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AN IDENTITY BETWEEN THE m-SPOTTY
ROSENBLOOM-TSFASMAN WEIGHT ENUMERATORS OVER
FINITE COMMUTATIVE FROBENIUS RINGS

MEHMET OZEN, MINJIA SHI, AND VEDAT SIAP

ABSTRACT. This paper is devoted to presenting a MacWilliams type iden-
tity for m-spotty RT weight enumerators of byte error control codes over
finite commutative Frobenius rings, which can be used to determine the
error-detecting and error-correcting capabilities of a code. This provides
the relation between the m-spotty RT weight enumerator of the code and
that of the dual code. We conclude the paper by giving three illustrations
of the results.

1. Introduction

The error control codes play an important role in improving reliability in
communications and computer memory system [5]. Recently, high-density
RAM chips with wide I/O data, called a byte, have been increasedly used
in computer memory systems. These chips are very likely to have multiple
random bit errors when exposed to strong electromagnetic waves, radio-active
particles or high-energy cosmic rays. To make these memory systems more
reliable, spotty [21] and m-spotty [20] byte errors are introduced, which can be
effectively detected or corrected using byte error-control codes. To make clear
the error-detecting and error-correcting capabilities of a code, the research has
been done on some special types of polynomials, called weight enumerators.

In general, the weight enumerator of a code is a polynomial describing certain
properties of the code, and an identity which relates the weight enumerator of a
code with that of its dual code is called the MacWilliams type identity. For the
past few years, various weight enumerators with respect to m-spotty Hamming
Weight (Lee weight and RT weight) have been studied for various types of
codes. Suzuki et al. [19] proved a MacWilliams type identity for binary byte
error-control codes. M. Ozen and V. Siap [8] and . Siap [17] extended this result
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to arbitrary finite fields and to the ring Fo+uFy with u? = 0, respectively, which
was generalized to ring Fa + uFy + -+ - + u™ 1Fy with «™ = 0 in [15]. L. Siap
[16] derived a MacWilliams type identity for m-spotty Lee weight enumerator
of byte error-control codes over Z4. A. Sharma and A. K. Sharma introduced
joint m-spotty weight enumerators of two byte error-control codes over the ring
of integers modulo ¢ and over arbitrary finite fields with respect to m-spotty Lee
weight [14], r-fold joint m-spotty weight [12] and m-spotty Hamming weight
[13]. They also discussed some of their applications and derived MacWilliams
type identities for these enumerators.

In this paper, we will consider a MacWilliams type identity for m-spotty
RT weight enumerators of linear codes over finite commutative Frobenius ring,
which generalizes the results (case of binary field) of [9] to arbitrary finite
commutative Frobenius ring. The organization of this paper is as follows:
Section 2 provides definitions of m-spotty RT weight and m-spotty RT distance.
Section 3 presents MacWilliams type identities for m-spotty RT weight, and
Section 4 illustrates the weight distribution of the m-spotty byte error control
code by three examples. Finally, the paper concludes in Section 5.

2. Preliminaries

In this section, we begin by giving some basic definitions that we need to
derive our results. Let R be a finite commutative Frobenius ring with unity
and N be a positive integer. Let us recall some basic knowledge about R as
describe in [3]. Writing the identity element 1 of the ring as the sum of the
primitive idempotents of R, we obtain an isomorphism

R%Rl@---@fzs,

where R, ..., Rs are local commutative rings. The finite commutative ring R is
called a Frobenius ring if R is self-injective (i.e., the regular module is injective),
or equivalently, (C*+)* = C for any submodule C of any free R-module R",
where C* denotes the orthogonal submodule of C' with respect to the usual
Euclidean inner product on R™. Moreover, in this case, |C+||C| = |R|™ for any
submodule C of R", where |C| denotes the cardinality of C. This is one of the
reasons why only finite Frobenius rings are suitable for coding alphabets. With
the isomorphism ¢, R is Frobenius if and only if every local component R; is
Frobenius, and the finite local Frobenius ring R; is Frobenius if and only if R;
has a unique minimal ideal.
A character of R is a homomorphism 7,

7 (R, +) — (C*,).

