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Abstract

Dragomiretskiy and Zosso (2014) developed a new decomposition method, termed variational mode decom-
position (VMD), which is efficient for handling the tone detection and separation of signals. However, VMD
may be inefficient in the presence of missing data since it is based on a fast Fourier transform (FFT) algo-
rithm. To overcome this problem, we propose a new approach based on a novel combination of VMD and
hierarchical (or h)-likelihood method. The h-likelihood provides an effective imputation methodology for
missing data when VMD decomposes the signal into several meaningful modes. A simulation study and real
data analysis demonstrates that the proposed method can produce substantially effective results.
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tion.

A% (signal) & AIZF == F74el mekA] grol Wslshs Egdd

S5, 24, omA o] oy oy g x3hE thygst Fu
SHe A7t AEHH R Iy Ut Huang CH ]

—Z,—.TL]— 51;1—’,\——‘7'—151 Zi—?—“ St 7HA] —’T—i]—ﬂ o7 &%= AYA H (empirical mode de-

Rl 9HE 2

Z47ke] REE Fal ot
Ht”"ﬂ ‘3]3}04 TJJr-r 2§ 9 ﬂ(tone detection and

I
& YuEES Agdte] Ko PRAR —E—Bﬂ‘ﬂilﬂr A&l wztetA] UWUP iﬁvaloﬂ
AL 7R os I ARRA (L 304 1A)e2 49 534 AARE B4 A%
A3

5702 A8 Ul tEol, 54 A% T Fol A3e] A8 A9 ARE A AN

This work was supported by the National Research Foundation of Korea (NRF) grant founded by the Korea

government (MSIP) (No0.20110030037).

LCorresponding author: Department of Statistics, Seoul National University, 1 Gwanak-ro, Gwanak-gu,
Seoul 151-747, Korea. E-mail: heeseok@stats.snu.ac.kr



160 Guebin Choi, Hee-Seok Oh, Youngjo Lee, Donghoh Kim, Kyungsang Yu

2 o] gt B =RoAs A8 AEX7F A u) Lee9} Nelder (1996)] THA-2 =9}
HEFRER S ddete] Az MERE —&6H‘§£ AAstA drr. FuE Kim 5 (2006)2 2
E27F & AT AolEd A 7IHE AL fotd, AL ERTE o83t AEXE W
A (imputation) ]—% v S AAISEATH

SRERFHY BAL AFAE fE of2] /fe] WAR =3 (intrinsic mode function) uy 2 £33}
= = o

olelg} o] Aegh.

uk(t) = A (t) COS(¢k (t))
HEIE TRl 7218 Y FIHZIAIS S (AMPLITUDE-MODULATED-FREQUENCY-MODULATED (AM-FM) siG-
NALS)O|Ct. O17|0IA ¢ (t)= Bl A S (NON-DECREASING FUNCTION)O|0{, Ay (¢)&= H|S&4 (NON-NEGATIVE
FUNCTION)O|C}.

9]

WA RE3E A7) A= =75 3k3H4 (instantaneous frequency function) Q1 wy(t) := ¢y, (¢) <}
o] G IAE2TEG A()E Foldle o] T3t 7dA ¢ ()= ¢or(t)d =TS ujst
o} webd HEREEHHS AEs KA FaedE wi,we, ..., wr e 20 g3k HARET
wn(t),ua(t), .., uxc () A3 Dol 2K 5 ek o7l A5 TAE HAZER
59l A4 K goiA g 2w AR, o 5

o 22 A5E VU, WERERANL 2 WARETSY FIETE wn = 0, wp = A0m, ws =
80 e} WAIRESH: g (t) = ¢, uz(t) = cos(407t), us(t) = cos(80mt) S ZA3}A Zofl= Zlo] Z3
o]t}. Dragomiretskiy 2} Zosso (2014)= ol e} 22 2] A3}

K 2 K
min ,  s.t. ug(t) = 2.1
{uk},{uk}{k_l } 2 u®)=f (

2 k=1
< Tl WARESTE =

=
| - ll2 L2 A=, 0t tol] o

—Jjwit

N

(504 2

<
SN~—
*
<
Ead
—~
~
=
-
®

sh= WS AASTE o714 6= T3k (Dirac function), j% = —1,

St ]2 ojnjsit). x= Z8- 7 (convolution)S ol ujsit). &, F <
. g%k Qslsl A% 7ol whstel (f « g)(1) = [, [(Pglt — )dr & SPlAT wQ A g Akl ot

71 918td {ua(t),. .., ux(t L wi}E {we 2 FAEAE A (2.1)S AvEE )
NEETE ug(t)oll GAFLE 37H7] WSho] ALH AL ¢ 5 ATt



