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LINEAR PRESERVERS OF BOOLEAN RANK BETWEEN
DIFFERENT MATRIX SPACES

LERoY B. BEASLEY, KYUNG-TAE KANG, AND SEOK-ZUN SONG

ABSTRACT. The Boolean rank of a nonzero m X n Boolean matrix A is
the least integer k such that there are an m x k Boolean matrix B and a
k x n Boolean matrix C' with A = BC. We investigate the structure of
linear transformations T' : My, — My, ¢ which preserve Boolean rank.
‘We also show that if a linear transformation preserves the set of Boolean
rank 1 matrices and the set of Boolean rank k matrices for any k, 2 < k <
min{m, n} (or if T strongly preserves the set of Boolean rank 1 matrices),
then T preserves all Boolean ranks.

1. Introduction

In 1897, Frobenius initiated the study of linear preservers when he investi-
gated linear operators on the space of square matrices that preserve the de-
terminant [5]. He found that if T' leaves the determinant function invariant,
then for some fixed nonsingular matrices U and V such that detUV = 1,
T(X)=UXYV for any matrix X. Since that time, a lot of effort has gone into
investigations of linear operators that leave various functions, sets or relations
invariant. In 1959, Marcus and Moyls [8] studied rank preservers and rank 1
preservers. They showed that if the matrices are over an algebraically closed
field of characteristic 0, then rank preservers or preservers of the set of rank 1
matrices are of the form 7'(X) = UXV for some fixed nonsingular matrices U
and V, or T(X) = UX'V for some fixed nonsingular matrices U and V.

The study of preserver problems between different matrix spaces (or tensor
spaces) over fields began in 1967 with Westwick [9] investigating the preservers
of decomposable tensors (rank one matrices). This was continued in 1975 by
Lim [7] and more recently by Li, Rodman and Semrl [6] investigating rank &
preservers and preservers of matrices of rank at most k. The characterizations
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that they give for such preservers over fields are very similar to those in our
Theorem 5.1.

Beasley and his colleagues ([1]-[3]) have investigated the linear operators
that preserve Boolean rank of a Boolean matrix. Recently, Beasley and Song
obtained characterizations of the linear transformations that preserve term rank
between different matrix spaces over semirings containing the binary Boolean
semiring in [4]. These characterizations show that the forms of linear preservers
are more complicated than forms of linear preservers between the same matrix
spaces.

In this paper we investigate Boolean linear transformations T' : M, , —
M, , that preserve Boolean rank between different matrix spaces. We show
that a Boolean linear transformation 7' : M, , — M, , preserves Boolean
rank if and only if it preserves Boolean ranks 1 and k for any k with 2 <
k < min{m,n}. We also obtain forms of Boolean linear transformations that
preserve Boolean rank between different matrix spaces.

2. Preliminaries

The binary Boolean semiring consists of the set B = {0, 1} equipped with
two binary operations, addition and multiplication. The operations are defined
as usual except that 1 +1 = 1.

Let M, ,, denote the set of all m x n Boolean matrices, that is, the set
of m X m matrices with entries in B. The usual definitions for adding and
multiplying matrices apply to Boolean matrices as well. From now on, we
assume that 1 < m <n.

The Boolean rank, b(A), of nonzero A € M, ., is the least integer k such
that there are Boolean matrices B € M, , and C € My,, with A = BC. It
follows that 1 < b(A) < m for all nonzero A € M, ,,. The Boolean rank of the
zero Boolean matrix O is 0. A Boolean rank 1 matrix is of the form xy® for
nonzero vectors « and y. It is easily seen that if A has Boolean rank k, then
A is the sum of k matrices of Boolean rank 1.

A mapping T : M, , = M, 4 is called a Boolean linear transformation if
T(aA+ BB) = oT(A) + BT (B) for all A, B € M, ,, and for all o, 5 € B.

Let 1 < k < m. For a Boolean linear transformation 7" : M, , = M,, 4, we
say that

(1) T preserves Boolean rank k if b(T(X)) = k whenever b(X) = k for all
X;
(2) T strongly preserves Boolean rank k provided that b(T'(X)) = k if and
only if b(X) = k for all X;
(3) T preserves Boolean rank if it preserves Boolean rank k for all k €
{1,...,m}.
Further, T is nonsingular if and only if T(X) = O implies that X = O. Note
that over semirings, a linear transformation may be nonsingular but not be
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invertible. For example, if T(X) = A for some fixed nonzero A and for all
X € M, », then T is nonsingular, but not invertible.