R is Frobenius if and only if there exists a character x of R such that ker m
contains no nonzero left (right) ideal of R. This 7 is a generating character. Let
R be all characters of R, for any character m € R there are two homomorphisms
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~

R— R:

r— ",

.
The first is left linear; The second is right linear. A character is left (right)
generating character if the first (second) map is surjective. The reader may
refer to [22] for more details on Frobenius rings.

Let RN be the R-module of all N-tuples over R. For a positive divisor b of
N, a byte error-control code of length N and byte length b over R is defined
as an R-submodule of RV,

The RT weight and the RT distance over R are defined as follows:

Definition 2.1 (see [1, 7, 11]). Let ¢ = (c1,c¢a, ..., cpn) € RP™, and

wrr(c) = {;m{””m} T

wrr(c) is called the RT weight of c.

Definition 2.2 (see [21]). A spotty byte error is defined as t or fewer bits
errors within a b-bit byte, where 1 <t < b. When none of the bits in a byte is
in error, we say that no spotty byte error has occurred.

An s-spotty byte error is defined as a random t-bit error within a byte. If
there are more than ¢-bit errors in a byte, the errors are defined as m-spotty
byte errors. We can define the m-spotty RT weight and the m-spotty RT
distance over R as follows.

Definition 2.3. Let e € R be an error vector and e; € R® be the i-th byte
of e, where N = nb and 1 < ¢ < n. The number of ¢/b-errors in e, denoted by
wprrr(e), and m-spotty RT weight is defined as

wMRT(e) = z": F«U}:%(ei)],

i=1
where [x] denotes the smallest integer not less than x.

Definition 2.4. Let ¢ and v be codewords of m-spotty byte error control code
C over R. Here ¢; and v; are the i-th bytes of ¢ and v, respectively. Then,
m-spotty RT distance function between ¢ and v, denoted by djsrr, is defined

as follows:
= dRT Ci, U;)
d]MRT C, ’U Z ’V ka —‘
=1
In Definition 2.4, if we take ¢ = b = 1, then the m-spotty RT metric coincides
with both RT and Hamming metrics. Also, in the case of t = n = 1, the m-
spotty RT metric coincides with RT metric.

Remark 2.5. Similar to the proof of Theorem 2.5 in [9], m-spotty RT distance
over R is a metric, that is, this function satisfies the metric axioms.
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3. The MacWilliams identity over finite commutative Frobenius
rings

Hereinafter, codes will be taken to be of length N where N is a multiple of
byte length b, i.e., N = bn.

Let ¢ = (c1,¢2,...,cn) and v = (vi,v2,...,vN) be two elements of RN.
The inner product of ¢ and v, denoted by (¢, v), is defined as follows: {(c,v) =
n n b b
Z <Ci,’Ui> = Z ( Z c(i,j)v(i,b—j-i-l)) . Here, <Ci,’Ui> = Z C(i,5)V(,b—j+1) denotes

i 1

i=1 i=1 N j= =1
the inner product of ¢; and v;, respectively. Also c(; ;) and v(;—j41) are the
j-th bits of ¢; and v;, respectively. The inner product for each byte is taken in
reverse order similar to the RT case where n = 1.

Now we recall some examples of finite commutative Frobenius rings and

their generating characters, most of them can be found in [2] and [22].

Remark 3.1. Here are some examples of finite commutative Frobenius rings.

(i) Let R =T be a finite field. A generating character x on 2 = is given
by x(z) = £77®) | where & = e and Tr: F — [, is the trace function

from IF to IFp.

(ii) Let R = Zy. Set £ = e*t". Then x(z) = &%, x € Zy, is a generating
character.

(iii) The finite direct sum of Frobenius rings is Frobenius. If Ry, ..., R, each

has generating characters xi,...,xn, then R = @©R,; has generating
character x =[] xi-

(iv) Any Galois ring is Frobenius. A Galois ring R=GR(p"™,r) = Zyn[z]/ ()
is a Galois extension of Z,» of degree r, where f is a monic irreducible
polynomial in Z,»[z] of degree r. Because f is monic, any element a of

-1 i
1 a;x*, with a; € Zpn.

