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HARDY SPACE OF LOMMEL FUNCTIONS

Nihat Yağmur

Abstract. In this work we present some geometric properties (like star-
likeness and convexity of order α and also close-to-convexity of order
(1 + α)/2) for normalized of Lommel functions of the first kind. In order
to prove our main results, we use the technique of differential subordina-
tions and some inequalities. Furthermore, we present some applications
of convexity involving Lommel functions associated with the Hardy space
of analytic functions, i.e., we obtain conditions for the function hµ,v(z)
to belong to the Hardy space Hp.

1. Introduction

Let H be the set of all analytic functions on the open unit disk U =
{z : |z| < 1}. H∞ denotes the space of all bounded functions on H. H∞ is
a Banach algebra with respect to the norm ‖f‖

∞
= sup {|f(z)| : z ∈ U}. For

p ∈ (0,∞), we denote by Hp the space of all functions f ∈ H such that |f |p
admits a harmonic majorant. Hp is a Banach space if we define the norm of f
to be the p-th root of the least harmonic majorant of |f |p , taken in some fixed
point z ∈ U . For the function f ∈ H, set

Mp(r, f) =

{

(

1
2π

∫ 2π

0

∣

∣f(reiθ)
∣

∣

p
dθ

)1/p

, p ∈ (0,∞)

max {|f(z)| : |z| ≤ r} , p = ∞.

If Mp(r, f) is bounded for all r ∈ [0, 1), then the function f is said to belong
to Hardy space Hp. We note that for 0 < p ≤ s ≤ ∞, it can be shown that Hs

is a subset of Hp (see the book of P. L. Duren [7]). Two known results about
the Hardy spaces Hp are the followings [7]:

ℜ[f ′(z)] > 0 =⇒
{

f ′ ∈ Hq, q < 1
f ∈ Hq/(1−q), q ∈ (0, 1).

The study of Hardy spaces of special functions was studied first in [12]. This
paper is motivated by [1] and [12].
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Let A denote the class of functions f normalized by

f(z) = z +
∞
∑

n=2

anz
n

which are analytic in the open unit disk U . Let S denote the subclass of A
which are univalent in U . Also let S∗(α) and C(α) denote the subclasses of A
consisting of functions which are, respectively, starlike and convex of order α
in U (0 ≤ α < 1). Thus we have,

S∗(α) =

{

f : f ∈ A and ℜ
(

zf ′(z)

f(z)

)

> α, (z ∈ U ; 0 ≤ α < 1)

}

,

C(α) =
{

f : f ∈ A and ℜ
(

1 +
zf ′′(z)

f ′(z)

)

> α, (z ∈ U ; 0 ≤ α < 1)

}

,

and

K(α) =

{

f : f ∈ A and ℜ
(

f ′(z)

g′(z)

)

> α, (z ∈ U ; 0 ≤ α < 1; g ∈ C)
}

,

where, for convenience,

S∗(0) = S∗, C(0) = C, and K(0) = K.

For α < 1, Baricz (see [1]) introduced the class

P(α) =
{

p ∈ H : ∃η ∈ R s.t. p(0) = 1, ℜ
[

eiη (p(z)− α)
]

> 0, z ∈ U
}

and R(α) = {f ∈ A : f ′ ∈ P(α)} , i.e.,

R(α) =
{

f ∈ A : ∃η ∈ R s.t. ℜ
[

eiη (f ′(z)− α)
]

> 0, z ∈ U
}

.

When η = 0, we denote P(α) and R(α) simply by P0(α) and R0(α), respec-
tively; for α = 0 we denote P0(α) and R0(α) simply by P and R, respec-
tively. Finally, for functions f, g ∈ A, given by f(z) = z +

∑

∞

n=2 anz
n and

g(z) = z +
∑

∞

n=2 bnz
n, we define the Hadamard product (or convolution) of

f(z) and g(z) by

(f ∗ g)(z) := z +

∞
∑

n=2

anbnz
n =: (g ∗ f)(z) (z ∈ U) .

