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PRECISE LARGE DEVIATIONS FOR AGGREGATE LOSS
PROCESS IN A MULTI-RISK MODEL

FENGQIN TANG AND JIANMING BAI

ABSTRACT. In this paper, we consider a multi-risk model based on the
policy entrance process with n independent policies. For each policy,
the entrance process of the customer is a non-homogeneous Poisson pro-
cess, and the claim process is a renewal process. The loss process of
the single-risk model is a random sum of stochastic processes, and the
actual individual claim sizes are described as extended upper negatively
dependent (EUND) structure with heavy tails. We derive precise large
deviations for the loss process of the multi-risk model after giving the
precise large deviations of the single-risk model. Our results extend and
improve the existing results in significant ways.

1. Introduction

The classical risk model and its generations concentrate mainly on claim pro-
cess under the assumptions of independent and identically distributed (i.i.d.)
claim sizes and constant premium rate, however, those assumptions do not
always hold. Since whenever the insurer issues a policy, he will have to bur-
den the potential claims entitled by the policy. Based on this, Ng et al. [10]
studied the precise large deviations for the prospective process of a standard
customer-arrival-based insurance risk model, in which the customers’ potential
claim sizes are described as i.i.d. random variables (rv’s) with heavy tails, and
the customer-arrival process is an arbitrary nonnegative integer-valued process.
Shen et al. [12] obtained the precise large deviations for the actual aggregate
loss process of a nonstandard customer-arrival-based insurance risk model, in
which customer’s actual claim sizes are described as i.i.d. heavy tailed rv’s mul-
tiplied with a generalized shot function, and the aggregate loss process can be
treated as a Poisson shot noise process. Later, Yang et al. [18] investigated
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the precise large deviations for the aggregate loss process of a dependent com-
pound customer-arrival-based insurance risk model, in which each customer
purchases a random number of insurance contracts and the individual poten-
tial claim sizes are described as negatively dependent rv’s with heavy tails.
The research mentioned above arouses our interest and we focus on a more
realistic customer-arrival-based risk model that was first developed by Li and
Kong [7]. Here are some reasons why we are interested in this model. Firstly,
the individual claim time is often later than the corresponding arrival time.
This point has either never been mentioned in empirical research or vaguely
demonstrated. Secondly, the insurance company provides n types of insurance
contracts rather than one and each customer can claim more than once within
the validity time. We state the details of the model as follows:

For the ith type of policy, i = 1,...,n, the arrival time of the jth customer
is 0% and that {N;(t);t > 0} is a counting process associated with {0%}52,,
i.e., Nj(t) = max{j; o} <t} is the number of the policies issued before ¢. Tfk
denotes the duration time from o§ to the kth claim time of the jth customer.
{Mj(t);t > 0} is the counting process associated with {T7;}p2,, i.e., Mj(t) =
max{k; Tjk < t}. The premium charged by the insurer and the validity time
are supposed to be two constants, denoted by d; and c;, respectively. It is
obvious that the jth customer can claim at most Mj(c;) times for each i.
The kth potential claim size of the jth customer is denoted by ink and the
corresponding actual claim size is Y, I{T}, <t — 0%} within the validity time.
Hence, the total claim amount of the jth customer and the loss process of the
model up to time ¢ are, respectively,

M (cs)
(1.1) Hit)= Y YjI{Tj <t—o}}
k=1
and
Nl(t)
(1.2) Xi(t) =Y (Hj(t) - di),
j=1

where I{A} is the indicator function of event A. Thus, the total loss process of
the multi-risk model up to time ¢ is

n
(1.3) X(n,t)=>_ Xi(t).

i=1
Remark 1.1. Throughout the paper, a summation over an empty index set
produces a value 0 by convention. Moreover, in (1.1), K = 0 means that the
customer has not claimed, namely ino = 0. Note that X;(¢) can be considered
as a special shot noise process.

We study the large deviations of X;(¢) and X (n, t) respectively. For classical
works of large deviations with heavy tails, we refer to [5, 6, 9, 11, 14]. Recently,
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more attention is paid to the large deviations of partial or random sums of
rv’s with dependent structures. Wang et al. [16] showed that the negatively
associated (NA) structure has no effect on the asymptotic behavior of the tail
of partial sums, and Tang [13] considered large deviations for partial sums with
negatively dependent (ND) structure that is more verifiable than the commonly
used notion of NA. Later, Liu [8] extended the study to the extended negatively
dependent (END) structure. For more works on this topic, we refer to [2, 3, 17],
among many others.