R is represented by a unique polynomial r = >
Set & = e . Then x(a) = &or-1.
(v) R =TFslus,...,u)/ (u? =0,uu; = uju;) is a Frobenius ring. Let r, =
caug € R. Then (c4) can be thought of as a binary vector
AC{1,2,....k}

of length 2*. Let wt(ca) be the Hamming weight of this vector. Then
X(ri) = (=1)Hea),

In order to prove our main theorem, we should first prove the following two
lemmas. From now onwards, we assume x be a generating character over finite
commutative Frobenius rings in Remark 3.1. ¢ denotes the cardinality of R,
ie, |R| =¢.

T
1=

Lemma 3.2. Let ¢ = (c1,...,¢5) € R® with wrr (¢) = j. For any 0 < k < b,
we have

SO, 5) = > Xelv)

wrr (v)=k
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1, if k= 0;
e —-1), if 1<k <b—j;
) = ifk=0b+1—7j;

0, ifk>b+2—j.

Proof. Tt is easy to verify the result when k = 0. Let us assume 1 < k£ < b from
here.

SO )= > xlew)
wrr(v)=k

= Z x(viep + -+ + VkChp1—k)

WRT (’L}):k

S S

=1 v;ER v, ER*

Denote T; = ZvieR X(cpr1-ivi) (1 <i<k—1),and T} = kaeR* X(Cot1—kVE)-

If Kk <b—j, then we have ¢y = -+ = ¢cp41-1 = 0 and
Ti: ZX(O'Ui): Z 1:& Tk: Z 1=/-1.
v;iER v;ER v ER*
Hence S (k,j) =1 (0 —1). fk=b+1—j, weget ¢y = = cpyo_p = 0

and cp1— = ¢; # 0, and then

Ty =4, To= Y x(ejor) = x(¢; - 0) = —1.
v ER

Hence, S (k,j) = —¢*=1. If k > b+ 2 — 4, then the last k — 1 positions of
codeword ¢ contain at least one nonzero element, suppose for some j > b—k+2,
cj # 0, we have

Tyij= Y, x(¢jopy1-5) =0,

Vp+1-;ER

Hence S (k, j) = 0. This proves the lemma. O

The following theorem gives a partial information for V(*(z).

Theorem 3.3. Let ¢ = (c1,¢2,...,¢) and v = (v1,va,...,0p) be two elements
of R®, with wgrr (c) = j. Then we have the following
(i)

3 xe(v)zlwnr @/ = y 0 (),
vERD

where Vj(t’e) (2) = ZZ:O SO (k, )z Ik/H,



814 MEHMET OZEN, MINJIA SHI, AND VEDAT SIAP
. Y
(ii) Let z=1 in Vj( ’ )(z) Then

bt .
0 gy o, ZfJ =0
J 0, ifj#0.

(iii) For 0 <j <b, let s=b—j in Lemma 3.2, then

V0 () L+ (" =1z, ifj=0, k<t<b
. Z) =
1—2z, ifj=b—s>1, s+1<t<h,

where k is the parameter of S (k, ) in the expression ofV 8)( ).

Proof. (i) Using Lemma 3.2, we can obtain

b
S e =3 Y ()l

vER? k=0 wrr(v)=Fk
b
= Z SIk/4] Z Ye(v)
k=0 wrr(v)=k

b
_ Z S“)(k,j)zr’“/ﬂ _ Vj(t,é)(z)_
0

(ii) Let z = 1. Suppose j = 0, then according to Lemma 3.2, we have
vt ZS“WO—HZS“%O—HZ%“ 1) =

Suppose j # 0, accordlng to Lemma 3.2, we can get

b ) -
V1) = 3 SOk f) =1+ Z SO, 5)+ >, SO
k=0 -

k=b—j+1
=1+ Zek Y — " =0.
(iii) Suppose j =0 and k <t < b. By applymg Lemma 3.2, then

b
Vi (2 Zs A =143 8O (k002 = 1+ (0~ 1)
k=1
Suppose j =b—s>1and s+ 1 <t <b. According to Lemma 3.2, then

Vb(tf ZS(@) Uv/ﬂ_H(Zs(@kb—s) f)z

k=1

1+<Z€k1 - €S>zlz.
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This proves the results. (I

Let (G, +) be a finite abelian group and V' be a vector space over the complex
numbers. The set G of all characters of G forms an abelian group under
pointwise multiplication. For any function f : G — V, define its Fourier
transform f G-—V by

f(m) = m(@)f(z),7 €G.

zeG

Given a subgroup H C G, define an annihilator (G : H) = {r € G : n(H) = 1}.
Moreover, we have |(G : H)| = |G|/|H|.

