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AN ANALOGUE OF THE HILTON-MILNER THEOREM
FOR WEAK COMPOSITIONS

CHENG YEAW KU AND KOk BIN WONG

ABSTRACT. Let Ng be the set of non-negative integers, and let P(n,l)
denote the set of all weak compositions of n with I parts, i.e., P(n,l) =
{(z1,22,...,2;) € Né : x1 +x2+ -+ x =n}. For any element u =
(u1,u2,...,u;) € P(n,l), denote its ith-coordinate by u(7), i.e., u(i) = u;.
A family A C P(n,l) is said to be t-intersecting if |[{i : u(s) = v(i)}| > ¢t
for all u,v € A. A family A C P(n,l) is said to be trivially ¢t-intersecting
if there is a t-set T of [I] = {1,2,...,1} and elements ys € Ng (s € T') such
that A = {u € P(n,l) : u(j) = y; for all j € T}. We prove that given
any positive integers [, ¢t with [ > 2t + 3, there exists a constant ng(l, t)
depending only on [ and ¢, such that for all n > ng(l,t), if A C P(n,l) is
non-trivially ¢-intersecting, then
n+l—t—1 n—1
Al < ( I—t—1 ) (l—t—l) -

Moreover, equality holds if and only if there is a t-set T of [I] such that

se[l\T

where
As ={u € P(n,l):u(j) =0 for all j € T and u(s) = 0}
and q; € P(n,l) with q;(j) =0 for all j € [{] \ {¢} and q;(i) = n.

1. Introduction

Let [n] = {1,...,n}, and let ([Z]) denote the family of all k-subsets of [n]. A
family A of subsets of [n] is t-intersecting if |AN B| >t for all A,B € A. One
of the most beautiful results in extremal combinatorics is the Erdés-Ko-Rado
theorem.

Theorem 1.1 (Erdés, Ko, and Rado [14], Frankl [15], Wilson [43]). Suppose
A C ([Z]) is t-intersecting and n > 2k —t. Then forn > (k—t+1)(t + 1), we
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n—t
< .
()
Moreover, if n > (k—t+1)(t+ 1), then equality holds if and only if A={A €
([Z]) : T C A} for some t-set T.

In the celebrated paper [1], Ahlswede and Khachatrian extended the Erdds-
Ko-Rado theorem by determining the structure of all ¢-intersecting set systems
of maximum size for all possible n (see also [3, 17, 25, 29, 37, 39, 40, 41] for
some related results). There have been many recent results showing that a
version of the Erd6s-Ko-Rado theorem holds for combinatorial objects other
than set systems. For example, an analogue of the Erdés-Ko-Rado theorem
for the Hamming scheme is proved in [38]. A complete solution for the t-
intersection problem in the Hamming space is given in [2]. Intersecting families
of permutations were initiated by Deza and Frankl in [10]. Some recent work
done on this problem and its variants can be found in [5, 7, 8, 11, 12, 19, 26,
33, 34, 35, 36, 42]. The investigation of the Erdés-Ko-Rado property for graphs
started in [23], and gave rise to [4, 6, 21, 22, 24, 44]. The Erdés-Ko-Rado type
results also appear in vector spaces [9, 18], set partitions [27, 28, 31] and weak
compositions [30, 32].

For a family A of k-subsets, A is said to be trivially t-intersecting if there
exists a t-set T = {x1,...,2:} such that all members of A contain T. The
Erdés-Ko-Rado theorem implies that a t-intersecting family of maximum size
must be trivially ¢-intersecting when n is sufficiently large in terms of £ and t¢.

Hilton and Milner [20] proved a strengthening of the Erdds-Ko-Rado theorem
for t = 1 by determining the maximum size of a non-trivial 1-intersecting family.
A short and elegant proof was later given by Frankl and Fiiredi [16] using the
shifting technique.

Theorem 1.2 (Hilton-Milner). Let A C ([Z]) be a non-trivial 1-intersecting
family with k > 4 and n > 2k. Then

n—1 n—k—1
< - .
|A|_<k—1> < k-1 >+1
Equality holds if and only if

A:{Xe ([Z]) :xeX,XﬂY;é(Z)}U{Y}

for some k-subset' Y € ([Z]) and x € X \Y.