The matrix Jp, , is the m x n Boolean matrix all of whose entries are 1.
When n = 1 the matrix J,,; is thought of as a vector and is written j,,. A
matrix in M, ,, is called a cell if it has exactly one 1 entry. We denote the cell
whose one 1 entry is in the (i, j)** position by E; ;. Further we let E,,, ,, be the
set of all cells in M,, ,. That is, E,,, = {E;; |1 <i<m, 1<j<n}. For
sets Gand H, G\ H={x € G:x ¢ H} so that H C G is not required.

If A and B are matrices in My, ,,, we say that A dominates B (written B C A
or AJ B)if a;; = 0 implies b; ; = 0 for all 4 and j. This provides a reflexive,
antisymmetric and transitive relation on M, ,,. For matrices A and B in M, ,
with B C A, we define A\ B to be the matrix C such that ¢; ; = 1 if and only
if a;; =1 and b; ; = 0 for all i and j. Further, R; = Y ", E;; is the i*" (full)
row matriz and Cj = Y." | F, ; is the j" (full) column matriz. In particular,
JIm.n \ R; is the matrix with zeros in the it" row and 1’s elsewhere.

We shall use the notation [1,¢] to denote the set {1,2,...,¢}. In the follow-
ing we use “rank” and “linear transformation” instead of “Boolean rank” and
“Boolean linear transformation”, respectively.

3. Preservers of rank 1

Recall that a mapping f is nonsingular if and only if £f(X) = O implies that
X = 0. For m =1 we observe the following:

Theorem 3.1. Let L : Ml; ,, = M, ; be a mapping. Then L preserves rank 1 if
and only if there exist nonsingular mappings £ : M , = M1 and g : M ,, —
My 4 such that L(X) = £(X)g(X) for all X € M ,,.

Proof. If L preserves rank 1, then each element in the image is rank 1 and
hence can be factored as an outer product of vectors, i.e., L(X) = u(X)v(X)".
Letting f(X) = w(X) and g(X) = v(X)! defines the needed mappings. The

converse is obvious. O

One may observe by the above theorem that if 7" : M ,, — M, , is any linear
transformation that preserves rank 1, then the image of T" must be a rank 1
space. In [1, Theorem 5.1] there is a classification of all rank 1 subspaces
of M, 4. However, here, the dimension of the subspace can be at most n.
Thus, a rank 1 preserver 7' : My, — M, , can be classified as any linear
transformation whose image is one of those subspaces of dimension at most n.
Below in Theorem 3.4 we give a constructive characterization. We first need
some definitions and results from [1].

Let A = uv® be a rank 1 matrix. The perimeter of A, p(A), is k where k
is the number of nonzero entries in w plus the number of nonzero entries in v.
Two rank 1 matrices, A and B, have a common left factor if there are vectors
u, ¢ and y such that A = ux’ and B = uy’. They have a common right factor

if there are vectors v, and y such that A = zv® and B = yv’. Further we
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say that they have a common factor if they have either a common right factor
or a common left factor.

Lemma 3.2 ([1, Lemma 2.6.1]). If AC B and b(A) = b(B) = 1, then p(A) <
p(B) unless A = B.

Lemma 3.3 ([1, Lemma 2.6.2]). If A, B and A+ B are rank 1 matrices and
neither AC B nor BC A, then A, B and A+ B have a common factor.

Note that any nonsingular linear transformation 7" : M, ,, — M, ;, preserves
rank 1 if min{p, ¢} = 1. The case of m = 1 is characterized in:

Theorem 3.4. Let T : My, — M, , be a linear transformation. Then T
preserves rank 1 if and only if for some r < n, there exists an ordered partition
(F1,..., F.) of [1,n], together with two ordered, pairwise disjoint sets of indices,
(Ii,..., ;) of [1,p] and (J1,...,Jr) of [1,q] such that for all k € [1,7], either

o there is a cover {Ay; : i € Fi} of subsets of It, such that for alli € Fy,

T(Ey) = > > Ea

SGIlU---UkalLJAk’i teJ1U---UJg
or
o there is a cover {By,; : i € Fy} of subsets of Jy, such that for all i € Fy,

T(Ev)= Y, > Es ;.

sel U---Ulg tEJ1U”'UJk71UBk’i

Proof. A routine examination shows that the image of T' defined in either case
contains only O and rank 1 matrices. Thus T preserves rank 1.