Lemma 1.1 ([9]). Let E be a set in the complex plane C and ψ : C3×U → C

a function, that satisfies the admissibility condition ψ(ρi, σ, a + bi; z) /∈ E,

where z ∈ U , ρ, σ, a, b ∈ R with a + σ ≤ 0 and σ ≤ −(1 + ρ2)/2. If h :
U → C, which satisfies h(0) = 1, is analytic and for all z ∈ U we have

ψ(h(z), zh′(z), z2h′′(z); z) ∈ E, then ℜ{h(z)} > 0 for all z ∈ U . In partic-

ular, if we only have ψ : C2×U → C, the admissibility condition reduces to

ψ(ρi, σ; z) /∈ E for all z ∈ U and ρ, σ ∈ R with σ ≤ −(1 + ρ2)/2.
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Lemma 1.2 ([11]). If f ∈ A satisfies the inequality

|zf ′′(z)| < 1− α

4
(z ∈ U ; 0 ≤ α < 1) ,

then

ℜ{f ′(z)} > 1 + α

4
(z ∈ U ; 0 ≤ α < 1) .

Lemma 1.3 ([14]). P0(α) ∗P0(β) ⊂ P0(γ), where γ = 1− 2(1−α)(1− β) and
α, β < 1. The value of γ is the best possible.

Lemma 1.4 ([13]). For α, β < 1 and γ = 1 − 2(1 − α)(1 − β), we have

R(α) ∗ R0(β) ⊂ R(γ), or equivalently P(α) ∗ P0(β) ⊂ P0(γ).

Lemma 1.5 ([8]). If the function f, convex of order α, where α ∈ [0, 1) , is
not of the form

f(z) =

{

k + dz(1− zeiγ)2α−1, α 6= 1/2
k + d log(1 − zeiγ), α = 1/2

for some complex numbers k and d, and for some real number γ, then the

following statements hold:
(i) There exists δ = δ(f) > 0 s.t. f ′ ∈ Hδ+1/[2(1−α)];
(ii) If α ∈ [0, 1/2) , then there exists τ = τ (f) > 0 s.t. f ∈ Hτ+1/(1−2α);
(iii) If α ≥ 1/2, then f ∈ H∞.

2. Starlikeness, convexity and close-to-convexity of the normalized

Lommel functions

Now, consider the Lommel function of the first kind sµ,v is a particular
solution of the inhomogeneous Bessel differential equation (see, for details, [15]
and [4]):

(2.1) z2w′′(z) + zw′(z) + (z2 − v2)w(z) = zµ+1

and it can be expressed in terms of a hypergeometric series

sµ,v(z) =
zµ+1

(µ− v + 1)(µ+ v + 1)
1F2

(

1;
µ− v + 3

2
,
µ+ v + 3

2
;−z

2

4

)

,

where µ ± v is not negative odd integer. Observe that the Lommel function
sµ,v does not belong to class A. Thus, it is natural to consider the following
normalization of the Lommel function of the first kind

hµ,v(z) = (µ− v + 1)(µ+ v + 1)z
1−µ

2 sµ,v(
√
z)(2.2)

= z +

∞
∑

n=1

(−1/4)n

(K)n (F )n
zn+1,

where K = µ−v+3
2 , F = µ+v+3

2 and (λ)n shows Pochhammer (or Appell)
symbol which defined in terms of Euler’s gamma functions such that (λ)n =
Γ(λ+ n)/Γ(λ) = λ(λ+ 1) · · · (λ+ n− 1). Clearly the function hµ,v(z) belongs
to the class A.
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It is important to mention related to geometric properties of special func-
tions here that Baricz and Ponnusamy (see [2], [3] and [5]) obtained geometric
properties of generalized Bessel functions, recently Yağmur and Orhan [10, 16]
obtained geometric properties of generalized Struve functions. Furthermore,
very recently Baricz and Szász [6] considered the starlikeness and close-to-
convexity of the derivatives of a normalized form of sµ− 1

2
, 1
2

. In this section, we

get some geometric properties of the function hµ,v(z) which normalized Lommel
functions of the first kind sµ,v(z).

Now, we have the following theorem for starlikeness and convexity of order
α and also close-to-convexity of order 1+α

2 for the function hµ,v(z).