In this paper, we prove an analogue of Theorem 1.2 for weak compositions
with fixed number of parts. Let Ny be the set of non-negative integers, and let
P(n,1) denote the set of all weak compositions of n with [ parts, i.e., P(n,l) =
{(z1,29,...,2;) €ENL : 2y + 29 + -+ 2, = n}. Recall that

P(n,1)| = (”1”11)

have
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For any element u = (u1,us,...,u;) € P(n,l), denote its ith-coordinate
by u(i), i.e., u(i) = u;. A family A C P(n,l) is said to be t-intersecting if
Hi:u(i) =v(i)} >t for all u,v € A.

A family A C P(n,l) is said to be trivially t-intersecting if there is a t-set
T of [I] and elements ys € Ny (s € T) such that A = {u € P(n,l) : u(y) =
y; forall j € T}. If y; = 0 for all j € T, then A is said to be strong-trivially
t-intersecting. It has been shown that a t-intersecting family of maximum size
must be strong-trivially ¢-intersecting when n is sufficiently large in terms of [
and t [30, Theorem 1.2]. Similar problems have been considered by Engel and
Frankl in [13] for t¢-intersecting families in Fj(k,n), where the roles of [ and
n are interchanged from the notation in this paper. Although the case k =1
corresponds to P(n,l), they did not address this case in their paper.

Our main result is the following.

Theorem 1.3. Given any positive integers I, t with | > 2t + 3, there exists a
constant no(l,t) depending only on 1 and t, such that for all n > ng(l,t), if
A C P(n,l) is non-trivially t-intersecting, then

n+l—-t—1 n—1
A= ( ;——tfl ) a (ltl) -
Moreover, equality holds if and only if there is a t-set T of [l] such that
A= ) AU{aqi:ieT},
se[\T
where
As={ue P(n,0):u(j) =0 for all j € T and u(s) = 0}
and q; € P(n,l) with q;(j) =0 for all j € [I]\ {i} and q;(i) = n.
Note that

U Ai={uePni):u@)=0foralljecT}\{ue Pnl):uQ)=0
se[\T
for all j € T and u(s) # 0 for all s € [I] \ T'}.

n+l—t—1 n—1
U A ( l—t—1 )(l—t—l)'

se[\T

Therefore,

2. Certain intersecting conditions

The aim of this section is to prove Corollary 2.6 which will be used later in
the proof of the main result. We first need some technical lemmas.

Lemma 2.1. Let m be a positive integer, r > 3, and k € [r — 2]. Let
Y1,Y2,-- -, Yk € No and

C={ue P(m,r):u(i) =y; for alli € [k —1] and u(k) = 0},
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D={ue P(m,r):u(i)=y; foralliec [k—1] and u(k) = yx}.

Then

(a) D=Cifm— Y17 i <0 oryp = 0;

(b) Dl < [C| if m— Y1 yi > 0 and yy > 0.
Proof. If y,, =0, then D =C. If m — Zi.:ll y; < 0, then D = C = @. Suppose
m— Zi:ll y; > 0 and y, > 0. Note that

c| = m—Zf;lyi—i—r—k:—l
N r—k—1 '

Ifm— Zi-c:l y; <0, then D =@. So, |D| < |C]. f m — Zle y; > 0, then

k
m—>, yi+r—k—1
pl= ("

r—k—1
mfzk:lyiJrT*kfl
< =1 =C|.
r—k—1 O

Lemma 2.2. Let m be a positive integer, v > 3, k € [r], and m > k. Let
Y1, Y2, -, Yk € No and

C={u€ P(m,r):ui)#y; foralli e [k—1] and u(k) =0},
D={ue€P(m,r):uli)#y; foraliclk—1] and u(k) = yx}.