Throughout, for positive functions a(z) and b(z), we write a(x) = o(b(z)) if
ILm a(x)/b(z) = 0; a(x) < b(z) if limsupa(x)/b(z) <1 or lirginf b(z)/a(x) >
x o0 T—00 x oo
1 and a(z) ~ b(z) if both a(x) < b(x) and a(x) 2 b(x). Furthermore, for two
positive bivariate functions a(x;t) and b(x;t), we say that a(z;t) < b(z;t) holds
uniformly for z € A; # 0 as t — oo if

it
lim sup sup a(z;?) <1.

t—oo xEA, b($7t)

The rest of this paper is organized as follows. Section 2 recalls the definition

of heavy tails and the dependent structures of random variables, shows some

notations used in our model and states our main results. The proofs of the
main results are presented in Sections 3, 4 and 5.

2. Notations and main results

In this paper, we are interested in the heavy tailed claims. A distribution
function F' has dominated varying tails (denoted by D) if and only if
F(xy)

lim sup @) < oo for any y € (0,1) (or, equivalently, for y = %)
T—00 X

Closely related class is the long-tailed class (denoted by £). A distribution
function F' is in £ if and only if

F
lim M:l for any y > 0.

Another important subclass of heavy-tailed distributions is the consistently
varying class (denoted by C). A distribution function F is in C if and only if

lim liminf == =1, or, equivalently, lim limsup =——= =1.
yN\I oo F(x) v/ 1 200 F(x)

It is well known that C C DN L. Set F.(y) = lin_l}inf ?:Zy)) and Jp =

inf {7% :y > 1}, where Jp is called the upper Matuszewska index
of the distribution function F'. For more details of the Matuszewska indices see
[1].

Now, we introduce a dependent structure of rv’s.
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Definition 2.1. The rv’s {&;k = 1,2,...} are called extended negatively
dependent (END) if there is some M > 0 such that both

(21) pe( (Ve < o)) < [[ Prees < )
and - -
(2.2) Pr( ﬁ{gk > xk}) <M ﬁ Pr(g), > 1)
hold for m = 1,2, ... arfglall T, T -

Remark 2.1. Recall that &1,&, ... are called ELND if (2.1) holds and EUND
if (2.2) holds. the rv’s &1,&,... are called negatively dependent (ND) with
M =1, and they are called positively dependent (PD) if the inequalities (2.1)
and (2.2) hold both in the reverse direction. Obviously, an ND sequence must
be an END sequence. Furthermore, for some PD sequences, it is possible to
find a right positive constant M such that (2.1) and (2.2) hold. Therefore, the
END structure is more general than the ND structure in that it can reflect not
only a negative dependence structure but also a positive one to some extent.
More details of ND can be found in Ebrahimi and Ghosh [4].

For model (1.3), we assume that the n kinds of policies are mutually inde-
pendent. Besides this, we need some further assumptions on our model. For
each i = 1,...,n, we suppose that:

Assumption 2.1. {N;(t);¢t > 0} is a non-homogeneous Poisson process with
finite intensity function A;(¢), and the accumulated intensity function A;(t) =

fg \i(s) ds satisfying A;(t) — oo as t — oo.

Assumption 2.2. {M;(t), t > 0}; are independent ordinary renewal processes
with mean function EM;(t) =y(t), 5 > 1.

Assumption 2.3. The nonnegative rv’s ink, 7 > 1, k > 1 are independent
with a common distribution function F; € C satisfying u; = EY{; < oc.

Assumption 2.4. The sequences {Y}y; j > 1, k > 1}, {Mj(t); t > 0} and
{N;(t); t > 0} are mutually independent.

Remark 2.2. By Assumptions 2.2 and 2.3, for i = 1,...,n, we can take d; =
(14 p)pivi(c;) with p as the safety loading coefficient.

Under Assumption 2.1 and Lemma 8.1 of Mikosch and Nagaev [9], we can
conclude that for every t >0 and i =1,...,n,

Ni(t) Mj(ci)

i(t
(2.3) Xi() =Y (Y VAT <t - Ul —dy),

j=1 k=1
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where {Ui, j > 1} is a sequence of i.i.d. rv’s with a common distribution

function Algg for 0 < s < t, independent of the non-homogeneous Poisson

processes N;(t) and all other sources of randomness.