Theorem 2.1. Let α ∈ [0, 1), µ, v ∈ R where µ± v is not negative odd integer,

M = 4(K + 1)(F + 1) = (µ + 5)2 − v2 and N = 4KF = (µ + 3)2 − v2. Then

for all z ∈ U the following assertions are true:

(i) If µ > −5 +
√
2 + v2 and

M(M−1)
(M−2)(MN−M−N) < 1− α, then hµ,v(z) ∈

S∗(α);

(ii) If µ > −5 +
√
3 + v2 and

2M(2M−3)
(M−3)(2MN−4M−3N) < 1− α, then hµ,v(z) ∈

C(α);
(iii) If µ > −5+

√
3 + v2 and 8M

(M−3)N < 1− α, then the function hµ,v(z) ∈
K(1+α

2 ) and so ℜ
{

h′µ,v(z)
}

> 1+α
2 .

Proof. (i) We use the inequality
∣

∣

∣

zh′

µ,v
(z)

hµ,v(z)
− 1

∣

∣

∣
< 1 − α to prove the starlike-

ness of order α for the function hµ,v(z). So, by using the well-known triangle
inequality

|z1 + z2| ≤ |z1|+ |z2| ,
the inequalities

2n−1 (K + 1)n−1 (F + 1)n−1 ≥ n (K + 1)
n−1

(F + 1)
n−1

(2.3)

(n ∈ N, K + 1 > 0, F + 1 > 0) ,

and the identity (λ)n = λ(λ + 1)n−1, we have
∣

∣

∣

∣

h′µ,v(z)−
hµ,v(z)

z

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∞
∑

n=1

n(−1/4)n

(K)n (F )n
zn

∣

∣

∣

∣

∣

≤ 1

4KF

∞
∑

n=1

n

4n−1 (K + 1)n−1 (F + 1)n−1

≤ 1

4KF

∞
∑

n=1

(

1

2 (K + 1) (F + 1)

)n−1

=
1

N

∞
∑

n=1

(

2

M

)n−1

=
M

N(M − 2)
, (M > 2).(2.4)
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Furthermore, if we use reverse triangle inequality

|z1 − z2| ≥ ||z1| − |z2||

and the inequality (K+1)n−1(F +1)n−1 ≥ (K+1)n−1(F +1)n−1, then we get

∣

∣

∣

∣

hµ,v(z)

z

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

1 +

∞
∑

n=1

(−1/4)n

(K)n (F )n
zn

∣

∣

∣

∣

∣

≥ 1− 1

4KF

∞
∑

n=1

1

4n−1 (K + 1)n−1 (F + 1)n−1

≥ 1− 1

4KF

∞
∑

n=1

(

1

4 (K + 1) (F + 1)

)n−1

= 1− 1

N

∞
∑

n=1

(

1

M

)n−1

=
N(M − 1)−M

N(M − 1)
(M > 2).(2.5)

Next, by combining the inequalities (2.4) with (2.5), we immediately see that
∣

∣

∣

∣

zh′µ,v(z)

hµ,v(z)
− 1

∣

∣

∣

∣

≤ M(M − 1)

(M − 2)(MN −M −N)
.

So, for 0 ≤ α < 1− M(M−1)
(M−2)(MN−M−N) , we obtain

∣

∣

∣

∣

zh′µ,v(z)

hµ,v(z)
− 1

∣

∣

∣

∣

<
M(M − 1)

(M − 2)(MN −M −N)
< 1− α.

The inequalitiesK+1 > 0, F+1 > 0 andM > 2 satisfy that µ > −5+
√
2 + v2.

So the first part of the theorem is complete.
(ii) To show the convexity of order α of the function hµ,v(z), we show the

inequality
∣

∣

∣

zh′′

µ,v
(z)

hµ,v(z)

∣

∣

∣
< 1 − α satisfies for appropriate values of the parameters

µ, v and α. By using the triangle inequality and the inequalities

3n−1 ≥ n(n+ 1)

2
, (K + 1)n−1 (F + 1)n−1 ≥ (K + 1)n−1 (F + 1)n−1

(n ∈ N, K + 1 > 0, F + 1 > 0) ,

we arrive at the following

∣

∣zh′′µ,v(z)
∣

∣ =

∣

∣

∣

∣

∣

∞
∑

n=1

n(n+ 1)(−1/4)n

(K)n (F )n
zn

∣

∣

∣

∣

∣

≤ 1

2KF

∞
∑

n=1

n(n+ 1)/2

4n−1 (K + 1)n−1 (F + 1)n−1
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=
1

2KF

∞
∑

n=1

n(n+ 1)/2

3n−1 (4/3)
n−1

(K + 1)n−1 (F + 1)n−1

≤ 1

2KF

∞
∑

n=1

[

3

4 (K + 1) (F + 1)

