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COMPARISON THEOREMS IN FINSLER GEOMETRY

WITH WEIGHTED CURVATURE BOUNDS AND

RELATED RESULTS

Bing-Ye Wu

Abstract. We first extend the notions of weighted curvatures, includ-
ing the weighted flag curvature and the weighted Ricci curvature, for a
Finsler manifold with given volume form. Then we establish some basic
comparison theorems for Finsler manifolds with various weighted curva-
ture bounds. As applications, we obtain some McKean type theorems for
the first eigenvalue of Finsler manifolds, some results on weighted curva-
ture and fundamental group for Finsler manifolds, as well as an estimation
of Gromov simplicial norms for reversible Finsler manifolds.

1. Introduction

Comparison technique is a powerful tool in global analysis in differential ge-
ometry, and it has been well developed in Riemannian geometry. Among these
issues, the Laplacian comparison theorems and volume comparison theorems
are important and interesting, and one can derive the volume comparison re-
sults from Laplacian comparison theorems. Recently comparison technique has
been developed for Finsler manifolds and the relationship between curvature
and topology of Finsler manifolds has also been investigated [2, 12, 13, 14, 17].
As in the Riemannian case, the Laplacian of a smooth function on a Finsler
manifold is defined as the divergence of the gradient of the function, and it
depends on the choice of the volume form. Since there are different choices
of volume forms for given Finsler metrics, we usually need to control the S-
curvature in order to obtain Laplacian comparison theorems as well as the
volume comparison theorems.

It should be noted here that by utilizing the weighted Ricci curvature con-
dition, Ohta and Sturm [9, 10] gave another version of Laplacian comparison
theorem and volume comparison theorem, which absorb the S-curvature into
the weighted Ricci curvature assumption and remove the S-curvature in the
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conclusion. In this paper we shall continue investigations in this direction. We
first extend the notions of weighted curvatures, including the weighted flag
curvature and the weighted Ricci curvature, for a Finsler manifold with given
volume form. Our notions include Ohta’s notion of weighted Ricci curvature
as a special case. Then we shall establish some weighted Hessian comparison
theorems, Laplacian comparison theorems and volume comparison theorems
for Finsler manifolds under various weighted curvature assumptions. As their
applications, we obtain some McKean type theorems for the first eigenvalue of
Finsler manifolds, some results on weighted curvature and fundamental group
for Finsler manifolds, as well as an estimation of Gromov simplicial norms for
reversible Finsler manifolds. Our results indicate that it is quite natural to
introduce the notions of weighted curvatures from viewpoint of comparison
geometry.

2. Finsler geometry

Let (M,F ) be a Finsler n-manifold with Finsler metric F : TM → [0,∞).
Let (x, y) = (xi, yi) be local coordinates on TM , and π : TM\0 → M the
natural projection. Unlike in the Riemannian case, most Finsler quantities are
functions of TM rather than M . The fundamental tensor gij and the Cartan

tensor Cijk are defined by

gij(x, y) :=
1

2

∂2F 2(x, y)

∂yi∂yj
, Cijk(x, y) :=

1

4

∂3F 2(x, y)

∂yi∂yj∂yk
.

Let Γi
jk(x, y) be the Chern connection coefficients. Then the first Chern

curvature tensor R i
j kl can be expressed by

R i
j kl =

δΓi
jl

δxk
−

δΓi
jk

δxl
+ Γi

ksΓ
s
jl − Γs

jkΓ
i
ls,

where δ
δxi := ∂

∂xi −ykΓj
ik

∂
∂yj . LetRijkl := gjsR

s
i kl, and write gy=gij(x, y)dx

i⊗
dxj , Ry = Rijkl(x, y)dx

i ⊗ dxj ⊗ dxk ⊗ dxl. The angular metric form hy is
defined by

hy(u, v) = gy(u, v)−
1

F 2(y)
gy(y, u)gy(y, v), ∀y, u, v ∈ TxM with y 6= 0.

For a tangent plane P ⊂ TxM , let

K(P, y) = K(y;u) :=
Ry(y, u, u, y)

F 2(y)hy(u, u)
=

Ry(y, u, u, y)

gy(y, y)gy(u, u)− [gy(y, u)]2
,

where y, u ∈ P are tangent vectors such that P = span{y, u}. K(P, y) is called
the flag curvature of P with flag pole y. Let

Ric(y) =

n−1∑

i=1

K(y; ei),
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here e1, . . . , en−1, en = y is a gy-orthogonormal basis for the corresponding
tangent space. Ric(y) is called the Ricci curvature of y.

Let V = vi∂/∂xi be a non-vanishing vector field on an open subset U ⊂ M .
One can introduce a Riemannian metric g̃ = gV and a linear connection ∇V

(called Chern connection) on the tangent bundle over U as follows:

∇V
∂

∂xi

∂

∂xj
:= Γk

ij(x, v)
∂

∂xk
.

From the torsion freeness and almost g-compatibility of Chern connection we
have

(2.1) ∇V
XY −∇V

Y X = [X,Y ],

(2.2) X · gV (Y, Z) = gV (∇V
XY, Z) + gV (Y,∇V

XZ) + 2CV (∇V
XV, Y, Z),

here CV = Cijk(x, v)dx
i ⊗ dxj ⊗ dxk, and it satisfies

(2.3) CV (V,X, Y ) = 0.

Given a Finsler manifold (M,F ), the dual Finsler metric F ∗ on M is defined
by

F ∗(ξx) := sup
Y ∈TxM\0

ξ(Y )

F (Y )
, ∀ξ ∈ T ∗M,

and the corresponding fundamental tensor is defined by

g∗kl(ξ) =
1

2

∂2F ∗2(ξ)

∂ξk∂ξl
.

The Legendre transformation l : TM → T ∗M is defined by

l(Y ) =

{
gY (Y, ·), Y 6= 0
0, Y = 0.

It is well-known that for any x ∈ M , the Legendre transformation is a smooth
diffeomorphism from TxM\0 onto T ∗

xM\0, and it is norm-preserving, namely,
F (Y ) = F ∗(l(Y )), ∀Y ∈ TM . Consequently, gij(Y ) = g∗ij(l(Y )).

Now let f : M → R be a smooth function on M . The gradient of f is defined
by ∇f = l−1(df). Thus we have

df(X) = g∇f (∇f,X), X ∈ TM.