To prove the direct implication, we proceed by induction on n. If n = 1
or n = 2, the theorem is easily verified. Assume the conclusion holds for any
k <n. For each i = 1,...,n, let T(Ey;) = M;. Choose i¢ such that M;, has
minimum perimeter, and let M;, = uv’ be a rank 1 factorization of M;,. By
permuting we may assume without loss of generality that u; = v; = 1. For
each i # g, either M; J M,, or M, and M,, have a common factor. Suppose
that there exist ¢ and j such that M; £ M,, and M; and M,;, have a common
left factor, and M; Z M;, and M; and M;, have a common right factor. Then
for some fixed & and y, such that M; = uz® and M; = yv', there is some k
such that ur = 0 and y = 1 and some ¢ such that v, = 0 and 2y, = 1. Thus,
the submatrix of M;, + M; + M, on rows 1 and k and columns 1 and £ is [1 }].
Thus, the rank of M;, + M; + Mj is at least 2, a contradiction. Hence there are
two possibilities: for all ¢ # g, if M; A M;,, then M, and M;, have a common
left factor; or, for all ¢ # ig, if M; 2 M;,, then M, and M;, have a common
right factor. We will assume only the first as the second case has a parallel
argument.

Let Fy = {i € [1,n] : M; = uz® for some vector }. For each i € Fi, let
M; = uz® where 20" = @72y, and let Ay = {5 xgi) = 1}. Let
Ji1 = UieFlAl,i and I; = {Z U = 1}.
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Let G = [1,n]\ F1. By permuting we may assume that G = {1,..., k} where
F) has n — k indices in [1,n]. Let M = M, j, so that A represents a matrix in
M. Define T : M — M, , by T(X) = T([X, O1.n_k]). Then T : My j, — M, , is
linear and preserves rank 1. So, by induction, for some 2 < r < n, there exists
an ordered partition (Fb,...,F,) of G, together with two ordered, pairwise
disjoint sets of indices, (fg, ... ,TT) of [1,p] and (fg, R fT) of [1, ¢] such that
for all k € [2,7], either

e there is a cover {2;” : 1 € Fy} of subsets of IAk such that for all i € F},

T(Er,:) = > > By
s€loU--Uly 1UAL ; teoU---UlJy

or
o there is a cover {By,; : i € F)} of subsets of Jj, such that for all i € Fy,

T(Ev)= Y. > Eqy.

s€lyU--Uly t€JoU--UJy_1UBy ;

Let My = ) ,cp, Mi. Since for each j € Fy, with k > 2, M; 3 M;,, thus, the
left factor of M; strictly dominates w by the definition of Fy. Further, either
M; 3 My or M; and M, have a common factor (it must be the right factor).
Thus, M; 3 M, for all j € [1,k].

For { =2,....r let Iy = I\ Iy, Ag; = Ag; \ I, Jo = Jo \ J1 and By; =
E@qi \ J1. The theorem then follows. O

We end this section with a lemma about strong preservers of rank 1.

Lemma 3.5. Let2 <m <n. If T : M, , = M, , is a linear transformation
that strongly preserves rank 1, then T preserves rank 2.

Proof. Let A be an arbitrary matrix in M, ,, with b(A) = 2. Then we have that
A = B+ C with rank 1 matrices B and C' in M, ,,. Thus T'(4) = T'(B)+T(C)
has rank 1 or 2. But T strongly preserves rank 1 and hence T(A) cannot be
rank 1. Thus b(T'(A)) = 2. Since A is an arbitrary matrix of rank 2, the result
follows. g

4. Preservers of ranks 1 and k

In this section, we consider linear transformations 7' : M,, , — M, ,; that
preserve ranks 1 and k and we obtain lemmas needed to prove the main theorem
in the next section.

If A is a Boolean matrix and « is a set of rows and [ is a set of columns,
then Afc|f] is the Boolean matrix obtained from A by deleting all rows not in
a and all columns not in 8. Further the transpose of A is denoted by A?.