Variational Mode Decomposition with Missing Data 161

ok of7]olA sgne Foolty. Tl o]2d e A Fo Tkt EAN AL E A

A QZeh Bh S (3(1) +5/(x0)) * un(t)E ue(t)®] HAH Agelch,

dutA o7 A4Al G (real-valued signal)= 9] Fakeel 29 FileE BF 7Y, Fukedd

AolAe 2Fo] w = 0] T3te] BAelth F, Aoe] ALAF wp(t)el WA [Jaw)l; =

li(—w)30) Rk Wby A5 B o) Ferel AFehs AMEPRS nels

FReh (29 FAPARE P9 FoEARE BPAA old & k). web
AR BAo w ()] A A5 E BAslE Eaol] ol2d 2] glov, HloleE
QomA A%E oA FAAL 4 Aok,

2. (6@ + L) xue(t) = [(6(t) + L) *ur(t)] e <"
o) FAL wi(t)9) BAA Azol thg Fasewz FAolth. wotel o FAeNA WAL
Re 2955 w8 AAs) At g7} AzH dAREEse) 44 4B 3
47100 2P Bk wpo] Welwl 2947} 00] 2HSER WARERS] A4 AEE
ZAFE wp B AFETE ZF YA R Eske] ZuidiE Snlz A A-E 2 Q). uelA] Fut
S7h MzE UARERS B4 A5 Fa47h dvht 00] AMeAE Z4e, 242 A
8 S v B AuToRA MARERSe] ZASHEE FHT 5 ATk 0)H@ Fakgo HHL
ofefoll A A AT

3. [(8(t) + &) *un()] eIt — ||0t [(8(8) + Z) * un(t))] e ||,

o SN [|9((5(t) + j/(xt)) * un(t))]e T [3o] F3h57h W2E WAREGSE) 47 A%
o F3e7t Quhh 00 AR AE B ZRolth BF Fakesl MAE AR TR #4
A ((3(8) + /(1)) * us(D]e 7S] Aho] T WS ZHFE ZEQAH 7]olH AAS
wiE AFSTHY, o] Z=] g 00] Hrk,

[R: =

wEbA S, u(t) = fele Aotz astelA

i ot [(5@) n %) . uk(t))] et

k=1
£ HA38E wi,we, .. wr D ur(t), ua(t), . uK(t)% T3 A2 4 WAREES AAs F4
F91 {w) B T (u) E X, uelt) = Fehe ASHE AT Fabcke o7} He

o] 7]oll Al augmented Lagrangian method& ARE3SIH 2] (2.1)& FH4as)sh= A= 29 %
Z (saddle point) & 3= A9 5471 2& & 4 At} (Bertsekas, 1976; Nocedala} Wright, 2006).

[( |

Zuk < (t), f(t) — Zuk(t)>A (2.2)

=1 k=1

2

2

2

L ({uk} {wr}, N)

A71NA (a,b)= a2} b2l WAHL 2olu]dtt}. Alternate direction method of multiplier(ADMM)
(Hestenes, 1969; Rockafellar, 1973; Bertsekas, 1982)2 o] 83} o}t 2 dye|Eoz 4
(22)8) A 72 4 Aok LLAZAANE EDS DD AN w ()T u EoSSch

UelE 1: ADMM H25} /e 488 WERERY SuEs



162 Guebin Choi, Hee-Seok Oh, Youngjo Lee, Donghoh Kim, Kyungsang Yu
Initialize {u}}, {wi}, A\'. n < 0.
repeat
n<n+1
for k=1: K do
Update uyg :
MRS argmin,, £ ({ufjkl { fjkl} {wi'}, )\")
end for
for k=1: K do
Update wy :
" argming, £ ({u ™ {wi ) {wine} A7)
end for

Dual ascent : A"« X"+ 7 (f — 3, up™t)

until convergence : . M <e

g 3

Initialize {a}}, {wi}, AL, n 0.
repeat

n+<n+1

for k=1: K do

Update ty, for all w >0 :

R (O D G s @7 (W) 2e)
k 1+2a(w— w")2

end for
for k=1: K do

Update wy, :

2
n+1 féx w|u:+1(u})|2(iu
wk «— n+1 2
0 |“k (“’)|2d‘“

end for

Dual ascent : A"*1 « A" 4+ 7 (f >k A"H)
until convergence : 3,

Aeld i fol FelelMee ofuigth wE dele] AT A%A
490 ABolth. wehd MR 4449 2
SFeoluse Aoz deh SAW A9 ot BARILA e AT f2 ASA