Let U = {x ∈ M : ∇f |x 6= 0}. We define the Hessian H(f) of f on U as
follows:

H(f)(X,Y ) := XY (f)−∇∇f
X Y (f), ∀X,Y ∈ TM |U .

It is known that H(f) is symmetric, and it can be rewritten as (see [17])

(2.4) H(f)(X,Y ) = g∇f (∇∇f
X ∇f, Y ).

It should be noted that the notion of Hessian defined here is different from that
in [13]. In that case H(f) is in fact defined by

H(f)(X,X) = X ·X · (f)−∇X
XX(f),
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and there is no definition for H(f)(X,Y ) if X 6= Y . The advantage of our
definition is that H(f) is a symmetric bilinear form and we can treat it by
using the theory of symmetric matrix.

Let γ(t), 0 ≤ t ≤ l be a geodesic with unit speed velocity field T . A vector
field J along γ is called a Jacobi field if it satisfies the following equation

∇T
T∇T

TJ +RT (J, T )T = 0.

J is called normal if gT (T, J) = 0. For vector fields X and Y along γ, the
index form Iγ(X,Y ) is defined by

Iγ(X,Y ) =

∫ l

0

(
gT (∇T

TX,∇T
TY )− gT (R

T (X,T )T, Y )
)
dt.

Let r = dF (p, ·) be the distance function from p ∈ M . Suppose that r is smooth
at q ∈ M , and X ∈ TqM . Then we have

(2.5) H(r)(X,X) = Iγ(J, J),

here γ is the minimal geodesic from p to q, and J is the unique Jacobi field
determined by J(0) = 0, J(r(q)) = X (see e.g., (4.1) of [17]).

A volume form dµ on Finsler manifold (M,F ) is nothing but a global non-
degenerate n-form on M . In local coordinates we can express dµ as dµ =
σ(x)dx1 ∧ · · · ∧ dxn. For y ∈ TxM\0, define

τ(y) := log

√
det (gij(x, y))

σ(x)
.

τ is called the distortion of (M,F, dµ). To measure the rate of distortion along
geodesics, we define

S(y) := τ̇ (y) :=
d

dt
[τ(γ̇(t))]t=0 ,

where γ(t) is the geodesic with γ̇(0) = y. S is called the S-curvature [12, 13], and
it is an important measure of the non-Riemannian curvature for Finsler man-
ifolds. In what follows we consider the Finsler manifold (M,F, dµ) equipped
with a volume form dµ. Let X ∈ TM . The divergence div(X) of X is defined
as

d(X⌋dµ) = div(X)dµ.

For a given smooth function f : M → R, the Laplacian ∆f of f is defined by
∆f =div(∇f) =div

(
l−1(df)

)
. We have:

Lemma 2.1 ([17]). Let (M,F, dµ) be a Finsler n-manifold, and f : M → R a

smooth function on M . Then on U = {x ∈ M : ∇f |x 6= 0} we have

∆f =
∑

a

H(f)(ea, ea)− S(∇f) := tr∇fH(f)− S(∇f),

where e1, . . . , en is a local g∇f -orthonormal frame on U .
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3. Weighted Hessian comparison theorems

Motivated by Lemma 2.1 we define the weighted Hessian H̃(f) of a smooth
f on U = {x ∈ M : ∇f |x 6= 0} by

(3.1) H̃(f)(X,Y ) = H(f)(X,Y )− S(∇f)

n− 1
h∇f (X,Y ), ∀X,Y ∈ TM |U ,

then it is clear that H̃(f) is still a symmetric bilinear form with

(3.2) ∆f = tr∇f H̃(f).

In the following we shall consider the weighted Hessian of distance function
r = dF (p, ·) from a fixed point p ∈ M . We note that the gradient ∇r is a unit
geodesic field where r is smooth.

Lemma 3.1. Let r = dF (p, ·) be smooth at q ∈ M , and X,Y ∈ TqM . Then

H̃(r)(X,Y ) = H̃(r)(X⊥, Y ⊥),

where X⊥ := X − g∇r(∇r,X)∇r.

Proof. By the definition of angular metric form it is clear that h∇r(X,Y ) =
h∇r(X

⊥, Y ⊥), thus we need only to prove H(r)(X,Y ) = H(r)(X⊥, Y ⊥). Since
H(r) is a symmetric bilinear form, we have

H(r)(X,Y ) = H(r)(X⊥ + g∇r(∇r,X)∇r, Y ⊥ + g∇r(∇r, Y )∇r)

= H(r)(X⊥, Y ⊥) + g∇r(∇r,X)H(r)(∇r, Y ⊥)

+ g∇r(∇r, Y )H(r)(∇r,X⊥)

+ g∇r(∇r,X)g∇r(∇r, Y )H(r)(∇r,∇r).

Recall that ∇r is a geodesic field, by (2.4) one has

H(r)(∇r, ·) = g∇r(∇∇r
∇r∇r, ·) = 0,

and so we are done. �

By Lemma 3.1 we need only to consider H̃(r) on the normal space with
respect to the radial geodesic field ∇r. Now we are ready to prove the weighted
Hessian comparison theorem as follows.

Theorem 3.2. Let (M,F, dµ) be a forward complete Finsler n-manifold, r =
dF (p, ·), the distance function from a fixed point p. Suppose that for some

1 < N < n, the flag curvature K and S-curvature S of M satisfy

K(V ;W )+
Ṡ(V )

(n− 1)F 2(V )
− (S(V ))2

(n− 1)(N − n)F 2(V )
6

N − 1

n− 1
·c, ∀V,W ∈ TM,

where Ṡ is the geodesic differentiation of S. Then, for any vector field X on M ,

the following inequality holds whenever r is smooth (r < π/
√
c when c > 0) :

H̃(r)(X,X) >
N − 1

n− 1
· ctc(r)

(
g∇r(X,X)− g∇r(∇r,X)2

)
,
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where

ctc(r) =





√
c · cot√cr, c > 0;

1
r
, c = 0;√−c · coth√−cr, c < 0.

Proof. Suppose that r is smooth at q ∈ M , and γ : [0, l] → M is the unique
minimal geodesic from p to q, where l = r(q). Let J = J(r), 0 6 r 6 l be the
unique normal Jacobi field along γ with J(0) = 0 and J(l) = X⊥(q). Then by
Lemma 3.1, (2.5) and (3.1) we have

(3.3)

H̃(r)(X(q), X(q))

= − S(∇r)|q
n− 1

g∇r(X
⊥(q), X⊥(q))

+

∫ l

0

[
g∇r(∇∇r

∇rJ,∇∇r
∇rJ)− g∇r(J, J)K(∇r; J)

]
dr.