Now we introduce some notations that will be used later. For fixed ¢ > 0,
i=1,...,nand all j > 1, kK > 1, write

M (cs)
W) =Y H{T, <t-U} and hi=

N N Mj(ei)
For easiness of notations, we use Hj(t) and X;(t) to denote k2—21 Z3(t) and

Ni(t) Mj(ei) .
> (>0 Zj(t) — di), respectively.

j=1 k=1
For each i = 1,...,n, by Assumption 2.2 and Assumption 2.3, it is easy to
check that the 1v’s hi, hj, ... are mutually independent and
m
(2.4) hl > x) Z Pr(M m)Pr(Z Y]—ik > x)

k=1
~ l/z(Cz)Fz(SC) as r — 0o.

Unfortunately, for fixed i and j, it seems not accurate to say that {27, (t)}x
is a sequence of independent rv’s since Z}, (t), Zj,(t), . .. contain a common U}.
Precisely, we assume that {Z;k(t)};c fulfill the following dependence structure.

Assumption 2.5. For fixed 7,7 and t > ¢;, the sequence {Z}k (t)}x is EUND.

Remark 2.3. Assumption 2.5 is natural from the following discussions. For any
x, Tk, 1 <k #£1 < oo, by Assumption 2.2, we have

Pr(Z; (1) > g, (t) > )

=Pr(Y), > ap, Y}, > a)Pr(T), <t —U;, Tj <t —U))

= Fi(zk)Fi(xl)Pr(T;(kvl) <t-— U;),
where k VI = max{k,l}. Choosing some positive constant M satisfying M >

1
Sl;p W such that
Pr( ;k(t) > zk,Z;l(t) > ;) < MPr(Z; (1) > xk)Pr(Z (t) > ).
Similarly, for any m > 2 and all real number x1, xo, ..., z,,, we derive
(25)  Pr(Zih(t) > @1, Zp () > @) < M [ Pr(Zj,(t) > k)
k=1

m—1 . -1
with the coefficient M > 0 satisfying M > [ [T Pr(T}, <t-— U;)} )
k=1
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For a real number z, [z] stands for its integer part. Now we state the main
results of this paper.

Theorem 2.1. Suppose that Assumptions 2.1-2.5 hold. Then, for each v > 0,
the relation
[A1(2)]

@6 o Z M®lmn(e) > ) ~ A (e)Fi (@)

holds uniformly for x > yA1(t), t — oo.

Theorem 2.2. Suppose that Assumptions 2.1-2.5 hold. Then, for each v > 0,
the relation

@7 Pr(Xi(t) - MO () — di) > 7) ~ MO (e)Fi ()
holds uniformly for x > vA1(t), t — oo.
Theorem 2.3. Suppose that Assumptions 2.1-2.5 hold. Then, for each v > 0,

the relation
[141/1 CZ ) ZA Vz Cz )

(2.8) Pr(
holds uniformly for x > yA,(t), A, (t) = max {A;(t)}, t — oco.

1<i<n

M:

3. Proof of Theorem 2.1

We start our proof with some famous results of heavy-tailed distributions.
The first lemma below is from Tang and Tsitsiashvili [15].

Lemma 3.1. If F € D, then
(i) for each p > I, there exist positive constants xo and B such that for all
0 € (0,1] and z > 0~ g

(ii) 4t holds for each constant p > Jr such that 7P = o(F(z)), and Jp > 1
if the distribution function F(x) = F(z)I{x > 0} has a finite mean.
Lemma 3.2. Under Assumptions 2.1-2.5, for fired i = 1,...,n and t > c;,
the rv’'s {Z};.(t); j > 1,k > 1} belong to C.
Proof. Recall that F; € C, for any fixed ¢t > ¢;, we have
Pr(Z3,.(t) > xy) Fi(xy)Pr(T}, <t—Ul)

lim lim inf = lim lim inf - =1
v\ aooo Pr(ZE () > @) wN\d aoee Fy(a)Pr(Th, <t —U))

Parallelly,

- Pr(Zj,(t) > xy)
lim limsup ————~+——+- = 1.
v/l wsoe Pr(Z3(t) > ) 0
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Lemma 3.3. Suppose that Assumptions 2.2-2.5 hold. Then, for t — oo,

M@
> (A} - h)
)

Proof. Recall that {Mj1 (t);t > 0} is a renewal process for fixed j > 1, ¢1 is a

constant, hence, Mjl(cl) < oo. For any 0 < 8 < 1, by Minkowski inequality,
we have

2.

