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Abstract

In this paper, we study an approximate procedure to evaluate a penalized maximum likelihood estimator
(MLE) for a mixed effects model. The procedure approximates the Hessian matrix of the penalized MLE
with a structured sparse matrix or an arrowhead type matrix to speed its computation. In this paper, we
numerically investigate the gain in computation time as well as approximation error from the considered
approximation procedure.
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E FU =R 3= gro® A= FyLx -%—7‘ 2o EAA 284 (Statistical efficiency) & Z &3t o
Y £ AAES AU ot dyuis WY 2,9 vo] 54 uiet 4] (1.1)Y the A4t o
=0°] 2 o] & F A3 Y B A7) F=;H gk

Al (1.1

(1.1)] A2tz F2st o] thts 2 71¢ 9 o]89E 2L HMAL = (penalized lielihood
HHL T = 442 I3 (complete log-likeliood function)

= log f (Y|;3,6)

pl(B,0) = L(B,v) + p(v;0) (1.2)

= Aok w WAFFRE p(v;0) = log f1;0)7h RARLE AL 97} FolHS ] 4
(1.2)& Hd3lel= (B,v)9] ERH W—?—E—% ZF(penalized MLE)-2

<XTWXXTWZ )(ﬁ)(x Wy > 3

Z"WX Z'WZ+U Z"Wy
o 2 54 W PPV (L) AT KE ALE YHLERZYA AR Ll o
£+ Z8sl -‘%%OM o 7)oA X iR dHET} x;Q n x pA Lo, Zx n x ¢FEE 2,2 AR
QuER AR, 0 x nBd W p = BY)S %42 fue Vel xrgorie 249t uA
o gx¢FE Us U= —{0p(v;0)/(0vovT)}2 Aoldr}.
FAYAA (1.3)2 £ o2 FAA SR Bk ol e o8 B S tidt HE =g oA
£ SR o5 BATA WA SR AT AL =3 2P (13)S HRHOR F AL
L3HA Aot wetA o)E ZAAME FAHAEA (1.3)00 thet whE AL B 7ekst
ke BASS S12she v Fad Lo Atk S8 A2 AFH 7120 BY g 1A Ulg
F 2AIE0] TR glon old utet TF WFET vo] Aol AP AR Al AL 9
o] A4 (1.3)9] AL TS o]gA 3t} (Zhue} Hastie, 2004; Lee?} Oh, 2014).
B =2odAe v Aol 2 A (Exr TS5 ¢7t poll vlste] A3s]l & A9) AL E ol
32 (L3S A thstel AL 93 2AAA A S 49EE T 8o
o] 71915}e] k& (arrow-head type matrix)olgt B2l sid FHo] P A 5 oy 42
of IRt B =79 28X FRste] Erh 2 =89 3FoA = F 7Y AE St Ay
[e]

AAto 2

E

SEI7F @Al == AL AR F ok ofof o ¥R 08 A Edhe FAFA DS 2
ALQ Zof] thEte] Al Ect F oA = b= 7MY AEold tRE Slv= Flemingd} Harrington
(2005)2] ¥Hgd8-o15 1 (chronic granulomtous disease; CGD) AF& ol 7|Wkste] A H kg olt}. ulA]
o R 480 e BERA thFEA 3 2 7HR] 2AE digt =9 & FUkei B =78 vhAh

2. YHRTO| UA|OH(Hessian) 20| Tf5t 5| AZIZA}

EZoA= A (1.3)Y ol fAe A G Lo th3t FLF P2t ARRE = SAEPET o]
ol 2] A .
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WA 2 o Rold R SASRUL px p HABY Au, p x g B At g x ¢ BA(EE BFY
=
=

Dol thatod
(A Aw
e (2 ) as

o] FHE AYxe FELS AnEnh T4 (p + ) x (p + @) 2] 4FEL O((p +
o] o3} FAh-7FaaAH (sparse Gauss elimination)S ©]-§3hH ¢ P 3P ALk
O(max(pq,p®))2] 2glo] B dto] A&A 9t} (Demmel, 1997).