]n−1

=
2

N

∞
∑

n=1

[

3

M

]n−1

=
2M

N(M − 3)
(M > 3).(2.6)

Moreover, if we use reverse triangle inequality and the inequalities

(3/2)n−1 ≥ n+ 1

2
, (K + 1)n−1 (F + 1)n−1 ≥ (K + 1)

n−1
(F + 1)

n−1

(n ∈ N, K + 1 > 0, F + 1 > 0) ,

then we have

∣

∣h′µ,v(z)
∣

∣ =

∣

∣

∣

∣

∣

1 +

∞
∑

n=1

(n+ 1)(−1/4)n

(K)n (F )n
zn

∣

∣

∣

∣

∣

≥ 1−
∞
∑

n=1

(n+ 1)

4n (K)n (F )n

= 1− 1

2KF

∞
∑

n=1

(n+ 1)/2

4n−1 (K + 1)n−1 (F + 1)n−1

≥ 1− 1

2KF

∞
∑

n=1

(n+ 1)/2

(3/2)n−1 (8/3)n−1 (K + 1)n−1 (F + 1)n−1

≥ 1− 1

2KF

∞
∑

n=1

[

3

8 (K + 1) (F + 1)

]n−1

= 1− 2

N

∞
∑

n=1

[

3

2M

]n−1

=
2MN − 4M − 3N

N(2M − 3)
(M > 3/2).(2.7)

Next, by combining the inequalities (2.6) with (2.7), we immediately deduce
that

∣

∣

∣

∣

zh′′µ,v(z)

h′µ,v(z)

∣

∣

∣

∣

≤ 2M(2M − 3)

(M − 3)(2MN − 4M − 3N)
< 1− α

if 0 ≤ α < 1− 2M(2M−3)
(M−3)(2MN−4M−3N) . The inequalities K +1 > 0, F +1 > 0 and

M > 3 hold if and only if µ > −5 +
√
3 + v2.
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(iii) By using the inequality (2.6) and Lemma 1.2 we obtain that

∣

∣zh′′µ,v(z)
∣

∣ ≤ 2M

N(M − 3)
<

1− α

4

for 0 ≤ α < 1 − 8M
(M−3)N and µ > −5 +

√
3 + v2. This implies that hµ,v(z) ∈

K(1+α
2 ) and so ℜ

{

h′µ,v(z)
}

> 1+α
2 .

The proof is complete. �

By taking α = 0 in Theorem 2.1 we get the following corollary.

Corollary 2.2. If µ, v ∈ R where µ ± v is not negative odd integer, M =
4(K + 1)(F + 1) = (µ + 5)2 − v2 and N = 4KF = (µ + 3)2 − v2, then for all

z ∈ U the following assertions are valid:

(i) If µ > −5 +
√
2 + v2 and

M(M−1)
(M−2)(MN−M−N) < 1, then hµ,v(z) ∈ S∗;

(ii) If µ > −5 +
√
3 + v2 and

2M(2M−3)
(M−3)(2MN−4M−3N) < 1, then hµ,v(z) ∈ C;

(iii) If µ > −5 +
√
3 + v2 and 8M

(M−3)N < 1, then the function hµ,v(z) ∈
K(1/2) and so ℜ

{

h′µ,v(z)
}

> 1/2.

Theorem 2.3. Let µ > −1, v ∈ R where µ±v is not negative odd integer, and

α ∈ [0, 1) the function
hµ,v(z)

z satisfy the following property:
If

8(µ+ 1)
[

(µ+ 1)(µ+ 3)− v2
]

− 1

16 (µ+ 1)
2 ≥ α2

(1− α)
2 ,

then
hµ,v

z ∈ P0(α) for all z ∈ U .
Proof. Define the function g : U → C by

g(z) =
hµ,v(z)/z − α

1− α
.

Since sµ,v(z) satisfies (2.1), g will satisfy the following differential equation:

z2g′′(z) + (µ+ 2)zg′(z) +

(

z

4
+

(µ+ 1)2 − v2

2

)(

g(z) +
α

1− α

)

(2.8)

−
(

(µ+ 1)2 − v2

2(1− α)

)

= 0.