Then

(a) D=C if yp = 0;

(b) |D| < |C| if k € [r —1] and yx > 0;

(¢) |ID|<|Clifk=r andy, >0, y; =0 for some 1 <i<r—1.
Proof. Clearly, part (a) is true. Suppose yr > 0. If & = 1, then the result
follows from Lemma 2.1. Let k > 2. Let S; = [m] \ {y:} and set S = 51 x S3 X
-+ X Si_y. For each (dy,...,dx—1) € S, let
C(dy,...,dg—1) ={ue P(m,r):u(i) =d; for all i € [k — 1] and u(k)
D(dy,...,dg—1) ={u € P(m,r) :u(i) =d; for all i € [k — 1] and u(k)
Note that

I
s O
-

C = U C(dl,...,dk_1),

D = U D(dl,...,dk_1),

Furthermore,
C(dl,...,dk_l)ﬂC( /1,...,d;€_1) :@:D(dl,...,dk_l)ﬂD( /1,...,d;€_1)
for all (d1,...,dg—1) # (di,...,d_;).
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Suppose k € [r — 2]. By Lemma 2.1, [D(dy,...,dg—1)|] < |C(d1,...,dk—1)]
for all (d1,...,dx—1) € S. It remains to show that
|D(d15 s adk*1)| < |C(dla LRRE dk71)|

for at least one (dy,...,dx—1) € S. For each ¢ € [k — 1] set 2z =0ify; #0 and
z; =1ify; =0. Then (21,...,25-1) € S. Since m— ZZ 1 zi>m—(k—1)>0,
by part (b) of Lemma 2.1, |D(zl,.. s2e—1)] < |C(z1,. .., 2p—1)]|-

Suppose k =7 — 1. It m — 32— d; < 0, then

Didy,....drz) = C(dr.....dy2) = ©.
It m—Y"2d; = 0, then [C(dy, ..., dy_s)| = 1 and D(dy,...,dr_o) = @. If

m — 31" d; > 0, then |C(d1,... v—2)| =1 and [D(dy,...,dr_5)| < 1. So, it
remains to show that m — Y. _; % d; = 0 for at least one (dl, coodi—1) €S.
Note that m > k > 2. Suppose y; # 0 for all i € [r —2]. If y;, # m for some

io € [r — 2], then set d; =0 for all i € [r — 2]\ {ip} and d;, = m. If y; = m for
all i € [r—2], thenset d; =1,dy =m—1, and d; =0 for all i € [r — 2]\ {1,2}.
Let U C [r — 2] and U # @. Suppose that y; = 0 for all i € U and y; # 0 for
allie[r—2)\U. Set d; =0foralli € [r —2]\U. Let a € U. Set d; =1 for
all i € U\ {a} and do =m = 3_,c1p\ oy di = m — (r —3) > 0. In either case,

m—y_; >d; =0 and (dy,...,dg_1) € S. This concludes the proof of part (b).

The precedmg argument does not apply to the case k = r. Instead, we will
prove part (c) directly. Let (di,...,dr—1,yr) € D. It is easy to see that the
map (dl, ey d»,‘,l, yr) — (dl, ceey difl, dz + Yr, di+1, ey d»,‘,l, 0) is an injection
from D to C. Thus, |D| < |C|. O

Observe that the inequality in part (c) of the preceding lemma may not be
strict. For example, takingm =5, k = r = 3 and (yl, y2,y3) = (4,0, 1), we have
¢ = {(2,3,0),(3,2,0),(0,5,0),(1,4,0)} and D = {(2,2,1),(3,1,1),(1,3,1),
(0,4,1)}. Furthermore, the condition that y; = 0 for some 1 < i < r —1
is necessary. For example, taking m = k =r =3 and (y1,y2,y3) = (3,3,1), w
have C = {(2,1,0), (1,2,0)} and D = {(1,1,1), (2,0,1), (0,2, 1)}.

.0

Lemma 2.3. Let m be a positive integer, v > 3, k € [r], ko € [k], and m > k.
Let y1,y2,...,yx € Ng and

C={ue P(m,r):u(i) =y; for somei € [k]\ {ko} oru(ky) =0},
D={ue€ P(m,r):u(i)=y; for somei € [k]}.
Then
(a) D=C if ys, = 0;
(b) |D| < |C| if k € [r—1] and yx, > 0;
(¢) IDI<IClif k=7 and yr, >0, y; = 0 for some i € [k] \ ko.
Proof. By relabelling if necessary, we may assume that kg = k. Let

& ={u€ P(m,r) :u(i) =y, for some i € [k — 1]},
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Ci={ue P(m,r):u(i) #y; forall i € [k — 1] and u(k) = 0},
D1 ={ue P(m,r):u(i)#y; for all i € [k — 1] and u(k) = yi }.
Then C = E UC; and D = & U D;. Note that EgNC1 = @ = & ND;. The

result now follows from Lemma 2.2. O

Lemma 2.4. Let y1,y2,...,yr € Ng and m be a positive integer. Let r > 3
and

C={ue P(m,r):u(i) =y, for somei € [r—2] oru(r —1)=0 or u(r)=0},
D={u€ P(m,r) :u(i) =y; for some i € [r]}.
Then |D| < |C|.