| EoM = Ko A3 ho tiet ANt E848 Ad 213 AS At ok AR A2 92
7F AR AUR o SR wAle] 2EyEe AP A 7Mbskal QAL Sl a-Theaa Wt 2
o] O(max(pq,p®))2l AAHEZA (computational complexity)2 ATt AAeh= dqFd F42 o2
I 2ot

el 2.1 S Ko| RAsHQl Ay 2] 9sizlo] ZAISICH: THA501

K-1— AT+ AT ALQANAL —AA12Q (2.2)
—QAx AL Q
012 047IM Q=D"' + D 1A (A11 — A12D 1 As) 1A oD 10OICEH
39 4 (21)9 EHYLE K+ LYL) 4PD34 (Park, 2007)0] 3o} P2
Q=(D— A At Ap) "
of o 3}
Afll + AfllAIQQA21A;11 - AfllAIQQ
—QAz A Q
2 5351 93Ho) #3F Sherman-Morrison-Woodbery &4] (Hager, 1989)0f 2] &}
Q=(D—AuAj'AL) "
=D+ D_1A21 (A11 — A12D_1A21)_1 A12D_1
2 Z2¥"c. O
9] T4l A D2} (A1 — AD A ) e 42 O(q) 2k O(p%) 2 AM-B3438 A)det.
E AR A AAFHE Ak Ee] g3 do| tgl S A E AL AAs o3 2
([ XTWX X"Wz 4 Ovx Opxq
-\ Z"WX  diag (Z"WZ) + U 0yxp Z"WZ — diag (Z"WZ)
XTwWX XTwz
" - =K (2.3)
Z'"WX D = {diag (Z'"WZ) + U}

2 ZAEk ekl H 2 K1g ARg- i)
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elAl A SagEg o] get H ' 2AL Aol thate] Ao Hd M = Z"WZ — diag(Z"WZ)°]

27 grhe @Al
-1
H71 — K+ OPXP OPXQ
Oyxp M

K '_K! Opxp Opxq K!
Ogxp M

ola =R Ql ZAL A= 919 A 2.1004 FYH FHE
1
Q=D"'+D'Z"WX {XTWX - XTWZD’lzTWX} X"WzD !
of] T3l
K-!_H!
K Opxp Opxg K!
0y, M

((XTWX) T XTWZQMQZTWX (XTWX)~
- —QMQZ"WX (X"WX)

1 —1
— (XTWX) ' XTWZQMQ ) (2.4)

QMQ

o BART. Wehd 2ALAE QMQ) sl ARV T 4 Aok A AL AN 3)
of QSF M€ 2 slon e oRel ¥oAel ALE Fotol A SALAE A 4 9tk
=93t sttEdE S o]23 4G A A Uigt A2 Therneau?} Grambsch (2000)2] A ol A
Qo] B0l ol ATAE Sfetel WA £F 2ol APl 2 ATANE ofe] 1
FE Bt T ZARE Bt A 4 Sl ALY T o]of tigt w]g o7 A E3lofof Fh=
A2l tajol olalsto] XA} B,

3. GINI=
3.1. JtaALZ

B o)A B =Rl A Ashe B aFBAL AAE Fto] Aokl e A7 o35 S5k o}
o 28 Y HY APV AY Fols AL A9 ALY AHY FAE I4oiel AW
9] A4AIZS W L3ke] Blth Aol meE FHL

H— (An A12>
Asy D

o= 714 A = 1010 + Jio, A12 = J10,n—10, D = 10T 102 A= ATE FE L= k x k T3
Golal, Jjme I xmAd PEZ BE G47F 19 PHolh. AFH-2 Intel Core i7 (16GB RAM) AFF
o4 R3.1.25 o]&sto] A=t FEo I7] ng HIAIAZIAA IWHAQ A3 d ALk By
Foizl slasy FAo 9t o ANASATS 7|F35 e o]E Figure 3.1 &3ttt 7zt
HE] ALMERAYE Boto] Addetd ukel 2ol F i 2 AlRtA S Azl 2 Aol 9o 1
2ol Aol ALLE FA3] AXE AL AT = Aot