Hereafter, we assume that 2 < £k < m < n. We begin by proving a crucial
lemma.
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Lemma 4.1. Suppose that T : M, ,, = M, 4 is a linear transformation, T
preserves ranks 1 and k, and T(Jmn) = Jpq. Then there are permutation
matrices P and Q of orders p and q, respectively, such that

(PT(XH)Q)[L,...,m|l,...,n] =X
for all X € M, ,, or

(PT(X)Q)[1,...,n|1,...,m] = X"
for all X € M, .

Proof. We will divide the proof into four preliminary steps before the final
argument.

Step 1. For any line matrix (a row matrix or a column matrix) L, we have
that T'(L) has no zero row or no zero column but not both.

Proof of Step 1. First, suppose that for some line matrix L, say L = Ry or
L = C1, T(L) has neither a zero row nor a zero column. Then we must have that
T(L) = Jp 4 since T preserves rank 1. But then T'(L+ Es o+ -+ Ex i) = Jpq,
a contradiction since 1" preserves rank k and L + E5 2 + - -+ + Ej, ;, has rank k.
Thus the image of every line matrix has either a zero row or a zero column.

Next, suppose that the image of some line matrix L;, say L1 = Ry or
L, = (1, has both a zero row and a zero column. Then, by permuting, we may
assume that T'(Lq) = [‘]85 g] for some r < p and s < ¢q. Since T'(Jm,n) = Jp,q
there is some cell E; ; whose image dominates F, ,. By permuting we may
assume that ¢ = 2 or j = 2 according as Ly = Ry or Ly = (. Let Ly = Ry or
Ly = Cs according as Ly = Ry or Ly = C1. But then we must have that T'(Ls)
dominates

Jrs O 3,
O O O
it o 1

Otherwise, T(L1 + L2) would have rank 2. But then T(Ey 1 + Lo) = T(Ls) is
a rank one matrix. Thus we have a contradiction for the case of k =2, m = 2
or n = 2. Hence we assume that 3 <k <m <n. Now, T(E11+ Lo + E335 +
cee Ek,k) = T(El,l + LQ) + T(Egﬁg) —+ -4 T(Ekﬁk) is the sum of k — 1 rank
one matrices. Thus T(E1 1 + Lo+ Es 3+ -+ -+ Ej ;) has rank at most k — 1, a
contradiction since Ey 1 + Lo + E33 + - - - + Ej 1, has rank k.

It follows that the image of any line matrix has no zero row or no zero
column, but not both. [l

Henceforth, we assume without loss of generality that T'(R;) has a zero row
but no zero column.

Step 2. The image of any row matrix has a zero row but no zero column and
the image of any column matrix has a zero column and no zero row.
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Proof of Step 2. If for some i # 1, T(R;) has a zero column, then T'(R;) has no
zero row by Step 1. Since T'(R;) has a zero row but no zero column, T(R; + R;)
must have rank 2, a contradiction. Hence the image of any row matrix has a
zero row but no zero column.

Suppose that the image of some column matrix has no zero column. Without
loss of generality we may assume that 7'(C7) has no zero column. By Step 1,
since T(R;) and T(Cy) are rank 1, every nonzero row of T(R;) and every
nonzero row of T'(C) consists entirely of ones. But then, T'(R; + C4) is also
rank 1. Now, T preserves rank 1 so that T'(Ry + Cy + Es3 + - + Ep k) =
T(R1+ C1) +T(Es3) + -+ T(Fky) has rank at most k£ — 1, a contradiction
since Ry + C1 + E3 3 + -+ + L), has rank k. Hence the image of any column
matrix has a zero column and no zero row. O

In the following we shall use the notation C Zk . Ey ;. Thus, 01 Cq,
CQ = 02 \ E172, Cg = Cg \ (E173 + Egyg), etc.

Step 3. Fori =1,...,m, T(Jmn \ Ri) has a zero row and no zero column,
and for j =1,...,n, T(Jmn \ C;) has a zero column and no zero row.