On the other hand, integrating by parts we get
∫ l

0

g∇r(J, J) · Ṡ(∇r)dr

= [S(∇r)g∇r(J, J)] |l0 −
∫ l

0

2g∇r(∇∇r
∇rJ, J)S(∇r)dr

= S(∇r)|q · g∇r(X
⊥(q), X⊥(q))−

∫ l

0

2g∇r(∇∇r
∇rJ, J)S(∇r)dr,

which together with (3.3) yields

(3.4)

H̃(r)(X(q), X(q))

=

∫ l

0

[
g∇r(∇∇r

∇rJ,∇∇r
∇rJ)− g∇r(J, J)

(
K(∇r; J) +

Ṡ(∇r)

n− 1

)

− 2

n− 1
g∇r(∇∇r

∇rJ, J)S(∇r)

]
dr.

Plugging

2g∇r(∇∇r
∇rJ, J)S(∇r) 6 2|S(∇r)|

√
g∇r(J, J)g∇r(∇∇r

∇rJ,∇∇r
∇rJ)

6
(S(∇r))2

n−N
· g∇r(J, J) + (n−N) · g∇r(∇∇r

∇rJ,∇∇r
∇rJ)

into (3.4) we have

H̃(r)(X(q), X(q))(3.5)

>

∫ l

0

[
N − 1

n− 1
g∇r(∇∇r

∇rJ,∇∇r
∇rJ)
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−g∇r(J, J)

(
K(∇r; J) +

Ṡ(∇r)

n− 1
− (S(∇r))2

(n− 1)(N − n)

)]
dr

>
N − 1

n− 1

∫ l

0

[
g∇r(∇∇r

∇rJ,∇∇r
∇rJ)− c · g∇r(J, J)

]
dr.

Let E1(r), . . . , En−1(r), En(r) = ∇r be g∇r-orthonormal frame that is parallel

along γ, and E1(l) =
J(l)√

g∇r(J(l),J(l))
. Write

J(r) = J1(r)E1(r) + · · ·+ Jn−1(r)En−1(r), 0 6 r 6 l.

Let (M, g) be a Riemannian space form of constant c, and ∇ be the corre-
sponding Levi-Civita connection. Fix a normal geodesic γ : [0, l] → M , and
construct a vector field Y along γ by

Y (r) = J1(r)E1(r) + · · ·+ Jn−1(r)En−1(r), 0 6 r 6 l,

where E1(r), . . . , En−1(r), En(r) = γ̇ be the g-orthonormal frame that is par-
allel along γ. By construction we clearly have, for any 0 6 r 6 l,

g∇r(J, J)(r) = (J1(r))2 + · · ·+ (Jn−1(r))2 = g(Y , Y )(r),

g∇r(∇∇r
∇rJ,∇∇r

∇rJ)(r) = (J̇1(r))2 + · · ·+ (J̇n−1(r))2 = g(∇γ̇Y ,∇γ̇Y )(r),

thus by (3.5) we get

H̃(r)(X(q), X(q)) >
N − 1

n− 1

∫ l

0

[
g(∇γ̇Y ,∇γ̇Y )− c · g(Y , Y )

]
dr

=
N − 1

n− 1
Iγ(Y , Y ),(3.6)

where Iγ is the index form on γ. Since (M, g) has constant curvature c, the

Jacobi field J on γ with J(0) = 0 = Y (0) and J(l) = Y (l) =
√
g∇r(J(l), J(l)) ·

E1(l) is given by

J(r) =
sc(r)

sc(l)
·
√
g∇r(J(l), J(l)) ·E1(r),

where

sc(t) =





1√
c
sin

√
ct, c > 0;

t, c = 0;
1√
−c

sinh
√
−ct, c < 0.

Now by Index Lemma (see e.g., [2]) and (3.6) we finally obtain

H̃(r)(X(q), X(q)) >
N − 1

n− 1
· Iγ(Y , Y ) >

N − 1

n− 1
· Iγ(J, J)

=
N − 1

n− 1
ctc(l)g(J(l), J(l)) =

N − 1

n− 1
ctc(l)g∇r(J(l), J(l))

=
N − 1

n− 1
ctc(l)g∇r(X

⊥(q), X⊥(q))
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=
N − 1

n− 1
ctc(r(q))

(
g∇r(X(q), X(q))− g∇r(∇r,X(q))2

)
.
�

Theorem 3.3. Let (M,F, dµ) be a forward complete Finsler n-manifold, r =
dF (p, ·), the distance function from a fixed point p. Suppose that for some

N > n, the flag curvature K and S-curvature S of M satisfy

K(V ;W )+
Ṡ(V )

(n− 1)F 2(V )
− (S(V ))2

(n− 1)(N − n)F 2(V )
>

N − 1

n− 1
·c, ∀V,W ∈ TM.

Then, for any vector field X on M , the following inequality holds whenever r
is smooth:

H̃(r)(X,X) 6
N − 1

n− 1
· ctc(r)

(
g∇r(X,X)− g∇r(∇r,X)2

)
.

Proof. Suppose that r is smooth at q ∈ M , and let γ, J be as in the proof
of Theorem 3.2. Let Y = Y (r) be a parallel vector field along γ such that
Y (l) = X⊥(q), and construct a vector field W along γ by

W = W (r) =
sc(r)

sc(l)
· Y (r),

then W (0) = 0 = J(0), W (l) = Y (l) = J(l). By Index Lemma, Lemma 3.1,
(2.5) and (3.1) we have

H̃(r)(X(q), X(q)) = − S(∇r)|q
n− 1

g∇r(X
⊥(q), X⊥(q)) + Iγ(J, J)

6 − S(∇r)|q
n− 1

g∇r(W (l),W (l)) + Iγ(W,W )

= g∇r(X
⊥(q), X⊥(q))

[
−S(∇r)|q

n− 1

+
1

(sc(l))2

∫ l

0

(
(s′c(r))

2 − (sc(r))
2 ·K(∇r;W )

)
dr

]
.