If we use ψ(r, s, t; z) = t+(µ+2)s+
(

z
4 + (µ+1)2−v2

2

)(

r + α
1−α

)

−
(

(µ+1)2−v2

2(1−α)

)

and E = {0} , we see that equation (2.8) implies ψ(g(z), zg′(z), z2g′′(z); z) ∈ E

for all z ∈ U . Now we use Lemma 1.1 to prove that ℜ{g(z)} > 0 for all z ∈ U .
If we put z = x+ iy, where x, y ∈ R, then

ℜ{ψ(ρi, σ, a+ bi;x+ iy)}

= (a+ σ) + (µ+ 1)σ +
yρ

4
+

(

x

4
+

(µ+ 1)2 − v2

2

)

α

1− α
−
(

(µ+ 1)2 − v2

2(1− α)

)
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for all ρ, σ, a, b ∈ R. Let ρ, σ, a, b ∈ R satisfy a + σ ≤ 0 and σ ≤ −(1 + ρ2)/2.
Since µ > −1, we have

ℜ{ψ(ρi, σ, a+ bi;x+ iy)}

≤ − (µ+ 1)

2
ρ2 +

yρ

4
− (µ+ 1)

2
+

(

x

4
+

(µ+ 1)2 − v2

2

)

α

1− α

−
(

(µ+ 1)2 − v2

2(1− α)

)

.

Set Q1(ρ) = − (µ+1)
2 ρ2 + yρ

4 − (µ+1)
2 +

(

x
4 + (µ+1)2−v2

2

)

α
1−α −

(

(µ+1)2−v2

2(1−α)

)

.

This value will be strictly negative for all real ρ, because the discriminant ∆1

of Q1(ρ) satisfies

∆1 =
y2

16
+ 2(µ+ 1)

[

− (µ+ 1)

2
+

(

x

4
+

(µ+ 1)2 − v2

2

)

α

1− α
−
(

(µ+1)2−v2

2(1−α)

)

]

<
1

16
(1− x2)− (µ+ 1)2

+ 2(µ+ 1)

[(

x

4
+

(µ+ 1)2 − v2

2

)

α

1− α
−
(

(µ+ 1)2 − v2

2(1− α)

)]

= − 1

16
x2 +

(µ+ 1)α

2 (1− α)
x− (µ+ 1)

[

(µ+ 1)(µ+ 3)− v2
]

2
+

1

16

=: Q2(x) ≤ 0,

whenever x2 + y2 < 1 and the discriminant ∆2 of Q2(x) is negative. ∆2 has
the form

∆2 =
(µ+ 1)

2
α2

4 (1− α)
2 − (µ+ 1)

[

(µ+ 1)(µ+ 3)− v2
]

8
+

1

64

and this is negative if and only if we have
8(µ+1)[(µ+1)(µ+3)−v2]−1

16(µ+1)2
> α2

(1−α)2
.

Hence by Lemma 1.1 we conclude that

ℜ{g(z)} = ℜ
[

1

1− α
(hµ,v(z)/z − α)

]

> 0 for all z ∈ U ,

and this implies that ℜ{hµ,v(z)/z} > α for all z ∈ U , as we required. �

If we take α = 0 in Theorem 2.3 we get the following corollary.

Corollary 2.4. If µ > −1, v ∈ R where µ± v is not negative odd integer, and

(µ+ 1)
[

(µ+ 1)(µ+ 3)− v2
]

≥ 1/8,

then
hµ,v

z ∈ P for all z ∈ U .
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3. Hardy space of Lommel functions

Recently, Ponnusamy [12] studied the Hardy space of hypergeometric func-
tions. By using the same idea Baricz [1] obtained the conditions for generalized
Bessel functions to belong to Hardy space, and similarly Yağmur and Orhan
[17] studied the same problem for generalized Struve functions. Now, we get
the conditions for normalized Lommel functions of the first kind to belong to
Hardy space.

Theorem 3.1. Let α ∈ [0, 1), µ, v ∈ R where µ ± v is not negative odd inte-

ger, and M = (µ + 5)2 − v2, N = (µ + 3)2 − v2. If µ > −5 +
√
3 + v2 and

2M(2M−3)
(M−3)(2MN−4M−3N) < 1− α, then:

(i) for α ∈ [0, 1/2) , we have hµ,v ∈ H1/(1−2α);
(ii) for α ≥ 1/2, we have hµ,v ∈ H∞.