Proof of Step 3. Since the column case is parallel to the row case, we only
consider the row case. Since b(Jy,.n \ R;) = 1 and T preserves rank 1, we have
that (T (Jm.n \ Ri)) = 1. If we choose an index ¢’ in {1,...,m} \ {i}, then
T(Jm,n \ R;) dominates T'(R;/). Since, by Step 2, T'(R;) has no zero column,
T(Jm.n \ Ri) has no zero column Thus, by permuting, we may assume that
T(Jmn \ Ri) = [JT @] for some r < p. Without loss of generality, we assume

that ¢ = 1 and hence T'(Jp,n \ R1) = [Jaq |. Now we will show that 7 < p.
Suppose that T'(Cy \ Fy,1) has no zero row. Then, by Step 2, T((Cy\ E1,1) +
Cy) is a sum of full column matrices and hence T'((Cy \ Fy,1) + C2) has rank 1.
But then T'((C1\ Eq,1)+Co +Ca- - “I‘Ck) T((Ci\ En, 1)+C2)+T(Cs)+ -+
(C’k) must have rank at most k£ — 1 while (Cy \ E11) + Ca+ C’g 4t Ck has
rank k, a contradiction to the fact that T" preserves rank k. Thus T(C’1 \ E11)
must have a 7ero Tow.

Now, suppose that T(Cy \ E11) C T(C; \ E4 ;) for some j > 2. Without
loss of generality, we assume that j = 2. Then T'(Cy \ E1,1) C T(C3) and hence
((Cl\El 1) +Co+Cat - +C) = T(Co+ Cy+--+Cy) = T(Co)+T(Ch) +

--+T(Cy). But the rank of T(Cy+Cs+- - -+Cy) = T(Co)+T(Cs)+- - -+T(Cy)
is at most k — 1 since T preserves rank 1, while the rank of (C1 \ Eq,1) + Ca +
63 + -+ ék, and hence its image, is k, a contradiction. Thus, T(Cy \ E1,1)
is not dominated by T'(C; \ E1 ;) for all j > 2. That is, there is some nonzero
column of T'(Cy \ Ei,1) that is not dominated by T'(C; \ Ei ;). Thus, since
(Ci \ Ervp) + (Cj \ Evj) is rank 1, every zero row of T(Cy \ E11) is a zero
row of T'(C; \ E1 ;). Since T(Jymn \ R1) = >y T(Ck \ E1 k), it follows that
T(Jm,n \ R1) has a row of zeros. Therefore we conclude that r» < p. Thus, for
i=1,...,m, T(Jmn \ R;) has a zero row and no zero column. O
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Step 4. m < p, n < ¢ and there exist permutation matrices P of order p and
Q of order g such that for each ¢ = 1,...,m, PT(J,,.»\ Re) has a zero ¢*" row,
and for each j =1,...,n, T(Jmn \ R;)Q has a zero j* column.

Proof of Step 4. By Step 3, T'(Jmn \ Re) has a zero row for each ¢ =1,...,m.
Now, suppose that T'(Jp, n \ R;) and T'(Jpm » \ Re) have a common zero row for
some j # L. Then T'(Jpmn) = T(Jmn \ Rj) + T (Jmn \ Re) must have a zero
row, a contradiction since T (Jpmn \ Bj + Jmn \ Be) = T (Jm,n) = Jpq. Thus
T(Jmn \ Rj) and T'(Jy,n \ R¢) cannot have a common zero row for all j # ¢.
This shows that T'(Jp,,, \ R;) defines a distinct zero row for each i =1,...,m.
Thus we must have that p > m. Using a parallel argument, ¢ > n.

We now define a mapping f, : {1,...,m} = {1,...,p} by fo(¢) = j if and
only if the first zero row in T'(Jy,., \ Ry) is the j*. From the above paragraph,
fo(£) is distinct from f,(j) unless j = ¢ so that f, is injective. Extend f, to
f:{1,...,p} = {1,...,p} in any way so that f is a bijection. Let P = [p; ]
be the permutation matrix defined by p;; = dy(;),; where ¢ is the Kronecker
delta. Then the £** row of PT(J,,., \ Re) has all zero entries. The column case
is parallel. (I