Proof. If one of y,.—1 and y, is 0, then the result follows immediately from part
(a) or (¢) of Lemma 2.3. So we may assume that y,_1 > 0 and y, > 0. Let

C'={ue€ P(m,r) :u(i) = y; for some i € [r — 2] or u(r — 1) = 0},
C"={ue P(m,r):u(i)#y; forallie[r—2] and u(r —1) #0
and u(r) = 0},
D' ={u€ P(m,r) :u(i) =y, for some i € [r — 1]},
D" ={ue€ P(m,r) :u(i) #y; for alli € [r — 2] and u(r — 1) # y, 1
and u(r) =y, }.
Clearly, C =C'Ul’, D =D UD" and C'NC" = @ =D ND". Tt follows
from part (b) of Lemma 2.3 that |D’| < |C’|. On the other hand, the map

(diy...,dr—1,yr) — (d1,...,dr_2,dr—1 + yr,0) is an injection from D" to C”.
Hence, |C| < |D|. O

Theorem 2.5. Let y1,...,y- € Ng andr > 3. Let S C [r], S # &, m > |5,
and

C={ue P(m,r):u(i) =0 for someic S},

D ={ue P(m,r):ui) =y; for someic S}.
If Y csys >0, then |D] < |C|.

Proof. Without loss of generality, we may assume that S = [k] for some k € [r].

By relabelling if necessary, we may assume that y; > yo2 > --- > yi. Since

Z?Zl y; > 0, we have y; > 0. If £ = 1, then by Lemma 2.1, the theorem holds.

Suppose k > 2.
We shall distinguish two cases.

Case 1. Suppose k € [r — 1]. For each j € [k — 1], let
F;={ue P(m,r): u(i) =y, for some i € [j] or
u(i) =0 for some j+ 1 <i < k}.
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By Lemma 2.3, |F1| < |C|. Again, by Lemma 2.3,
ID| < |Fr-1] <+ < | Fe| < |-
Hence, |D| < |C].
Case 2. Suppose k = r. For each j € [r — 2], let
F;j ={ue P(m,r): u(i) =y, for some i € [j] or
u(i) = 0 for some j+1 <i<r}.
By Lemma 2.3, |F1| < |C|. Again, by Lemma 2.3,
| Froa| < - <|Fo| < |-
By Lemma 2.4, |D| < |F,—2|. Hence, |D| < |C|. O

Let u = (u1,uz,...,u;) € P(n,l). We define R(i,u) to be the element
obtained from u by removing the i-th coordinate, i.e.,

R(i;u) = (U1, Uy v oy U1y Ui 1y -+« UL)-
Inductively, if 21, xa, . .., x; are distinct elements in [I] with z1 < o < -+ < a4,
we define
R(z1,xa,...,x;u) = R(x1, 22, . ..,2¢-1; R(xs;10)).
In other words, R(x1, 2, ..., 2+ 1) is the element obtained from u by removing

the coordinates ;.

Corollary 2.6. Let wy,..., W, Yet1s---,Yr+t € Nog, t > 1 and r > 3. Let
SClr+t\[t], S#2, m=>|[S|+ >, wi, and

D={ue P(m,r+t):u(i) =w; for all i € [t] and u(i) = y; for some i € S}.
If Y csys >0, then
m21gigtwid+r2).
Pl 0<d;‘51 ( r—2
Proof. Let
C={ue P(m,r+t):u(i) =w; for all i € [t] and u(i) = 0 for some i € S}.
Let S* ={a—t:a €S}, yf =y for all it € S*,

C*=<ueP mwai,r :u(i) = 0 for some i € S* 3,
1<i<t
D'=queP|m-— sz‘ﬂ’ :u(i) =y} for some i € S*