By the similar argument as in the proof of Theorem 3.2 we see that

− S(∇r)|q
n− 1

+
1

(sc(l))2

∫ l

0

(
(s′c(r))

2 − (sc(r))
2 ·K(∇r;W )

)
dr

=
1

(sc(l))2

∫ l

0

[
(s′c(r))

2 − (sc(r))
2

(
K(∇r;W ) +

Ṡ(∇r)

n− 1

)

−2sc(r)s
′
c(r)S(∇r)

n− 1

]
dr

6
1

(sc(l))2

∫ l

0

[
N − 1

n− 1
· (s′c(r))2

−(sc(r))
2

(
K(∇r;W ) +

Ṡ(∇r)

n− 1
− (S(∇r))2

(n− 1)(N − n)

)]
dr
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6
N − 1

n− 1
· 1

(sc(l))2

∫ l

0

[
(s′c(r))

2 − c · (sc(r))2
]
dr =

N − 1

n− 1
· ctc(r(q)).

Now the theorem follows easily. �

Theorem 3.2 and Theorem 3.3 recommend us to introduce the notions of
weighted curvatures as follows.

Definition 3.4. Let (M,F, dµ) be a Finsler n-manifold with volume form dµ,
and y, u ∈ TxM be linearly independent. For any N ∈ (1, n) ∪ (n,∞), the
weighted flag curvature is defined by

KN (y;u) = K(y;u) +
Ṡ(y)

(n− 1)F 2(y)
− (S(y))2

(n− 1)(N − n)F 2(y)
.

We write KN > c (resp. KN 6 c) if KN (y;u) > c (resp. KN (y;u) 6 c) holds
for any linearly independent vectors y, u ∈ TxM and x ∈ M . Similarly, given
N ∈ (1, n) ∪ (n,∞), the weighted Ricci curvature is defined by

RicN (y) =

n−1∑

i=1

KN (y; ei) = Ric(y) +
Ṡ(y)

F 2(y)
− (S(y))2

(N − n)F 2(y)
,

where e1, . . . , en−1, en = y is a gy-orthogonormal basis for the corresponding
tangent space. We write RicN > c (resp. RicN 6 c) if RicN (y) > c (resp.
RicN (y) 6 c) for any nonzero y ∈ TxM and x ∈ M .

Remark 3.5. (1) The notion of weighted Ricci curvature RicN(N ∈ (n,∞))
was first introduced by Ohta from view point of curvature-dimension condition
[9]. Here we introduce the weighted Ricci curvature based on the weighted flag
curvature from view point of comparison geometry. When N ∈ (n,∞), the
notion of RicN above coincides with that of [9].

(2) It is clear that

lim
N→+∞

KN (y;u) = K(y;u)+
Ṡ(y)

(n− 1)F 2(y)
, lim

N→+∞
RicN (y) = Ric(y)+

Ṡ(y)

F 2(y)
,

thus we can define

K∞(y;u) = K(y;u) +
Ṡ(y)

(n− 1)F 2(y)
, Ric∞(y) = Ric(y) +

Ṡ(y)

F 2(y)
,

as defined for Ric∞ in [10]; As for the case N = n, limN→n KN (y;u) or
limN→n RicN (y) cannot be finite unless S(y)=0. In fact, when S ≡ 0, then
the weighted flag curvature and the weighted Ricci curvature are reduced to
usual flag curvature and Ricci curvature for any N ∈ (1,∞). As a result, we
may replace the weighted curvatures by usual curvatures and put N = n in all
results of the present paper for Finsler manifolds with vanishing S-curvature.

By using the notions of weighted curvatures we can rewrite Theorem 3.2 and
Theorem 3.3 as follows.
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Theorem 3.2 ′. Let (M,F, dµ) and r = dF (p, ·) as above. Suppose that for

some 1 < N < n, the weighted flag curvature satisfies KN 6 N−1
n−1 · c. Then for

any vector field X on M , the following inequality holds whenever r is smooth

(r < π/
√
c when c > 0) :

H̃(r)(X,X) >
N − 1

n− 1
· ctc(r)

(
g∇r(X,X)− g∇r(∇r,X)2

)
.

Theorem 3.3 ′. Let (M,F, dµ) and r = dF (p, ·) as above. Suppose that for

some N > n, the weighted flag curvature of M satisfies KN > N−1
n−1 ·c. Then, for

any vector field X on M , the following inequality holds whenever r is smooth:

H̃(r)(X,X) 6
N − 1

n− 1
· ctc(r)

(
g∇r(X,X)− g∇r(∇r,X)2

)
.

4. Laplacian comparison theorems

In this section we shall derive some Laplacian comparison theorems for dis-
tance functions. First of all, we have following result by (3.2) and Theorem
3.2.

Theorem 4.1. Let (M,F, dµ) be a forward complete Finsler n-manifold, r =
dF (p, ·), the distance function from a fixed point p. Suppose that for some

1 < N < n, the weighted flag curvature of M satisfies KN 6 N−1
n−1 · c. Then

the inequality ∆r > (N − 1)ctc(r) holds whenever r is smooth (r < π/
√
c when

c > 0).

Secondly, the following Laplacian comparison theorem can be verified simi-
larly as Theorem 3.3 which was first obtained by [10].

Theorem 4.2. Let (M,F, dµ) be a forward complete Finsler n-manifold. Sup-

pose that for some N > n, the weighted Ricci curvature of M satisfies RicN >

(N − 1)c. Then ∆r 6 (N − 1) · ctc(r) holds whenever r is smooth.

To establish next comparison theorem, we need the following lemma.

Lemma 4.3. Let X be a local vector field on an open set U of p ∈ M with

g∇r(X,X) = 1,g∇r(∇r,X) = 0. Then H̃(r)(X,X) ∼ 1
r
as r → 0+.

Proof. Let b and c be the lower bound and upper bound of flag curvature on
U , respectively. Then by Hessian comparison theorem [17] we have

ctc(r) 6 H(r)(X,X) 6 ctb(r).

Note that H̃(r)(X,X) = H(r)(X,X)− S(∇r)
n−1 and ctc(r) ∼ 1

r
as r → 0+ for any

c, we easily get the result. �

Now we are ready to prove the following Laplacian comparison theorem in
terms of upper bounds on the weighted Ricci curvature.
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Theorem 4.4. Let (M,F, dµ) be a forward complete Finsler n-manifold with

nonpositive flag curvature. Suppose that the weighted Ricci curvature satisfies

RicN 6 (N+1−n)c < 0 for some n−1 < N < n. Then ∆r > (N+1−n)ctc(r)
holds whenever r is smooth.