Note that m < p and n < ¢ by Step 4 and that the i*" row of PT(R;)Q
is all ones and the j** column of PT(C;)Q is all ones. Further, that the only
rows with nonzero entries in PT(R;)Q are the i'" and rows numbered bigger
than m and the only columns with nonzero entries in PT(C;)Q are the j"
and columns numbered bigger than n. Since E; ; lies in the intersection of the
ith row and j*" column, the nonzero entries of PT(E; ;)@ must be dominated
by both PT(R;)Q and PT(C;)Q. Thus, the nonzero entries of PT(E; ;)Q lie
only in the intersection of the i*" row and rows numbered bigger than m and
the j** column and columns numbered bigger than n. That is, we have that
(PT(EL])Q)[L cee ,m|1, cee ,n] == i, since Jp,q == T(Jm,n) == Zi,j T(ELJ)
Hence, (PT(X)Q)[1,...,m|1,...,n] = X for all X € M, ,,.

Had we assumed before Step 2 that T'(R;) has a zero column but no zero
row, we would conclude that (PT(X)Q)[1,...,n|1,...,m] = X*. O

To illustrate the above lemma, we give the following example:

Example 4.2. Define a transformation 7" : M3 4 — M5 ¢ by

T(X)= [13])([14 Ul = [X XU]

14 VX VXU
00

for all X € M3 4, where V = [}19] € My3 and U = [(1’(1,} € My . Then for
00

1,1 T1,2 £1,3 T1,4

any X = | %21 222 223 12,4] € M3 4, we have that T'(X) becomes:

3,1 3,2 3,3 3,4
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T1,1 T1,2 x1,3 £1,4 Z1,3 T1,2
T21 Z2 2 €23 €24 Z23 Z2 2
31 3,2 €3,3 £3,4 3,3 3,2

T11+221 Ti2+T22 X13+%23 14+ X224 T13+ T2z Ti2+ Too
T2 1+ 231 T22+T32 X23+ X33 24+ X34 T23+ T3z Too2+ T3o

Notice that T'(Js.4) = Js56. Further T preserves the rank of any matrix in
Ms 4 (see Theorem 5.1 in the next section).

For a matrix X € M,, ,,, define X to be the i*" row of X, and X(j) to be
the jth column of X. Let e,; denote the column vector of size r, whose ith
entry equals one, and the others are zero. Then eﬁyi is a row vector of size r

with one 1 in the i entry.

Lemma 4.3. Suppose that T : M, , = M, 4 is a linear transformation that

preserves rank 1. If T(X) = {C?X) g%ﬁ”’ where B(X) € My, q—n, C(X) €
Mp_m.n and D(X) € My,_,, q—n are matrices dependent on X, then there are

matrices U € My, q—p and V € Mp_ 1 such that
B(X)=XU, C(X)=VX and D(X)=VXU.

Proof. Define a matrix U € M, ,—, by U® = T(Ey)[1jn +1,...,q] for i =
L,...,n, and a matrix V' € My_p,m by V(;) = T(E;1)[m +1,...,p[1] for
j=1,....,m.

Now, the i*" row of T(E; ;) is [efm '] for some column vector  of size ¢—
n, and the first row of T'(Ey ;) is [ef, ;  UY]. Since T(E) ;+E; ;) must be rank
1, we must have that ' = U). Tt now follows that T(E; ;)[1,...,m|1,...,q] =
[Ei; FEi;U]. Similarly, the j column of T'(E; ;) is [em’i ] for some col-

)
umn vector y of size p — m, and the first column of T'(E, ;) is [?}(”)Z} Since

T(E;1 + E; ;) must be rank 1, we must have that y = Viiy- It now follows that
Ei;
Tl = [ 5]
Now, since T'(E; ;) has rank 1, if a row of D(E; ;) is nonzero, it must be

identical to the nonzero row in E; ;U, and if a column of D(E; ;) is nonzero, it
must be identical to the nonzero column of V E; ;. But then, D(E; ;) = VE; ;U.