Proof. By the definition of the Gaussian hypergeometric function

2F1(a, b, c; z) =

∞
∑

n=0

(a)n (b)n
(c)n

zn

n!
,

we have

k +
dz

(1− zeiγ)1−2α
= k + dz 2F1(1, 1− 2α, 1; zeiγ)

= k + d
∞
∑

n=0

(1− 2α)n
n!

eiγnzn+1

for k, d ∈ C, α 6= 1/2 and for real γ. On the other hand

k + d log(1− zeiγ) = k − dz 2F1(1, 1, 2; ze
iγ)

= k − d

∞
∑

n=0

1

n+ 1
eiγnzn+1.

Therefore the function hµ,v is not of the forms k+dz(1−zeiγ)2α−1 (for α 6= 1/2)
and k+d log(1−zeiγ) (for α = 1/2). We know that by part (ii) of Theorem 2.1,
hµ,v is convex of order α. Hence by Lemma 1.5, the proof is completed. �

Theorem 3.2. Let µ > −1, v ∈ R where µ± v is not negative odd integer. If

(µ+ 1)
[

(µ+ 1)(µ+ 3)− v2
]

≥ 1/8

and f ∈ R, then the convolution hµ,v ∗f is in H∞ ∩R.

Proof. Define u(z) = hµ,v(z)∗f(z). Then u′(z) = hµ,v(z)
z ∗f ′(z). From Corollary

2.4 we have
hµ,v

z ∈ P . Since f ∈ R, it follows from Lemma 1.3 that u ∈ R. It is

clear that
hµ,v(z)

z is an entire function and consequently the function u is itself
an entire function. Consequently the function u is bounded, which completes
the proof. �



1044 NIHAT YAĞMUR

Theorem 3.3. Let α ∈ [0, 1), µ > −1, v ∈ R and µ ± v is not negative odd

integer and

8(µ+ 1)
[

(µ+ 1)(µ+ 3)− v2
]

− 1

16 (µ+ 1)
2 ≥ α2

(1− α)
2 .

If we have f ∈ R(β), with β < 1, then hµ,v ∗ f ∈ R(γ) where γ = 1 − 2(1 −
β)(1 − α).

Proof. Set u(z) = hµ,v(z) ∗ f(z). Then we get u′(z) =
hµ,v(z)

z ∗ f ′(z). From

Theorem 2.3 we have
hµ,v

z ∈ P0(α). By using Lemma 1.4 and the fact that
f ′ ∈ P(β), we immediately obtain that the function u′ belongs to P(γ), where
γ = 1− 2(1−β)(1−α). In fact, u′ ∈ P(γ) is equivalent to u ∈ R(γ), hence the
proof is complete. �

Corollary 3.4. Let α, µ, v satisfy the hypotheses of Theorem 3.3. If f ∈ R(β),
where β = (1 − 2α)/(2− 2α), then hµ,v ∗ f ∈ R(0).

Taking α = 0 in the above corollary we obtain the next result.

Corollary 3.5. Let α, µ, v satisfy the hypotheses of Theorem 3.2. If f ∈
R(1/2), then hµ,v ∗ f ∈ R(0).

4. Particular cases

We end this paper with particular cases of all the theorems and corollaries.
Choosing special cases for µ, and v in (2.2) we obtain the following functions:

h 1

2
, 1
2

(z) = 2
(

1− cos
√
z
)

, h 3

2
, 1
2

(z) = 6

(

1− sin
√
z√

z

)

h 5

2
, 1
2

(z) = 12

(

z + 2 cos
√
z − 2

z

)

.

By using Theorem 2.1, Theorem 2.3 and Theorem 3.3 we get the following
three corollaries.

Corollary 4.1. (i) If 0 ≤ α < α0 where α0 ≃ 0.90229 · · · , then h 1

2
, 1
2

∈ S∗(α).

(ii) If 0 ≤ α < α1 where α1 ≃ 0.77541 · · · , then h 1

2
, 1
2

∈ C(α).
(iii) If 0 ≤ α < α2 where α2 ≃ 0.25926 · · · , then h 1

2
, 1
2

∈ K(1+α
2 ).