1<i<t
By Theorem 2.5, |D*| < |C*|. For each u € P(m,r + t), the mapping
u— R(1,...,t;u),
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is a bijection from C onto C* and from D onto D*. Thus, |D| < |C|.
Let
F={ueP(m,r+t):ui) =w; for all i € [t]}.
Then
C=F\{ue P(m,r+1t):ui) #0 for all i € S},
and

Ic| = <m21gigtwi+7"1> . <m21§i§twi |S|+7’1>

r—1 r—1
_ Z (m—zlgigtwi—d—i—r—Q)
0<d<|S|-1 r—2
Hence, the corollary holds. [l

3. Main result
For any u,v € P(n,l), let I(u,v) = {i:u(i) = v(i)}. A family B C P(n,l)
is said to be independent if I(u,v) = &, i.e., [I(u,v)| =0, for all u,v € B with
u#v.
We shall need the following theorem [30, Theorem 2.3].
Theorem 3.1. Let m,n be positive integers satisfying m < n, and let q,7,s be
positive integers with r,s > 2 and n > (25)2 1+ 1. If A C P(m,r) such that
|A| > na (":‘1;2), then there is an independent set B C A with |B| > s + 1.
Let A C P(n,l). Let &1, o, ..., x; be distinct elements in [I] with z; < z9 <
co- < xy, and Y1, Y2, ...,y € Ng with Z;Zl y; < n. We set
A(xlv'rQa e T Y1, Y2, - - 7yt) = {u €A: u(z’b) =Y for all Z}v
A" (21,2, T3 Y1, Y2, - -+ Yt )
= {R(z1,72,...,75u) 10 € A(T1, T2, ..., Tt; Y1, Y2, - Yt) }-
Note that
t

A*(-TlaxQ;-"axt;ylayQa"wyt)gP n_zy]al_t )
j=1

and

A (21,22, T3 Y1, Y25 - )| = [A@1L, @2, -0 T Y1, Y2, -5 Y)-
Lemma 3.2. Let A C P(n,l) be t-intersecting and | > t + 3. Let x1,22,...,
Xp11 be distinct elements in [I] with x1 < x2 < -+ < Tig1, and y1,Y2, -« -, Ye+1 €
Ng with z;ill yi <n. If A*(x1,..., 413915 - - -, Ye4+1) has an independent set
of size at least | —t, then

AC U {ue P(n,l):u(zs) =ys for all s € T}.

TC[t+1],
|T|=t
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Proof. Let
B={R(x1,22,...,Te41;0) : i =1,2,..., 1 — t}
be an independent set of size | — ¢t in A*(x1,...,2¢41;Y1,---,Yt+1). Here each
u; is an element of A such that u;(z;) =y, forall 1 < j <t.
Let v € A. Suppose

v ¢ U {ue P(n,l):u(zs) =ys forall s € T}.

TC[t+1],
|T|=t

Then there exist j; and jo with 1 < j; < jo < ¢+ 1 such that v(z;,) # y;, and
v(zj,) # yj,. Since A is t-intersecting,

|I(R(Z‘1,ZE2,...,$t+1;V),R(SC1,SC2,...,Z't+1;ui))| 21
fori=1,2,....01—t.
Set z = R(x1,xa,...,2¢41;V) and w; = R(21,22,...,2¢41;1;). Since B is

independent,
I(z,w;)NI(z,w;) =&

for ¢ # 4’. Therefore ‘Ui;’i I(z,w;)| = Zi;tl |I(z, w;)| > Zi;tl 1=1—t, but on

the other hand, Ui;i I(z,w;) C[I]\ {z; : j € [t + 1]} which is of size at most
I —t—1, a contradiction. Hence,

v e U {ue P(n,l):u(zs) =ys forall s € T},

TC[t+1],
T|=t
and the lemma follows. O
Lemma 3.3. If x1,2o,...,x, are positive real numbers, then
kA r T
[[a+z)-[[Q—2) =2
i=1 i=1 i=1

Proof. Let S C [r]. If |S] is even, then [],.gxs appears in the expansions of
[T (1 + ) and JT;_, (1 — 2,). So, [[,cq®s does not appear in [];_;(1 +
z;) — [[;21(1 — ). If [S| is odd, then [[,.qxs and — ][, gzs appear in
the expansions of [];_; (1 + ;) and [];_, (1 — ), respectively. So, 2[], g xs
appears in [[;_, (1+ ;) — [[;_, (1 — ;). The lemma follows by just considering
all subsets S of [r] with |S| = 1. O

