + [[un(t) — U(t)HLZ(o,S)||y*||L°°(o,s;Loo(1)))

< C(H“nHHl(O,S)Hyn = y*ll20,8:22(1)) + llun(t) — U(t)||L2(o,s)||y*||L°°(0,s;Loc(1))>-
By using (4.1) and (4.5) we have
Unyn — u*y* strongly in L*(0,S; L*(I)).

Therefore, Y* = (7;) is solution of (3.1) with respect to u*. Since Y,, — Yy is
strongly convergent to Y* — Yy in L?(0,T;H), we have:

Join J(u) < J(u”) < liminf 7 (un) = min J(u).

Hence, J(u*) = min J(u). O

u€Uqq
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