Sparse Matrix Computation in Mixed Effects Model 285

log(tine) (‘Sec_)
4+ ““—””-““““:
| |
or
.2,
-4F ——spar se |

-~ non-sparse

.6,” |
8 ! . ) di ”E‘msi on

0 1000 2000 3000 4000 5000

Figure 3.1. Log of computation time

3.2. P4S0I5Y(CGD) A2
£ A3 A& Fleming¥} Harrington (2005) ]/\1 B1E T3S olEY 32} 122 1002 BA3 2}
Foll thate] =FollA AltE oYL 2AL IS A8ste] Bl o]E Fdto] AL wlel 3
QA B4 3R RO el OlSlelE ASIED BSOS ARE 3 203709 BRAE T4
Hol el & Qo Ahdo]l & FHE A7 HJ5l o] ARE 10W HAS] T 20307H«] HEA
240 ARE RS B AW 0L FEUSE SA0v ABASE BF 1142 27 4
2| &5 (treatment, 1), 48 (B2), Lol (83), 71(B4), n—rﬂ](ﬁs)) Lz_—]' E4(Bs), 2EIZ o] TA E o
ub 2.2 &AA| (prophylactic antibiotics) ARE o8 (87, Bs), ¥ WU (Bo, Bro, f11) T T
ot 24 FAS A%t 234 =3 €E 23 (lognoraml frailty model)% 7F4 3l Ha 5 (2001)]
FES Aotk A Al

A Aoket h-likelhood & o] &3}e] ZH AE B 42 233t v} =4
3)

At A (1.3)5 wHESle] AAbeHA =3 whEro] wlel PR A BES Table 3.10] Husigich &
AA & 4= o] A AFEE o] g3 W | APL S o] &3 ZAE FANHY By FAXA
ol 2 Aol7k Yot A AIZE ZHME HAPEL o §3 2 2PN o) JYLL o] §
AR Arbgl vlsl o] FE AL &S & 5 ATt

EFRF A AL EEA o] AL Pinheiro$} Bates (2000)9] #L Fato] & 4 Eo] A%
oA e 71ZF AFH o] et AT E oS AL e BA F shtelth. & AFelx= A
FEFAFS ZAH LR ALk FAE AAISEL o9 ALFESAAT ALY AEAdol thshe] A
HEgkth B AFolA Atet S APE S o] &3 ZAPE A= (B =7 AT AP stollA) =2 A
FEEAT BEEE HojFo] AA g2 AHEAE AU A BFEY FH4 Aol 785 AR
2 4 et Abgdrt
uprjEte 2 B =70 4 4uE FnFe) glo] 2ALeAkel FRAFt] £ 7 AAMY

IME BumA] o2 ZAteAkel #A#c /Mg dF d9E =45
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Table 3.1. Parameter estimates and computation time for the CGD data

e e
lac] 10 20 30 40 50 60 70 80 90 100 (s.e.)
B1 Inv. —1.151 —1.153 —1.155 —1.156 —1.157 —1.158 —1.158 —1.158 —1.159 —1.159 (0.101)

