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A NONDEGENERATE BILINEAR FORM INDUCED BY
COLOR POISSON BIALGEBRA

SEI-QWON OH* AND HANNA SiM**

ABSTRACT. Let H be a color Poisson bialgebra. Here we find a
canonical nondegenerate bilinear form on g(H) x m/m?, where g(H)
and m/m? are certain color Lie algebras induced by H.

1. Introduction

For the definitions of the color Lie algebra and the color Poisson bial-
gebra, refer to [1, Definition 2.1 and Definition 4.4]. Let H = (H =
DaccHaym,t, Ayn, {-,-},€) be a color Poisson bialgebra. For a homoge-
neous element z € H,, we set |x| = a. Set

m = ker.
Then (m/m?,[-,],€) is a color Lie algebra with
[z +m® y +m’] = {z,y} + m°
by [1, Theorem 4.9]. Here we construct a color Lie algebra (g(H), [, ],e 1)

induced by H such that there exists a canonical nondegenerate bilinear
form on g(H) x m/m2. (See Theorem 2.3.)
Give a grading on the ground field k of characteristic zero by

ke=k, k,={0}

for all e # a € G, where e is the identity element of G.

Since 7 is a morphism of G-graded algebras, the maximal ideal m is a
G-graded ideal of H containing H, for all e # a € G. In particular, m?
is also a G-graded ideal. Note that H = m @ k1 as a vector space since
x = (x—n(x)l)+n(z)l and z —n(x)1 € m for all z € H. Choose a basis
¢ of m? consisting of homogeneous elements and then add a set ® of
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homogeneous elements in m such that the disjoint union 8 = {1}LE€LUD
forms a basis of H. For every x € B, give a grading on the dual element
z* € H* by

%] = ||.

Denoted by H° the subset of H* consisting of f € H* such that there
exists a finite co-dimensional graded ideal I of H with f(/) = 0. That
is, f € H° if and only if f(I) = 0 for some graded ideal I such that the
dimension of H/I is finite, and thus there exist finite elements x1, - - - , z,
of B such that 1 +1,--- ,x, + I form a basis of H/I. Hence f € H® is
a linear combination of dual elements z7,--- , ;. It follows that H° is
a G-graded vector space. For homogeneous elements f,g € H°, define a
multiplication fg by

(fo)(@) =) f@)g(z")

for any homogeneous element x € H, where A(z) = > 2/ @ 2. Re-
placing ideals with finite codimension in [3, 9.1.1, 9.1.3] by G-graded
ideals with finite codimension, we have fg € H°. Moreover H® is a G-
graded algebra since the comultiplication A of H is a G-graded algebra
morphism. Hence H® is a color Lie algebra with bracket [-, -] defined by

(1.1) [f.9] = fg—<"(If1:19Dgf

for homogeneous elements f,g € H° by [1, Lemma 2.4].

2. Main theorem

Denote by g(H) the subspace of H° spanned by all homogeneous
elements f € H® such that

F(1) =0, f(m*)=0.
LEMMA 2.1. The space g(H) is a color Lie subalgebra of (H®, [-,-],e™1),
where [, -] is given by (1.1).
Proof. Let f, g be homogeneous elements of g(H). Then

[f,91(1) = (f9)(1) —e(If].1g)) " (g.f)(1) =0

by [1, Lemma 2.6] since A(1) = 1® 1. Let us show that [f, g](m?)

=0.
(Hence [f,g] € g(H).) For a homogeneous element x € H, let A(z) =
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Yo' @ a”. Since
> @ —n(a)1) @ (@ —n")1)
= Zx' @ — Zl @ n(z")a" — Zn(a:”)x’ @1+nz)lel
=Ax)—-1®zr—201+n(z)(1x1)
and ' — n(z")1,2” — n(z”)1 € m, we have
(2.1) Alz)=—-n) (1) +1®r+2®1 mod(m®m).
Hence, for homogeneous elements x,y € m,

Alzy) = A)A®)
=(l®z+zl4+mam)(ly+y®1l+mem) (by 2.1)
=z@y+e(z),|ly)y®z modm?® H + H @ m?).

Thus
/5 9l(zy) = f(2)g(y) + e[z, [y]) f(y)g(x
S lgDlg @) f () +e(lz], lyhg(y) f(2)] = 0
)

by [1, Lemma 2.6], as claimed. Hence g(H) is a color Lie subalgebra of
(Hov['f}:gil)- O

LEMMA 2.2. Let P,(H) be the subspace of H° spanned by all homo-
geneous elements f € H° such that

(2:2) fxy) = n(z)f(y) + f(@)n(y)
for all homogeneous elements x,y € H. Then P,(H) = g(H).

Proof. If f € P,(H) then f(1) = 0 and f(m?) = 0 by (2.2). Hence
P,(H) C g(H). Conversely, let f € g(H). For any homogeneous ele-
ments r,y € H,

zy = (x = n(@)1)(y = n(y)1) +n(@)y +n(y)z —n(z)n(y)1,
thus

fzy) = (=) f(y) + f(z)n(y)
since (z — n(z)1)(y — n(y)1) € m?. Hence g(H) C P,(H). O

Let H = (H,m,t,A 77,{ -}) be a color Poisson bialgebra. We may
assume that g(H) C (m/m since

H=meokl, f(1)=0, f(m*)=0
for any f € g(H). Thus there exists the canonical bilinear form

(2.3) () ra(H) xm/m® — Xk, (f,2) = (f.2) = f(2).
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THEOREM 2.3. The canonical bilinear form (2.3) is nondegenerate.

Proof. Let f € g(H). If (f,m/m?) = 0 then f = 0 since g(H) C
(m/m?)*.

Let 0 # x+m? € m/m?. Express x by a linear combination of elements
in the basis B. Then there exists an element b € 9B such that b € m\ m?
and the coefficient of b in the linear combination of x is nonzero. Let b*
be the dual element of b. For any homogeneous elements y,z € H, we
have

yz = (y = n))(z —n(2)1) + n(y)z + n(z)y —n(y)n(z)1.
Thus
b*(yz) = n(y)b*(2) + b*(y)n(z).
Replacing ideals by G-graded ideals in the proof of [2, Theorem 1.3.1],

we have b* € g(H) by Lemma 2.2. Hence (2.3) is nondegenerate since
(b*, ) # 0. O
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