Lemma 3.4. Let m,n be positive integers with n > m + 1. Then

()

Proof. Note that



1016 CHENG YEAW KU AND KOK BIN WONG

()= Il-5)

It then follows from Lemma 3.3 that
<n+m) B (n 1> > n_”: Qii _ (m+1)nm'*1.
m m m! —n (m—1)! 0
Lemma 3.5. Let m,n be positive integers with n > m. Then

n™ n+m n™ 2"™m,
— < <— (14—
m! m m! n
n—+m n™
() =)= 5
For the second inequality, it is sufficient to show that

i1(1+£><<(1+%%ﬂ).
(2)story

and

Proof. Note that

Now,
m

i=1

< (142m
n ' O

Lemma 3.6. Let m be a positive integer and f,g be positive real numbers.
There exists a constant ng = no(f,g,m) depending on f,g and m such that if

n > ng, then
f(n—i—m) N \/_(n—i—m—l) - nm(f-i—l)_

1 m!

e 2
Proof. Suppose n > max (m, 2m=1(m —1), (u) , (3gm)2). By Lemma 3.5,

g
Ry
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< (1 + Qm—m> +g\/ﬁ(£m_1)! <1+ 2 (m - 1>)

n 1 n
n™ 2™m anm*%
< f— 1
_fm!<Jr n >+(m—1)!
n™ 2™m  2gm
S SO I R R - A
rm ( T +fﬁ)

n™ 3gm
i (14 7)

n™ 3gm
()

n"(f+1)
< m!

' O

Proof of Theorem 1.3. We may assume that A is maximally t¢-intersecting in
the sense that A4 U {u} is not ¢-intersecting for any u € P(n,l) \ A.
Suppose
I—t—2
t+3
1A| < ”7("")
(l—t—2)

By Lemma 3.4,
n+l—t—1\ ( n-1 >(l—t)nl_t_2
I—t—1 I—t—1) = (I—-t=2)"

Since | > 2t + 3, |A| < ("H*t*l) - (lf;ll) So, we may assume that

I—t—1
I—t—2
n (t+3)
1 A > ———— .
() A= l—t-2)!
Let w = (w1, w2, ...,w;) € A be fixed. Then
A= U Az, 22, ..., Tt Way , Wayy - - -, Way ).
{I17Z27~~~11t}§[l]7
T1<T2< - <T¢
Let {a},25,..., 21} C [I] with 2} <z < --- <z} be fixed and
C =A@, oy, ..., T War , Way -, Wy ).

We may assume that |C| is maximum in the sense that
|A(z1, T2y ooy Tty Way y Wayy -+, W, )| < [C|

for all {x1,2a,...,2:} C[I] with 21 < g < -+ < 4.
By relabelling if necessary, we may assume that z; =4 for all 4, i.e.,

C=A(2,...t;w,wa,...,wt).
Let P = P(n,l). Since A is non-trivially ¢-intersecting,
AZ P(1,2,... t;wi,wa, ..., w).
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Therefore there is ay = (y1,¥2,...,y) € A with y; # w; for some 1 < i < .
Since C U {y} is t-intersecting,

C = U A(L,2). .. t, s5w1, wa, ..., Wy, Ys)-
t+1<s<I

We shall distinguish 5 cases.
Case 1. Suppose that

Nl

|A(1523"'at7s;wlaw25"'awtays)| <n

n+l—t—3
l—t—3

n+lt3)

forall t+1 < s <. Then

< (1 —t)nz
< -ont ("1

By the maximality of |C|,
l 1fn+l—t—-3
< l—t)n2 .
|A|_<t)( W( I—t—3 >

nl—t—2
(l—t—-2)0
contradicting equation (1). Hence, Case 1 cannot happen.