Sps. —1.147 —-1.152 —1.154 —1.156 —1.158 —1.159 —1.159 —1.160 —1.160 —1.160 (0.100)
B2 Inv. 0.793 0.792 0.792 0.792 0.792 0.791 0.791 0.791 0.791 0.791 (0.153)
Sps. 0.788 0.791 0.791 0.791 0.791 0.791 0.791 0.791 0.791 0.791 (0.151)
B3 Inv. —0.088 —0.088 —0.088 —0.088 —0.087 —0.087 —0.087 —0.087 —0.087 —0.087 (0.013)
Sps. —0.088 —0.088 —0.088 —0.088 —0.087 —0.087 —0.087 —0.087 —0.087 —0.087 (0.013)
B4 Inv. 0.008 0.008 0.007 0.007 0.007 0.007 0.007 0.007 0.007 0.007 (0.004)
Sps.  0.008 0.007 0.007 0.007 0.007 0.007 0.007 0.007 0.007 0.007 (0.004)
Bs Inv. 0.010 0.010 0.010 0.010 0.010 0.011 0.011 0.011 0.011 0.011 (0.006)
Sps. 0.010 0.010 0.010 0.010 0.011 0.011 0.011 0.011 0.011 0.011 (0.006)
Be Inv. —0.673 —0.674 —0.674 —0.675 —0.675 —0.676 —0.676 —0.676 —0.676 —0.676 (0.110)
Sps. —0.668 —0.672 —0.674 —0.675 —0.675 —0.676 —0.676 —0.676 —0.677 —0.677 (0.109)
B7 Inv. 2074 2.057 2.049 2.043 2.040 2.038 2.036 2.035 2.035 2.034 (0.248)
Sps. 2.068 2.055 2.046 2.041 2.037 2.034 2.033 2.032 2.031 2.030 (0.244)
Bs Inv. —0.770 —0.755 —0.747 —0.742 —0.739 —0.737 —0.736 —0.735 —0.735 —0.734 (0.134)
Sps. —0.769 —0.754 —0.746 —0.740 —0.737 —0.734 —0.733 —0.732 —0.731 —0.731 (0.132)
B9 Inv. —0.170 —0.158 —0.151 —0.147 —0.145 —0.143 —0.142 —0.141 —0.141 —0.141 (0.115)
(
(

Sps. —0.174 —0.159 —0.151 —0.146 —0.143 —0.141 —0.140 —0.139 —0.138 —0.138 (0.114)
Bio Inv. 0.111 0.116 0.120 0.122 0.123 0.124 0.125 0.125 0.125 0.125 (0.197)
Sps. 0.108 0.116 0.120 0.122 0.124 0.125 0.126 0.126  0.127  0.127 (0.196)
Bi1 Inv. 0941 0937 0.935 0934 0933 0932 0932 0932 0932 0932 (0.159)
Sps. 0938 0.936 0934 0933 0932 0932 0.931 0931 0931 0.931 (0.157)
6 Inv. 0.704 0.587 0.529 0.497 0.478 0.465 0457 0.452 0.448 0.446
Sps. 0.721 0.587 0.521 0.484 0.461 0.446 0.437 0430 0426 0.423
A4t Inv. 26.360 26.380 26.380 26.470 26.550 29.570 26.560 26.600 27.940 27.760
AJZ+ Sps. 19.130 18.860 17.830 17.800 17.820 17.830 17.830 19.000 17.820 19.220
FoJA “Inv.” 2 AA AFD G o] &3 Atk “Sps.” & S4B 7R ALE vl dele BF
sec.o|th. K, 0 ZA L 2L, s’ FAFY BEAE AW

HRRO|A A E gkso] A o] 2 xkel M A RTHE Ak AYHo)Ae) wgs]»s <3
AAsH He QMQ FR2 Foto] AdvE 5 9la 74 FE Qe APEFA Zatel] AwlE
S Poz ARENe) Baol ANY TALA TG AQL A2 £ 4 ATk 8 Thereaus}
Grambsch (2000)2] 9.720] AFH vle} o] o] ¢ Z4FAE £ Newton-Raphson E 2}2] wWHE-

357} Sojuls AdFo] 9lo] AAESA Tl Wojx A ). 2oz 94 FE M B gz 94
£9] 00] obd ulgol} =77k (SIS Jy Lol B3h) Ao et A ujA AL 9 Rolet A2
U Al ol M o Aol & UehtAl ehgg B3k

DR 401'
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