Proof. Suppose that r is smooth at q ∈ M , and γ : [0, r(q)] → M be the
unique minimal geodesic from p to q. We choose the local g∇r-orthonormal
frame E1, . . . , En−1, En = ∇r that is parallel along γ, then by (2.1)-(2.4) we
have

d

dr
(H(r)(Ei, Ej)) =

d

dr
g∇r

(
∇∇r

Ei
∇r, Ej

)

= g∇r

(
∇∇r

∇r∇∇r
Ei

∇r, Ej

)

= g∇r

(
R∇r(∇r, Ei)∇r, Ej

)
+ g∇r

(
∇∇r

[∇r,Ei]
∇r, Ej

)

= −g∇r

(
R∇r(Ei,∇r)∇r, Ej

)
− g∇r

(
∇∇r

∇∇r
Ei

∇r
∇r, Ej

)

= −g∇r

(
R∇r(Ei,∇r)∇r, Ej

)
−
∑

k

g∇r

(
∇∇r

Ei
∇r, Ek

)
g∇r

(
∇∇r

Ek
∇r, Ej

)

= −g∇r

(
R∇r(Ei,∇r)∇r, Ej

)
−
∑

k

H(r)(Ei, Ek) ·H(r)(Ek, Ej),

and thus

(4.1)
d

dr
(tr∇rH(r)) = −Ric(∇r) −

∑

i,j

(H(r)(Ei, Ej))
2.

Now since M has nonpositive flag curvature, by Hessian comparison theorem
[17] we see that the eigenvalues of (H(r)(Ei, Ej))16i,j6n−1 are all positive,
which together with (4.1) implies that

d

dr
(tr∇rH(r)) > −Ric(∇r) − (tr∇rH(r))2.

Consequently,

(4.2)
d

dr
∆r > −Ric(∇r) − Ṡ(∇r) − (∆r + S(∇r))2.

Furthermore we have

(4.3) 2∆r · S(∇r) 6
N + 1− n

n−N
(S(∇r))2 +

n−N

N + 1− n
(∆r)2.

Combining (4.2) and (4.3) it is easy to get

d

dr
∆r > −RicN (∇r) − 1

N + 1− n
(∆r)2,

which together with RicN 6 (N + 1− n)c yields

d

dr

(
1

N + 1− n
∆r

)
> −c−

(
1

N + 1− n
∆r

)2

.
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Note that
d

dr
ctc(r) = −c− (ctc(r))

2,

we have

(4.4)
d

dr

(
1

N + 1− n
∆r − ctc(r)

)
> −

(
1

N + 1− n
∆r

)2

+ (ctc(r))
2.

Putting

A(r) =
1

N + 1− n
∆r − ctc(r), B(r) =

1

N + 1− n
∆r + ctc(r),

then (4.4) becomes

(4.5)
dA

dr
+AB > 0.

By Lemma 4.3 we see that A(r) → +∞ as r → 0+, thus there is ǫ > 0 such
that A(r) > 0, ∀r ∈ (0, ǫ]. On the other hand, from (4.5) we have

d

dr

(
A(r) exp

(∫ r

ǫ

B(s)ds

))
> 0,

which yields

A(r) exp

(∫ r

ǫ

B(s)ds

)
> A(ǫ) > 0.

Therefore,
∆r > (N + 1− n)ctc(r). �

5. Volume comparison theorems

In this section we shall use the Laplacian comparison theorems to derive
some volume comparison theorems for Finsler manifolds.

Let (M,F, dµ) be a Finsler manifold. Fix p ∈ M , let Ip = {v ∈ TpM :
F (v) = 1} be the indicatrix at p. For v ∈ Ip, the cut-value c(v) is defined by

c(v) := sup{t > 0 : dF (p, expp(tv)) = t}.
Then, we can define the tangential cut locus C(p) of p by C(p) := {c(v)v :
c(v) < ∞, v ∈ Ip}, the cut locus C(p) of p by C(p) = expp C(p), and the
injectivity radius ip at p by ip = inf{c(v) : v ∈ Ip}, respectively. It is known
that C(p) has zero Hausdorff measure in M . Also, we set Dp = {tv : 0 6 t <
c(v), v ∈ Ip} and Dp = expp Dp. Let Bp(R) be the forward geodesic ball of
M with radius R centered at p. The volume of Bp(R) with respect to dµ is
defined by

vol(Bp(R)) =

∫

Bp(R)

dµ .

In order to compute the volume, we need polar coordinates on Dp. Let θα,
α = 1, . . . , n−1 be the local coordinates that are intrinsic to Ip. For any q ∈ Dp,
the polar coordinates of q are defined by (r, θ) = (r(q), θ1(q), . . . , θn−1(q)),
where r(q) = F (v), θα(q) = θα( v

F (v) ), and v = exp−1
p (q). Writing dµ =
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σ(r, θ)dr∧dθ1∧· · ·∧θn−1 := σ(r, θ)dr∧dθ, by the by the definition of Laplacian
we have (see [17])

(5.1) ∆r =
∂

∂r
log σ .

For r > 0, let Dp(r) ⊂ Ip be defined by

Dp(r) = {v ∈ Ip : rv ∈ Dp}.

It is easy to see that Dp(r1) ⊂ Dp(r2) for r1 > r2 and Dp(r) = Ip for r < ip.
Since C(p) has zero Hausdorff measure in M , we have

vol(Bp(R)) =

∫

Bp(R)

dµ =

∫

Bp(R)∩Dp

dµ

=

∫

exp−1

p (Bp(R))∩Dp

exp∗p(dµ) =

∫ R

0

dr

∫

Dp(r)

σ(r, θ)dθ.

For real numbers c and Λ, let

Vc,Λ(r) =

∫ r

0

sc(t)
Λ−1dt.

Now we are ready to prove the following:

Theorem 5.1. Let (M,F, dµ) be a forward complete Finsler n-manifold which

satisfies KN 6 N−1
n−1 · c for some 1 < N < n. Then the function

vol(Bp(r))

Vc,N(r)

is monotone increasing for 0 < r 6 ip, where ip is the injectivity radius of p.

Proof. By (5.1), Theorem 4.1 and the assumptions of the theorem, we have

∂

∂r
log σ > (N − 1)ctc(r) =

d

dr
log sc(r)

N−1,

thus the function ∫
Ip
σ(r, θ)dθ

sc(r)N−1

is monotone increasing about r(6 ip). Now by the standard argument [4], the
function ∫ r

0

∫
Ip
σ(t, θ)dtdθ

∫ r

0
sc(t)N−1dt

=
vol(Bp(r))

Vc,N (r)

is also monotone increasing for R 6 ip. �

The following theorem can be shown similarly using Theorem 4.4.
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Theorem 5.2. Let (M,F, dµ) be a complete and simply connected Finsler

n-manifold with nonpositive flag curvature. If the weighted Ricci curvature

satisfies RicN 6 (N + 1− n)c < 0 for some n− 1 < N < n, then the function

vol(Bp(r))

Vc,N+2−n(r)

is monotone increasing.