(iv) If 0 ≤ α < α3 where α3 ≃ 0.64419 · · · , then
h 1

2
,
1

2

z ∈ P0(α). If we have

f ∈ R(β) with β < 1, then h 1

2
, 1
2

∗ f ∈ R(γ) where γ = 1− 2(1− β)(1 − α). In

particular, if f ∈ R(β) where β = (1 − 2α)/(2 − 2α), then h 1

2
, 1
2

∗ f ∈ R(0).

Corollary 4.2. (i) If 0 ≤ α < α4 where α4 ≃ 0.94467 · · · , then h 3

2
, 1
2

∈ S∗(α).

(ii) If 0 ≤ α < α5 where α5 ≃ 0.87985 · · · , then h 3

2
, 1
2

∈ C(α).
(iii) If 0 ≤ α < α6 where α6 ≃ 0.56923 · · · , then h 3

2
, 1
2

∈ K(1+α
2 ).
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(iv) If 0 ≤ α < α7 where α7 ≃ 0.59675 · · · , then
h 3

2
,
1

2

z ∈ P0(α). If we have

f ∈ R(β) with β < 1, then h 3

2
, 1
2

∗ f ∈ R(γ) where γ = 1− 2(1− β)(1 − α). In

particular, if f ∈ R(β) where β = (1 − 2α)/(2 − 2α), then h 3

2
, 1
2

∗ f ∈ R(0).

Corollary 4.3. (i) If 0 ≤ α < α8 where α8 ≃ 0.96421 · · · , then h 5

2
, 1
2

∈ S∗(α).

(ii) If 0 ≤ α < α9 where α9 ≃ 0.92438 · · · , then h 5

2
, 1
2

∈ C(α).
(iii) If 0 ≤ α < α10 where α10 ≃ 0.71824 · · · , then h 5

2
, 1
2

∈ K(1+α
2 ).

(iv) If 0 ≤ α < α11 where α11 ≃ 0.62207 · · · , then
h 5

2
,
1

2

z ∈ P0(α). If we have

f ∈ R(β) with β < 1, then h 5

2
, 1
2

∗ f ∈ R(γ) where γ = 1− 2(1− β)(1 − α). In

particular, if f ∈ R(β) where β = (1 − 2α)/(2 − 2α), then h 5

2
, 1
2

∗ f ∈ R(0).

By using Theorem 3.1 we get the following corollary.

Corollary 4.4. (i) For α ∈ [0, 1/2) , we have h 1

2
, 1
2

∈ H1/(1−2α), and if α ∈
[1/2, α1) where α1 ≃ 0.77541 · · · , then h 1

2
, 1
2

∈ H∞.

(ii) For α ∈ [0, 1/2) , we have h 3

2
, 1
2

∈ H1/(1−2α), and if α ∈ [1/2, α5) where

α5 ≃ 0.87985 · · · , then h 3

2
, 1
2

∈ H∞.

(iii) For α ∈ [0, 1/2) , we have h 5

2
, 1
2

∈ H1/(1−2α), and if α ∈ [1/2, α9) where

α9 ≃ 0.92438 · · · , then h 5

2
, 1
2

∈ H∞.

If we use Theorem 3.2 and Corollary 3.5, then we have the following corollary.

Corollary 4.5. If f ∈ R, then the convolutions h 1

2
, 1
2

∗f, h 3

2
, 1
2

∗f and h 5

2
, 1
2

∗f are in H∞ ∩R. Moreover, if f ∈ R(1/2), then h 1

2
, 1
2

∗f, h 3

2
, 1
2

∗f and h 5

2
, 1
2

∗f are in R(0).
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[11] S. Owa, M. Nunokawa, H. Saitoh, and H. M. Srivastava, Close-to-convexity, starlikeness,

and convexity of certain analytic functions, Appl. Math. Lett. 15 (2002), no. 1, 63–69.
[12] S. Ponnusamy, The Hardy space of hypergeometric functions, Complex Variables Theory

Appl. 29 (1996), no. 1, 83–96.
[13] , Inclusion theorems for convolution product of second order polylogarithms and

functions with the derivative in a halfplane, Rocky Mountain J. Math. 28 (1998), no.
2, 695–733.

[14] J. Stankiewicz and Z. Stankiewicz, Some applications of the Hadamard convolutions in

the theory of functions, Ann. Univ. Mariae Curie-Sklodowska 40 (1986), 251–265.
[15] G. N. Watson, A Treatise on the Theory of Bessel Functions, Second edition, Cambridge

University Press, Cambridge, London and New York, 1944.
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