The Poission summation formula relates the sums of a function over a sub-
group to the sum of its Fourier transform over the annihilator of the subgroup.
The following lemma can be found in [22], which plays an important role in
deriving the MacWilliams identity for m-spotty RT weight.

Lemma 3.4 (Poisson Summation Formula). Let H C G be a subgroup, and
let f: G — V be any function from G to a complex vector space V. Then

> fa) ()Zf

zeH m€(G:H)

Let aj = #{i : wrr(¢;) = j, 1 < i < n}. That is, «; is the number
of bytes having RT weight j, 0 < j < b, in a codeword. The summation of
Qp, 1, .. .,0p is equal to the code length in bytes, that is 22:0 aj = n. The
RT weight distribution vector (g, aq,...,as) is determined uniquely for the
codeword c. Then, the m-spotty RT weight of the codeword c is expressed
as wyrr(c) = Z?:o [3/t] - . Let Aiag,an,....as)(C) be the number of code-
words with RT weight distribution vector (g, 1, ...,a). For example, let
¢ = (010 012 020 202 000 200) be a codeword over F3 with byte 3. Then, the
RT weight distribution vector of the codeword is (g, a1, s, a3) = (1,1,2,2).
Therefore, A1 1,2,2)(C) is the number of codewords with RT weight distribution
vector (1,1,2, 2)

We are now ready to define the m-spotty RT weight enumerator of a byte
error control code over R.

Definition 3.5. The weight enumerator for m-spotty byte error control code

C'is defined as
2) = Z ywmRT(C)
ceC
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By using the parameter Ay, a;.....a,) (C), which denotes the number of code-
words with RT weight distribution vector (ag,aq,...,a), We(z) can be ex-
pressed as follows:

b

We(z) = > Awoan(© [TE)?

(0,0 00) J=0
QO yeney ap >0
apt+-tap=n
The next theorem holds for the weight enumerator We(2) of the code and
that of the dual code C*, expressed as W1 (2).

Theorem 3.6. Let C be a linear code and C* be its dual code. The relation
between the m-spotty RT weight enumerators of C' and C* is given by

b

Wee(z)= Y. Ab, . o) [T

(@0,..mrap) j=0
@Q,...,ap >0
ag+-tFoap=n

b

1 (©.0 (1))

el Y A @ T, .
(0,--yp) Jj=0

@g,...,a, >0
o+ Fap=n

Moreover, We, (2) = We,(2) if and only if We (2) = Wes (2).

Proof. Given a linear code C' C R™, we apply the Poisson Summation Formula
with G = R", H = C, and V = CJz], the polynomial ring over C in one
indeterminate. The first task is to identify the character-theoretic annihilator
(G : H) = (R": C) with CL. Let p be a generating character of R;. We use
p to define a homomorphism 8 : R —» R. For r € R, the character B(r) € R
has the form B(r)(s) = (rp)(s) = p(sr) for s € R. One can verify that g is an
isomorphism of R-modules. In particular, wt(r) =wt(Sr), where wt(r) = 0 for
r =0, and wt(r) # 0 for r # 0.

Extend 8 to an isomorphism 8 : R® —» R" of R-modules, via 8(z)(y) =
p(yz), for z,y € R™. Again, wrr(z) = wrr(8z). For z € R", B(z) € (R : C)
means (z)(C) = S(C-xz) = 1. This means that the ideal C'-x of R is contained
in ker(p). Because p is a generating character, which implies that C' -z = 0.
Thus 2z € C-. The converse is obvious. Thus C corresponds to (R : C') under
the isomorphism f.