The following theorem was first obtained in [9], and here we provide another
proof using Laplacian comparison theorem.

Theorem 5.3. Let (M,F, dµ) be a forward complete Finsler n-manifold. Sup-

pose that for some N > n, the weighted Ricci curvature of M satisfies RicN >

(N − 1)c. Then the function
vol(Bp(r))

Vc,N(r)

is monotone decreasing in r.

Proof. By (5.1), Theorem 4.2 and the assumptions of the theorem, we have

∂

∂r
log σ 6 (N − 1)ctc(r) =

d

dr
log sc(r)

N−1,

thus the function
σ(r, θ)

sc(r)N−1

is monotone decreasing about r. Noting that Dp(R) ⊂ Dp(r) for R > r > 0,
we have for R > r > 0,∫

Dp(r)
σ(r, θ)dθ

sc(r)N−1
=

∫

Dp(r)

σ(r, θ)

sc(r)N−1
dθ >

∫

Dp(R)

σ(r, θ)

sc(r)N−1
dθ

>

∫

Dp(R)

σ(R, θ)

sc(R)N−1
dθ =

∫
Dp(R)

σ(R, θ)dθ

sc(R)N−1
,

namely, ∫
Dp(r)

σ(r, θ)dθ

sc(r)N−1

is also monotone decreasing. Now the theorem can be verified easily. �

A theorem due to Calabi and Yau states that the volume of any complete
noncompact Riemannian manifold with nonnegative Ricci curvature has at
least linear growth [3, 18]. This result has been generalized to Finsler manifolds
by [15], where we establish a similar result in terms of weighted Ricci curvature.
For this purpose we need the notion of reversibility for Finsler manifolds. For
a given Finsler manifold (M,F ), the reversibility λF of (M,F ) is defined by
(see [11])

λF = max
X∈TM\0

F (X)

F (−X)
.
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(M,F ) is called reversible if λF = 1. It is clear that the induced distance
function dF of F satisfies

dF (p, q) 6 λFdF (q, p), ∀p, q ∈ M.

Now we can prove:

Theorem 5.4. Let (M,F, dµ) be a complete noncompact Finsler n-manifold

with RicN > 0 for some N > n, then M must have infinite volume. Further-

more, if M has finite reversibility, then the volume vol(Bp(R)) of the forward

geodesic ball has at least linear growth:

vol(Bp(R)) > c(p)R.

Proof. Since M is complete and noncompact, there is a geodesic γ : (−∞, 0] →
M such that γ(0) = p, dF (γ(−t2), γ(−t1)) = t2 − t1, ∀t2 > t1 > 0. Denote by
B−

p (r) = {x ∈ M : dF (x, p) < r} be the backward geodesic ball of radius r
centered at p, then by the triangle inequality it is easy to see that

(5.2) Bp(1) ∩B−
p (1) ⊂ Bγ(−t)(t+ 1) \Bγ(−t)(t− 1), ∀t > 1.

Since RicN > 0 for some N > n, by Theorem 5.3 we have

vol(Bγ(−t)(R))

RN
6

vol(Bγ(−t)(r))

rN
, ∀r < R,

and consequently,

(5.3) vol(Bγ(−t)(r)) >
rN

RN − rN
(vol(Bγ(−t)(R))− vol(Bγ(−t)(r))).

(5.2) and (5.3) yields

vol(Bγ(−t)(t−1)) >
(t− 1)N

(t+ 1)N − (t− 1)N
(vol(Bγ(−t)(t+1))−vol(Bγ(−t)(t−1)))

>
(t− 1)N

(t+ 1)N − (t− 1)N
vol(Bp(1) ∩B−

p (1)).

Since

lim
t→+∞

(t− 1)N

t((t+ 1)N − (t− 1)N )
=

1

2N
,

there is a constant δ > 0 such that

(t− 1)N

(t+ 1)N − (t− 1)N
> δt, ∀t > 1,

and thus

(5.4) vol(Bγ(−t)(t− 1)) > δt · vol(Bp(1) ∩B−
p (1)).

It follows that M has infinite volume. Furthermore, if M has finite reversibility
λF , then again by the triangle inequality we easily see that

Bγ(−t)(t− 1) ⊂ B−
γ(−t)(λF (t− 1)) ⊂ B−

p (2λF t) ⊂ Bp(2λ
2
F t),
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and which together with (5.4) yields

vol(Bp(2λ
2
F t)) > δt · vol(Bp(1) ∩B−

p (1)) := c(p) · 2λ2
F t,

where c(p) is a constant depending on p. Letting R = 2λ2
F t we obtain the

desired inequality. �

Remark 5.5. The second conclusion of Theorem 5.4 has been verified recently
in [19] by a different argument.

6. The first eigenvalue

In this section we shall study the first eigenvalue on Finsler manifolds with
weighted bounded curvature. Let (M,F, dµ) be a Finsler n-manifold, Ω ⊂ M a
domain with compact closure and nonempty boundary ∂Ω. The first eigenvalue
λ1(Ω) of Ω is defined by (see [13], page 176)

λ1(Ω) = inf
f∈L2

1,0(Ω)\{0}

{∫
Ω (F ∗(df))2 dµ∫

Ω
f2dµ

}
,

where L2
1,0(Ω) is the completion of C∞

0 (Ω). If Ω1 ⊂ Ω2 are bounded domains,
then λ1(Ω1) > λ1(Ω2) > 0. Thus, if Ω1 ⊂ Ω2 ⊂ · · · ⊂ M be bounded domains
so that

⋃
Ωi = M , then the following limit

λ1(M) = lim
i→∞

λ1(Ωi) > 0

exists, and it is independent of the choice of {Ωi}. The following lemma is
crucial in this section.

Lemma 6.1 ([17]). Let (M,F, dµ) be a Finsler manifold with finite reversibility

λF , Ω ⊂ M a domain with compact closure and nonempty boundary, and X a

vector field on Ω so that ‖X‖∞ = supΩ F (X) < ∞ and infΩ div(X) > 0. Then

λ1(Ω) >

[
infΩ divX

2λF ‖X‖∞

]2
.