Now, by relabelling if necessary we may assume that there is a k € {t + 1,
t+2,...,1} such that

By Lemma 3.6,

lA] <

1 l—t—3
|.A(1,2,...,t,s;wl,wg,...,wt,ysﬂ2n5<n+ >

l—t-3

n+l—t—3
l—t—3

for all k+1 < s <. Note that if k = [, then there will be no family satisfying
the preceding inequality.

forallt+1<s<kand

NG

|A(1523"'at7s;wlaw25"'awtays)| <n

Case 2. Suppose k =t + 1. Since
|A*(1527"'7tat+1;w1;w27"'7wtayt+l)|
= |A(L,2,...,t,t+ L w1, wa, ..., W, Yer1)],
and

t
AY(L,2, ..t t+ Lwr,wa, . we Yey1) © P n_yt-i-l_zwjal_t_l ;
=1
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by Theorem 3.1, A*(1,2,...,t,t + 1;wy,wa, ..., ws ys+1) has an independent
set of size at least [ — ¢, if n > (2(1 — ¢ —1))> """ 4+ 1. Then it follows from
Lemma 3.2 that

A:CU U ./4(1,...,j*l,j‘i’l,...7t,t+1;w1,...7U}j71,w]‘+1,...7U}t,yt+1).

1<5<¢
By the choice of |C|, |A| < (t + 1)|C].
Now,
|A(1523"'5t7t+1;w13w2;-"awtayt+1)|
(m e~ (Sl wg) 2
B [—t—2
< n+l—t—2 '
- [—t—2
Therefore
n+l—t—2 1 (n+1—t—3
< L 1
|C|_< I—f_9 )+(l t 1)n2< I—t_3 >,
and
n+l—t—2 ifn+l—t—3
<(t+1 t+1)(l—t—1)n=
A= (") e nat ()
By Lemma 3.6,
nl_t_Q(t—i—Q)
A< T

contradicting equation (1). Hence, Case 2 cannot happen.
Case 3. Suppose k = t+2. Again, by Theorem 3.1, A*(1,2, ..., ¢, s;w1,wa, ...,
we, ys) has an independent set of size at least [ —t for s € {t + 1,¢t + 2}, if
n>2(1—t—1)%"" +1. For each j € [t], let
Q;={ueA:u(i) =w; forall i € [t]\ {j}, u(y) # wj,
u(t+1) =yi41 and u(t + 2) = yryo}-

It follows from Lemma 3.2 that

.A = C U U Qj.

1<5<t
Let n; =N — Y11 — Yeao — (Zlgigt,i;&j wi). If n; < 0, then |Q;| = 0. If
n; > 0, then
n,—d+1l—t—3
| < J
ois ¥ (M)
0<d<n},
d;éw]'
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n—d+1—t—3
< J
<y (T
OSdgn’j
_ n;-Jrl—th
B l—t—2
< n+l—t—2 _
- l—t—2

Therefore |A| < |C| 4+ t(nﬁ:f)

Now, for each s € {t +1,t + 2},

t
e — (w1 —t—2
[A(L1,2,...,t s;wi,wa, ..., w, Ys)| < (n Y (El:]_;wg)—i- >

< n+l—t—2 .
- l—t—2

n+l—t—2 ifn+l—t—3
<2 —t—=2)n2
cl < ( l—t—2 )+%l ! yl( l—t—3 )’

Therefore

and
A= (") et (MY,
By Lemma 3.6,
nl*t*Q(t + 3)
l—t-2)"
contradicting equation (1). Hence, Case 3 cannot happen.
We may assume that ¢t +3 < k < [. In particular,

| A <

i1fn+l—-t-3
|A(1a2aatat+17wlaw233wtayt+1)| Zn%< I—+_3 >

On the other hand,

|A(1ﬂ27 '5t7t+ 1;’[1)1,1[)2,. o 5wt7yt+1>|

n—yt+1—(Z§-:1wj)+l—t—2
l—t—2

(n—mEj_ﬂ%)+l—t—2)_

IN

l—t—2

Ifn— Y wy < 1 —t, then (""(2im @2y o (202) e s

impossible for large n. So, we may assume that

¢
(2) n—ijZlft.
j=1
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Case 4. Suppose t +3 < k <[l —1. Again, by Theorem 3.1, A*(1,2,...,t,s;
w1, Wa, ..., W, Ys) has an independent set of size at least [ — ¢ for s € {t + 1,
t+2,t+3}ifn> (201 —t—1)2""" +1. For each j € [t], let
Q;={ueA:u(i)=w, forallie [t]\{j}, u(j) # wj,
u(t +1) =yiq1, u(t +2) = yuq2, and u(t +3) = yei3}.
It follows from Lemma 3.2 that

1<5<t

Let n3 =N — Y1 — Yt — Y43 — (Zlgigt,i;ﬁj wi). If n; < 0, then |Q;| = 0.