Remember that g : R — R" is an isomorphism of R-modules and (C+)+
= (. Thus the Poisson Summation Formula becomes

> fw) |C|Zf

veC+t ceC
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where the Fourier transform is
Fo= 3 vl f).
veERN
Define f(v) = [[i_, z/*#7(®)/t] where v; denotes the i-th byte of v. Then we

(1) ]/c\(c) Z Xc(@)ﬁszpﬂ"(vi)/ﬂ — Z wa v Hz(wRT(vl)/t]

vERN =1 veERMY i=1
w V4 _ N4
@ =TI st | ST o)
i=1 \v;,eRP i=1

Assume that RT weight of the fixed vector ¢; is wgrr (¢;) = j, and ¢ has the
RT weight distribution vector (ap, ..., as), then we have

b
(3) = [T en.

Jj=0

Thus we have

b
Z H U/ﬂ oy |C| Z H(Vj(taf)(z))
ceCt j=0 ceC j=0

After rearranging the summations on both sides according to the RT weight
distribution vectors of codewords in C+ and C' respectively, we have the result

(4) Yo Aean(C H /e

(0,---,p) j=0
Qg,...,ap >0
ap+-tFop=n

1 b
= W Z A(ozo,...,ozb) H V(t é)

(@0;--,0p)

Q-0 >0

agt-top=n
According to Equations (1)-(3) and Definition 3.5, it is easily checked that
We(z) is uniquely determined by Vj(t’e)(z), on the other hand, Equation (4)
implies that W (z) is also uniquely determined by Vj(t’e)(z) and Equation (4)
is none other than the MacWilliams identity of the code C' and its dual code
C*. Thus W¢, (2) = We,(2) if and only if Wei(2) = Wee(2). This proves
the main results. O

Note that if ¢ = 1 and n = 1, then according to Definition 2.4, the m-
spotty RT metric coincides with RT metric, then the MacWilliams identity
with respect to the m-spotty RT weight enumerators in Theorem 3.6 becomes
explicitly the MacWilliams identity with respect to the RT enumerators. If
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TABLE 1. RT weight distribution vectors of the codewords in
C and the number of codewords.

RT weight vector number
(3,0,0,0) 1
(0,1,1,1) 4
(1,0,1,1) 2
(0,2,1,0) 2

TABLE 2. Polynomials Vj(2’3) (2) for t =2 and b = 3.

ViZP (2) = 1 4 82 + 1822
V¥ (2) = 1482 — 922
Vit (2) = V() =1 2

t =1 and n # 1, then it does not always become explicitly the MacWilliams
identity with respect to the RT enumerators.

4. Application examples

In Section 3, we present a proof of a MacWilliams identity that is valid over
any finite commutative Frobenius ring. In this section, we take three examples
to illustrate Theorem 3.6, where Tables 2, 4 and Table 6 also demonstrate the

results of Theorem 3.3 with respect to the proposition of polynomial Vj(t’e) (2).

Example 4.1. Let
(102220100
(011010000)
be the generator matrix of a linear code C of length 9 over F5 (which is a finite
field). C has 9 codewords. The dual code of C'is a ternary linear code of length
9 and it has 2187 codewords.

Before computing the m-spotty weight enumerator of C, we illustrate how
to apply the formulae. It is easy to show that the codeword ¢ = (011 010 000)
belongs to C. Let b = 3 and t = 2. Then, the RT weight distribution vector
of the codeword is (ag, @1, 2,a3) = (1,0,1,1). The RT weight distribution
vectors of the codewords of C, the number of codewords, and polynomials
Vj(t’e)(z) for b = 3 and t = 2 are shown in Tables 1 and 2 for the necessary
computations to apply Theorem 3.6.

According to the expression of W¢(z) and Table 1, we obtain the m-spotty
weight enumerator of C' as W¢(z) = 1 + 423 + 42%. By applying Theorem 3.6
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TABLE 3. RT weight distribution vectors of the codewords in
C and the number of codewords.

RT weight vector number
(2,0,0,0) 1
(0,0,0,2) 18
(0,1,0,1) 1
(0,0,1,1) 3
(0,1,1,0) 1

TABLE 4. Polynomials V( 6)( ) for t =2 and b = 3.