By Lemma 6.1 we can prove:

Theorem 6.2. Let (M,F, dµ) be a forward complete Finsler n-manifold with

finite reversibility λF . Let Bp(R) be the forward geodesic ball of M with radius

R centered at p, and R < ip, where ip denotes the injectivity radius about p.
We have:

(1) if the weighted flag curvature satisfies KN 6 N−1
n−1 · c < 0 for some

1 < N < n, then

λ1(Bp(R)) >
(N − 1)2(ctc(R))2

4λ2
F

;

(2) if M has nonpositive flag curvature and the weighted Ricci curvature

satisfies RicN 6 (N + 1− n)c < 0 for some n− 1 < N < n, then

λ1(Bp(R)) >
(N + 1− n)2(ctc(R))2

4λ2
F

.
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Proof. We shall only prove (1), (2) can be verified similarly. For R > ǫ > 0, let

Ωǫ = Bp(R)\Bp(ǫ). Then r = dF (p, ·) is smooth on Ωǫ, and thus X = ∇r is a
smooth vector field on Ωǫ. Noting that F (X) = F (∇r) = 1 and divX = ∆r,
we deduce from Theorem 4.1 and Lemma 6.1 that

λ1(Ωǫ) >
(N − 1)2(ctc(R))2

4λ2
F

.

Letting ǫ → 0, we get the desired inequality. �

Mckean [7] proved that if (M, g) is a complete and simply connected Rie-

mannian n-manifold with sectional curvatureK6 −a2, then λ1(M) > (n−1)2a2

4 .
Afterwards, this result was extended by Ding in [5] for Riemannian manifolds
with nonpositive curvature and Ricci curvature bounded from above by a neg-
ative constant. These results has been generalized into Finsler manifolds in
[15, 17], and by Theorem 6.2 we have the following result in terms of weighted
curvatures.

Theorem 6.3. Let (M,F, dµ) be a forward complete and simply connected

Finsler n-manifold with finite reversibility λF and nonpositive flag curvature.

We have:
(1) if the weighted flag curvature satisfies KN 6 −N−1

n−1 a
2(a > 0) for some

1 < N < n, then

λ1(M) >
(N − 1)2a2

4λ2
F

;

(2) if the weighted Ricci curvature satisfies RicN 6 −(N + 1− n)a2(a > 0)
for some n− 1 < N < n, then

λ1(M) >
(N + 1− n)2a2

4λ2
F

.

7. Weighted curvature and fundamental group

In this section we shall study the relationship between weighted curvature
and fundamental group of Finsler manifolds. Let us first recall some basic
facts about universal covering space and fundamental group. Let (M,F ) be

a Finsler n-manifold, and f : M̃ → M be the universal covering space. A

homeomorphism ϕ : M̃ → M̃ is called a deck transformation of the coving

mapping f if f ◦ ϕ = f . The set of deck transformations Γ obviously form
a group nuder composition. One checks that the deck transformation group

Γ acts properly discontinuously on M̃ . If we endow the pulled-back metric

F̃ = f∗F on M̃ , then f : (M̃, F̃ ) → (M,F ) is a local isometry, and it is easy

to check that each γ ∈ Γ is an isometry, and (M,F ) and (M̃, F̃ ) have the same
reversibility and uniformity constant. It is also clear that if (M,F ) is (forward)

complete, then so is (M̃, F̃ ) (see [14]).
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Given p ∈ M , let π1(M,p) be the fundamental group of M based at p,
namely, the homotopy classes of loops γ : [0, 1] → M ∈ C0 satisfying γ(0) =
γ(1) = p. It is well-known that the deck transformation group Γ is isomorphic
to π1(M,p), and Γ acts transitively on f−1(p) for each p ∈ M [4]. In the
following, we shall identify π1(M,p) with the deck transformation group Γ.
Given any point p ∈ M , for each γ ∈ Γ ∼= π1(M,p), the geometric norm ‖γ‖
associated with p is defined by

‖γ‖ = d
F̃
(p̃, γ(p̃)),

where p̃ is any point in the fiber f−1(p), and d
F̃
is the distance function on M̃

induced by F̃ . It is known that the geometric norm ‖γ‖ equals the length of a
shortest loop representing γ ∈ π1(M,p), which is a geodesic loop. Also, the set
∆(λ) = {γ ∈ Γ : ‖γ‖ 6 λ} is finite for any λ > 0, and it is natural to propose
the following definition [16].

Definition 7.1. The counting function N(λ) of the fundamental group Γ ∼=
π1(M,p) of (M,F ) is defined by

N(λ) = ♯∆(λ) = ♯{γ ∈ Γ : ‖γ‖ 6 λ}.

Γ is said to have exponential growth if

lim sup
λ→∞

logN(λ)

λ
> 0.

Γ is said to have polynomial growth of order 6 α if N(λ) 6 constant · λα.

Remark 7.2. Let Γ′ ⊂ π1(M,p) be any finitely generated subgroup with a set
of generators S = {γ1, . . . , γk}. The counting function n(λ) of Γ′ considered in
[1, 8, 14] is defined by

n(λ) = ♯{γ ∈ Γ′ : |γ| 6 λ},

where |γ| is the minimum length of γ as a word in {γ1, . . . , γk}. The advantage
of our definition is that it does not demand that Γ is finitely generated.

The following lemma is crucial to study weighted curvature and fundamental
group, it can be verified by using the fundamental domain of covering mapping
[16].

Lemma 7.3. Let (M,F ) be a forward complete Finsler manifold and f :

(M̃, F̃ ) → (M,F ) denote its universal covering projection with deck transfor-

mation group Γ. Fix p ∈ M , and p̃ ∈ f−1(p). Then

(1) the counting function of Γ satisfies

(7.1) N(λ) 6
vol(B̃p̃(λ +R))

vol(Bp(R))
, ∀λ > 0, R > 0;
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(2) if (M,F ) has finite reversibility, namely, λF := maxx∈M λ(x) < ∞, then

(7.2) N(λ) >
vol
(
B̃p̃

(
λ

1+λF

))

vol
(
Bp

(
λ

1+λF

)) ,

where B̃p̃(R) is the forward geodesic ball in (M̃, F̃ ) centered at p̃ with radius

R.