Variational Mode Decomposition with Missing Data 163

(a) Original Siganl{=Input Signal) (b) VMD Result : Mode 1 + Mode 2 + Mode 3
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Figure 2.1. (a) Original siganl i.e., y = ¢t + cos(407t) + cos(807t). (c), (e), (g) Modes of original signal. (b) VMD
reconstruction. (d), (f), (h) VMD modes.
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{a) Missing Signal(=Input Signal))
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Figure 2.2. (a) Missing signal of y = t+ cos(407t) + cos(807t) with missing rate 40%.
(b) VMD reconstruction. (d), (f), (h) VMD modes

(c), (e), (g) Modes of the missing signal.
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(k) VMD Result : Mode 1 + Mode 2 + Mode 3
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(b) Modified VMD Result : Mode 1 + Mode 2 + Mode 3
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Figure 4.1. (a) Missing signal of y = ¢+ cos(407t) + cos(807t) with missing rate 40%. Dots denote missing value.
(c), (e), (g) Modes of missing signal. (b) Modified VMD reconstruction. (d), (f), (h) Modified VMD modes.
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(a) MSE of Mode 1, VMD (b) MSE of Mede 1, Modified VMD
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Figure 4.2. (a), (¢), (d) Boxplots of MSE values by VMD reconstructions. (b), (d), (f) Boxplots of MSE values
by modified VMD reconstructions
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(a) Noised and Missed Signal {b) VMD result : Mode 1 + Mode 2 {c) Modified VMD result : Mode 1 + Mode 2
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Figure 4.3. (a) Noisy signal (missing rate = 50%, SNR = 5). (d), (g) Modes of the noisy signal. (b) VMD
reconstruction. (e), (h) VMD modes. (c) Modified-VMD reconstruction. (f), (i) Modified VMD modes.
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(a) MSE of Mode 1, VMD (b) MSE of Mode 1, Modified VMD
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(c) MSE of Mode 2, VMD (d) MSE of Mode 2, Modified VMD
| |
[aw] [ ]
=+ _| =+ _|
[aw] [ ]
- = T
o I 1 | ! ]
S I B R N S -
[ L w
%) n
= =
o] ™~ _ —_ -
e i . ! ! . e — )
1 1 : : 1 —_+ 1 —A—
I -
I
- o 4 4 - o g
o | o |
[am ]
T T T T T T T
SNR=9 SNR=T SNR=5 SNR=9 SNR=7 SNR=5
Missig Rate Missig Rate

Figure 4.4. (a), (c) Boxplots of MSE values by VMD reconstructions. (b), (d) Boxplots of MSE values by modified
VMD reconstructions
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Blue Whale Call

=
(=]
k) —
S oS 7
= —
E b
E =
1) T
ot
=T | | |
100 150 200
time
Figure 5.1. Blue whale call.
(a) Input Signal (=Blue Whale call) (b) VMD result of mode 1 (=A type call) {c) VMD result of mode 2 (=B type call)
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Figure 5.2. VMD results of blue whale call. (a) Input signal. (b) First VMD mode (A type call). (c) Second
VMD mode (B type call).

Yo goaTt £ FIE TYHH wpA Ae] AAY FL nhene) FEnelE A S £
aglolth. WHe| BRYS S3aelt AUAOR de FoE TP WIF 2218 AYA &

Figure 5.1 tigefe] &5agol] thdt AZE vetd Aseltt. As+ WEY F4E oA A
= u&Feodst Ao 28H A7 E ARESIITE (http://kr.mathworks.com/help/matlab/math
/fast-fourier-transform-fft.html). Figure 5.12] A= FA] vl 7}A]9] Agl2 FA= o] Ut A
A7 AR 4ol F WAREH v W7 BRI 4otk webA Figure 5.19] sid

1

ATBY BB R B9 4Bl FAT AU RATh WERSEANE A8Tiel 92 Azl o
HARERSE 22HRA. ARTE 2ok BRYY cole Rej5] A9l BES £E K =22 4
A3

Figwe 5,26 AAARE WERERANOE BT Atolth. A WA YARE D] AR 22
2E7h FBEUAT F WA WAREREA BRI £52es 2250 g 2eseel B
ABE §3U2 443 FRAYT B



172 Guebin Choi, Hee-Seok Oh, Youngjo Lee, Donghoh Kim, Kyungsang Yu

{a) VMD Result (Mode 1 of Original Signal) {b) VMD Result (Mode 1 of Missing Signal) (c) Modified VMD Result (Mode 1 of Missing Signal)
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(d) VMD Result (Mode 2 of Original Signal) (e) VMD Result (Mode 2 of Missing Signal) (f) Modified VMD Result (Mode 2 of Missing Signal)
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Figure 5.3. (a), (d) VMD modes of the original signal. (b), (¢) VMD modes of the missing signal. (c), (f)
Modified VMD modes of the missing signal.
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