V9 (2) =14 352 + 18022
V9 (2) = 1+ 352 — 3622
Vi) = VPO =1 -

and Table 2, we obtain

b
1
WCL (Z) - E Z A(ao,al,az,ag}) H (2 3)
aptartaztaz=3 Jj=0
1 4
= 5"V + 5 (PP @)V ) (G (2)

VDD @)D @) + S (RED (@) (VD (2))

=1+ 10z + 2422 + 1162° + 5422* + 8462° + 64825.

Example 4.2. Let
1 11 5 4 2
G=|03 0 3 3 3
00 3 3 0 3

be the generator matrix of a linear code C' over Zg (which is a residue class
ring) of length 6. C has 24 codewords. The dual code of C is also a linear code
of length 6 and it has 1944 codewords.

The number of codewords, and polynomials Vj(t’e)(z) for b=3 and t = 2 are
shown in Tables 3 and 4 for the necessary computations to apply Theorem 3.6.

According to the expression of W¢(z) and Table 3, we obtain the m-spotty
weight enumerator of C' as

We(z) =14 22 +42° + 1827,
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TABLE 5. RT weight distribution vectors of the codewords in
C and the number of codewords.

RT weight vector number
(3,0,0,0) 1
(0,1,1,1) 12
(1,1,0,1) 3
(0,0,0,3) 11
(0,0,1,2) 5

TABLE 6. Polynomials V,>'%(2) for ¢ = 2 and b = 3.

V29 (2) = 1 4 2552 + 384022
V29 (2) = 1+ 2552 — 25622
V9 (2) = ViV (e) =1 - 2

According to Theorem 3.6 and Table 4, we obtain

b
1 2,6
Weoe (Z) el Z A(a01a17a21ad) H V( )

ag+oartaz+az=3

Q

Va9 (2))% +18(V3 ) (2)) + <v1<2’6><z>><v;2’6> (2))

[

V@229 (2)) + 3V ()2 (V329 (2))]

[ (14352 +1802%)2 4+ 18(1 — 2)* + 2(1 + 352 — 362%)(1 — 2)
+3(1—2) }

=144z + 6122 + 52823 4 135022

4>|" + §|"

Example 4.3. Let C be a byte error-control code over R = Fo +ulFy 4+ vFo +
uvFq (which is not a chain ring) generated by the follow set

{(1,0,0,u,v,1,0,0,u), (0,0, uv, uv, 0,0, 0, uv, uv)},
2

where u? = v? = 0 and uv = vu. Its length is 9 and byte length is 3. It is
easy to check that the generators are independent, hence the code has type
(16)(2)! and |C| = 32. Its dual code C*, which is also a byte error-control
code over Ry of length 9, contains 2147483648 (|C| is very large) codewords.

The number of codewords, and polynomials Vj(t’e)(z) for b=3 and t = 2 are
shown in Tables 5 and 6 for the necessary computations to apply Theorem 3.6.

According to the definition of W¢(z) and Table 5, we obtain the m-spotty
weight enumerator of C' as

We(z) =14 323 + 122" + 525 + 1125,
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Combining Theorem 3.6 with Table 4, we obtain

b
1 o
VVCL (Z) = W Z A(ao7a1,a210¢3)(c) H(Vj@,m) (Z>> ’
apgtait+az+az=3 7=0
1
= 5 [0577@)* + 12P ) (15 (2) (15> (2)

+ 35 P @) (P () (31 (2)) + 111219 (2)?
+ 5V () (V1 (2))?]

= 14165z 4 1255522 + 78130323 + 246134642 + 3526041602°
+ 176947200025,

5. Conclusion

In this paper, we derive a MacWilliams identity for m-spotty RT weight
enumerators over arbitrary finite commutative Frobenius rings from the Poisson
summation formula, which includes [9] as a special case and extends the results
of [18]. This provides the relation between the m-spotty RT weight enumerator
of the code and that of the dual code, which can be used to determine the error-
detecting and error-correcting capabilities of a code. Especially when the size
of C* of a code C is very large (Example 4.3), it is easy to determine the RT
weight distribution of m-spotty byte error-control codes by Theorem 3.6.

During the revision of the paper anonymous reviewers pointed out references
[4] and [10] that also had studied a generalization version of RT metric.
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