If n; > 0, then
nh—dtl—t—4
el ¥ (Y

0<d<n},
d;éw]'

5 np—d+1l—t—4
[ —t—4

0<d<n/,

IN

I
7N
3
.~
Tt
-7
.
«
w
N~~~

n+l—t—3
Therefore |A| < [C|+¢("['7157).
Let

D ={ue P(n,l): u(i) =w; for all i € [¢{] and
u(i) =y; forsomet+1<:<l—1}.

By equation (2) and Corollary 2.6,

S e wi—d Al —t—2
ZEaY (n Dicict W + )

0<d<i—t—2 I—t-2
n—d+1l—t—2
< .
< > (ST
0<d<i—t—2
Since
U A(1,2,.-.,t,S;U}l,U}Q,-.-,wt,ys)gD,
t+1<s<l—1
we have

n—d+l—t—2 ifn+l—-t-3
Cl < 3
Cl= Z ( l—t—2 )+n ( l—t—3 )

0<d<l—t—2
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and
n—d+1l—t—2 1 n+l—t—3
< 2 4t
|A|_0<d<212t—2( l—t-2 >+(n ' )( I—t-3 )
n—d+1l—t—2 ifn+l—t—3
< 2n2 .
< 2 < I—t—2 >+ " < I—t—3 >
0<d<l—t—2
Since

n+l—t—1 n—1 n—d+l—t—2
< l—t—1 ><l—t—1) 2 < l—t—2 )
0<d<l—t—1

we have [A| < ("1 — () if and only if

Qn% n+l—t—3 < n—1
l—t-3 l—t—2)°

n+l—t—3 - 4nl—t=3
I—t—3 i—i—3)

nl—t—2 [t 1\!"t2
LA (N I
<(lt2)!< n )
- n—1
[—t—2)

Hence, |A| < (”;r_l;_tzl) - (lf;_ll) and Case 4 is done.

By Lemma 3.5,

SIS

2n

Case 5. Suppose k = [. Again, by Theorem 3.1, A*(1,2,...,t, s;wy,wa,...,
we,ys) has an independent set of size at least I — ¢ for s € [I]] \ [t], if n >
(2(1—t—1))2"""" 4+ 1. For each j € [{], let
Q;={ueA:u(i) =w; for all i € [t]\ {j}, uy) # wj,
and u(i) =y; for all i € [I]\ [t]}.
It follows from Lemma 3.2 that
.A = C U U Qj.

1<j<t

Let n} = n — Zt-‘,—lgigl Yi — (Zlgigt,i;&j wi). If n} < 0, then |Q;| = 0. If
n; > 0, then |Q;| = 1. Therefore |A] <|[C| +t.
Let
D={ue P(n,l): u(i) =w; for all ¢ € [t] and
u(i) =y; for some t +1 < ¢ <I}.
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By equation (2) and Corollary 2.6,

S wi—d Al —t—2
EEDY (" Yiciciwi —d+ )

0<d<i—t—1 I—t-2
n—d+l—t—2
< .
< > ("5
0<d<i—t—1
Since
C: U A(132a'"atas;wlana-"awtays)gDa
t+1<s<l
we have
n—d+l—t—2
<
as > (5T
0<d<i—t—1
and
n—d+1—t—2
< .
A< > ( Lo >+t
0<d<l—t—1
Since
n+l—t—1 n—1 n—d+Il—t—2
(ltl)_(ltl)_ 2 ( l—t—2 )

0<d<l—t—1
we have |A| < ("ﬁ;tzl) - (lf;ll) +t. Furthermore, equality holds if and only
if w; =0 for all ¢ € [t] and y; = 0 for all ¢ € [I] \ [t]. By the maximality of A,

c= U A,

sel\[¢]
and Q; = {q;} for all j € [¢]. This completes the proof of the theorem. O
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