Now we can prove:

Theorem 7.4. Let (M,F, dµ) be a forward complete Finsler n-manifold with

weighted Ricci curvature satisfying RicN > 0 for some N > n. If there exists

p ∈ M such that vol(Bp(R)) > C ·Rk for some constant C and 0 6 k 6 N , then

π1(M) has polynomial growth of order 6 N−k. In particular, the fundamental

group of any forward complete noncompact Finsler manifold with weighted Ricci

curvature satisfying RicN > 0 for some N > n and finite reversibility must

have polynomial growth of order 6 N − 1.

Proof. Fix p̃ ∈ f−1(p). Then we have by Theorem 5.3,

vol(Bp(R))

RN
6 vol(Bp(1)), ∀R > 1,

which together with (7.1) yields

N(R) 6
vol(B̃p̃(2R))

vol(Bp(R))
6

2Nvol(Bp(1))

C
· RN−k.

Thus Γ ∼= π1(M) has polynomial growth of order 6 N − k. Now the second
assertion easily follows from Theorem 5.4. �

Theorem 7.5. Let (M,F, dµ) be a forward complete Finsler n-manifold with

nonpositive flag curvature and finite reversibility. Suppose one of the following

two conditions holds:
(1) the weighted flag curvature of M satisfies KN 6 −N−1

n−1 · a2 for some

1 < N < n, and vol(Bp(R)) 6 c · exp((N − 1)bR) for some p ∈ M , c > 0 and

0 < b < a;
(2) the weighted Ricci curvature satisfies RicN 6 −(N + 1− n)a2 for some

n − 1 < N < n, and vol(Bp(R)) 6 c · exp((N + 1 − n)bR) for some p ∈ M ,

c > 0 and 0 < b < a.
Then π1(M) has exponential growth.

Proof. We shall only prove (1), (2) can be verified similarly. It is clear by the
curvature assumption that the injectivity radius of the universal covering space

(M̃, F̃ ) is infinite, thus by Theorem 6.1 we have

vol(B̃p̃(R))

V−a2,N(R)
>

vol(B̃p̃(1))

V−a2,N(1)
:= d, ∀R > 1,
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which together with (7.2) yields

logN(λ)

λ
>

log
(
vol
(
B̃p̃

(
λ

1+λF

)))

λ
−

log
(
vol
(
Bp

(
λ

1+λF

)))

λ

>

logV−a2,N

(
λ

1+λF

)

λ
− (N − 1)b

1 + λF

+
log d− log c

λ
, ∀λ > 1 + λF .

Recall that

V−a2,N (R) =

∫ R

0

(
sinh at

a

)N−1

dt

>
1

2N−1aN−1

∫ R

1

exp((N − 1)at) (1− exp(−2at))N−1 dt

>
(1− exp(−2a))N−1

(N − 1)2N−1aN
[exp((N − 1)aR)− exp((N − 1)a)]

for all R > 1, we have

logN(λ)

λ
>

(N − 1)(a− b)

1 + λF

+
C

λ
, ∀λ > 1 + λF ,

where C is a constant. Hence,

lim sup
λ→∞

logN(λ)

λ
>

(N − 1)(a− b)

1 + λF

> 0,

namely, π1(M) has exponential growth. �

Remark 7.6. Theorem 7.4 and Theorem 7.5 can be viewed as weighted curva-
ture version of corresponding results of [16]. Since we do not demand that the
fundamental group is finitely generated or the manifold is compact, they are
new even for Riemannian manifolds.

8. Gromov simplicial norms

In this last section we shall provide an upper bound for Gromov simplicial
norms of reversible Finsler manifolds in terms of weighted Ricci curvature. For
this purpose, let us first recall the notion of Gromov simplicial norms [6, 13].
Let M be a topological space, and Ck(M) the k-th complex of real singular
chains c =

∑
i riσi, where σi : ∆

k → M are k-dimensional simplices and ri are
the real numbers which are all, but finite, zero. Denote by Hk(M), the real
singular homology group of M . The L1 norm on Ck(M) is defined by

‖c‖1 =
∑

i

|ri|, ∀c =
∑

i

riσi ∈ Ck(M).

‖ · ‖1 induces a pseudo-norm ‖ · ‖ in Hk(M) as follows. For a class z ∈ Hk(M),
‖z‖ is given by

‖z‖ := inf
z=[c]

‖c‖1.
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‖ · ‖ is called the Gromov simplicial norm. Assume that M is an n-dimensional
closed oriented manifold, for the fundamental class [M ] ∈ Hn(M), we set
‖M‖ := ‖[M ]‖. The constant ‖M‖ is called the Gromov simplicial volume.
Gromov prove the following

Lemma 8.1 ([6, 13]). Let (M,F ) be an n-dimensional closed oriented re-

versible Finsler manifold, and π : (M̃, F̃ ) → (M,F ) the universal covering

space with pulled back metric. Then, for any z ∈ Hk(M),

‖z‖ 6 k! min
r>0

sup
x̃∈M̃

[
A(Sx̃(r))

volBH(Bx̃(r))

]k
volBH(z),

where Bx̃(r) and Sx̃(r) are the geodesic ball and geodesic sphere of (M̃, F̃ ) with
radius r centered at x̃ respectively, volBH is the volume about to the Busemann-

Hausdorff volume form, and A(Sx̃(r)) =
d
dr
volBH(Bx̃(r)). In particular,

‖M‖ 6 n! min
r>0

sup
x̃∈M̃

[
A(Sx̃(r))

volBH(Bx̃(r))

]n
volBH(M).

By Lemma 8.1 and the volume comparison theorem (Theorem 5.3) we can
easily obtain:

Theorem 8.2. Let (M,F ) be an n-dimensional closed oriented reversible

Finsler manifold endowed with the Busemann-Hausdorff volume form. Sup-

pose that weighted Ricci curvature satisfies RicN > −(N − 1) for some N > n.
Then for any z ∈ Hk(M) one has

‖z‖ 6 k!(N − 1)kvolBH(z).

In particular,

‖M‖ 6 n!(N − 1)nvolBH(M).

Proof. By Theorem 5.3 we see that the function

volBH(Bx̃(r))∫ r

0 sinhN−1 tdt

is non-increasing. Noticing that A(Sx̃(r)) =
d
dr
volBH(Bx̃(r)), we have

A(Sx̃(r))

volBH(Bx̃(r))
6

sinhN−1 r∫ r

0
sinhN−1 tdt

.

Since

lim
r→∞

sinhN−1 r∫ r

0 sinhN−1 tdt
= N − 1,

the conclusion follows easily by Lemma 8.1. �
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