That is T(E; ;) = [VEéj] VEéj]UU} foreachi=1,....,mand j=1,...,n.
Let X € My, . Then X =37, Z?:1 z; jE; j, so that by the linearity of
T, we have

LA X XU
=T lelszf {VX VXU]'
=1 j=

Hence the result follows. O
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The number of nonzero entries of a matrix X is denoted by #(X). Notice
that if » < p and P is a matrix in M, , with §(P) = b(P) = r, then there
are permutation matrices P, and P» of orders p and r, respectively, such that
P[]

Theorem 4.4. Let 2 < k < m < nand T : My, = Mpq be a linear
transformation. Then if T preserves ranks 1 and k, then either
(1) p > m and g > n, and for some r,s withm <r <p andn < s < ¢,
there are matrices P € M, and Q@ € M, 4 with §(P) = b(P) = r and
$1Q) = b(Q) = s, such that for some fixred matrices V€ My_p, m and
U e Mn,sfna
X XU
rx)=rp [VX VXU} Q
for all X € My, n; or
(2) ¢ > m and p > n, and for some r,s withn <r <p and m < s < g,
there are matrices P € M, , and Q@ € M, 4 with §(P) = b(P) = r and
$H(Q) = b(Q) = s, such that for some fized matrices V€ M, _,, ,, and
Ue Mm,s—m7

T(X)P{Xt XtU]Q

VXt VXU
for all X € M, .

Proof. Since T preserves rank 1, there are permutation matrices P, and @7 of
orders p and g, respectively, such that T'(Jy, ) = P [Jgs g] @1 for some r and
s. Let T,, : M, , = M, s be defined by

T.(X) = (PTT(X)QTH[A, ..., 71, ..., 8],

so that T, preserves rank 1 and rank k and T4 (Jy,n) = Jrs. By Lemma 4.1,
To(Jm,n \ R;) has either a zero row or a zero column for all i =1,...,m.

Case 1. Suppose that Ty (Jm,» \ R;) has a zero row for some 7. By Lemma
4.1, m <r < p, n<s < q, and there are permutation matrices P> and Q>
of orders r and s, respectively, such that (Py 'T,(X)Q5 M)[1,...,m|l,...,n] =
X, so that T, (X) = P, [Cfx) gg” Q2 for some matrices B(X) € My, 5—n,
C(X) € M,_y,, and D(X) € M, _,;, s—p, which depend upon X. By Lemma

4.3, there are matrices U € M, s_,, and V' € M,._,, ,, such that [CX B(X)}

(X) D(X)
[v’ig V)&UU]. Thus, we have that

T(X>:P1_ 1o} O]Ql
=P _o} To(X)[Is O] Q1

:Pl
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RI[X XU
:Pl[()ﬂ [VX VXU} [@: O] @

Letting P = P, [%] and Q = [Qg O} @1, we have arrived at conclusion (1).

Case 2. Suppose that To(Jp.n \ R;) has a zero column for some i. Following
a parallel argument to that of Case 1 above, we arrive at conclusion (2). O

Corollary 4.5. Let 2 < k < m < nand T : My,, = M, 4 be a linear
transformation. If T preserves ranks 1 and k, then T preserves rank.

Proof. The structure of T from the above lemma gives that T preserves all
ranks. [l

5. The main theorem

Theorem 5.1. Let 2 < k < m < nand T : My,,, — My, be a linear
transformation. The following conditions are equivalent:

(i) T preserves rank;

(ii) T strongly preserves rank 1;

(iii) T preserves ranks 1 and k;

(iv) T satisfies

(1) p>m and q > n, and for somer,s withm <r <pandn < s <gq,

there are matrices P € M, , and Q € M, 4 with §(P) = b(P) =7
and #(Q) = b(Q) = s, such that for some fixzed matrices V €
M, _pm and U € My, s,

X XU } )

TX)=P [VX VXU

for all X € M, ,; or
(2) ¢ > mandp > n, and for somer,s withn <r <pandm < s < g,
there are matrices P € M, and Q € My 4 with §(P) = b(P) =1
and §(Q) = b(Q) = s, such that for some fixred matrices V €
M,y n and U € My, s—m,
Xt XU
Tx)="r {VXt VXtU] @

for all X € M, p.

Proof. Tt is obvious that (i) implies (ii), and (iv) implies (i). Further, (iii)
implies (iv) by Lemma 4.4. Suppose that T strongly preserves rank 1. Then
T preserves rank 2 by Lemma 3.5. By Corollary 4.5, for £ = 2 we have that T’
preserves all ranks. Thus (ii) implies (iii). O

Thus, we have characterized Boolean linear transformations that preserve
Boolean rank between different matrix spaces. These characterizations extend
those of the linear operators that preserve Boolean rank between the same
Boolean matrix space.
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