. 8
1 1
E‘Hj (1) fhj‘

oo m ﬂ
= 3 Pr(M} (1) = m)E‘ Zyjlkf{T}k St Ujl}‘
m=1

IN

ZE| 1,€|f’/ Pr(T}, >t — s)dAq(s)

' 1 )
- T(t)”l(C”E'YnW(Al(w M- e).

Using Minkowski inequality again, it holds for ¢ — oo that

EIQI, X
5 o= o1 N
Bl E H1 _RLB
[A1(2)] Al(t [AL(1)]8 Z | H
L) .
= ElY; A(t) — A (t —
[A1(t)]P A1(t) vi(en)E[Y1: 7 (A (t) 1t —e1))
— 0.
This ends the proof of Lemma 3.3. -

Lemma 3.4. Under Assumptions 2.1-2.5, for any § > 0, it follows that

[Ar(8)]
tligloPrO Z H1 )]M1V1(01)‘ > 5A1(t)) =0.

Proof. For any d > 0,

[Ar(8)]
Pr(’ Z H} (1) = [M (D] (er)| > 5A1(t))
o (A1 1)
< Pr(] Z (H}t aAl(t)) +Pr(] > hj—[Aa(t )]M1V1(01)]>5A+(t))

Jj=1
zll—i-Ig.
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By Lemma 3.3, I; converges to zero as t — oo. Since

(A1 (D)]

E[ Z hl} = ) pivi(er),

[A1(?)]

by the law of large numbers for the partial sums > h]l, I, converges to zero
j=1

as t — oo. This ends the proof of Lemma 3.4. O

Lemma 3.5. Under Assumptions 2.2-2.5, for any 6 > 0 and x > 0, there
exists some positive constant C; = C1(9) such that

Pr(h} > x) < v(e))F1(0z) + Cra7 3.

Proof. By Lemma 2.4 of Ng et al. [11], there exist positive constants ¢ and
C = C(9) such that for all z > 0 and m > 1,

ZYk > x) < mFy(6x) + Cmsz™s.
Since Mj1 (c1) < oo, for any j > 1, we have
Pr(hjl>z):ZPr(M Prz k>z

< Z Pr(M] (c1) = m) [mF1(6z) + Cmgx_%]

= l/l(Cl)Fl((Sl') + Cll'_%,

o=

where Oy = CE[Mj (c1)]? < oo. This ends the proof of Lemma 3.5. O

Lemma 3.6. Under Assumptions 2.1-2.5, for anyt > 0, x > 0 andl > 1, there
exist some positive constants v,6 (v < §), Cy = Ca(v,d) and Cs = Cs(v,9)
such that

!
(3.1) Z ) > 2) <l (c1)Fa(va) + Cola™v + Csli a7,

Proof. Recall ﬁ]l(t) and hj, denote 7L]1 = hjI{0 < h} < bz} + dxI{h] >
dz}. By employing the arguments in Lemma 2.3 of Chen et al. [2], we obtain,
respectively, for r > 0,

l l l

(3.2) Prz z) < Pr()_hj > ) <IPr(hj > oz) —l—PrZ

j=1 j=1 j=1
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and

Lo s R
(3.3) Pr(z hj >x) < e "Ee =
j=1

rér __
< eXp{ —rz+1( 5 pavi(er) + (€% — 1)Pr(h; > (5,7:))}

Lemma 3.5 implies that for some 0 < v < 4, there exists some positive constant
Cy = Cs(v,d) such that

(3.4) Pr(h} > 6x) < v1(c1)Fy(vx) + Coz™v.
By the finiteness of p; and the fact of F; € C C D, it holds for  — oo that
(3.5) zFy(vz) — 0.

Take r = In (% + 1)/530. For some small v > 0 that satisfies 1 — % < 0,

lpivy(er

it follows from (3.4) and (3.5) that

! =1 1 zF(vz) v
(3.6) Pr(;hj >x)§exp{—mc+g+T+Cgm}
< 031%1'_%,
where
s =smpen {3+ S0 oo B <o
Substituting (3.4) and (3.6) into (3.2) yields (3.1). O

Lemma 3.7. Under Assumption 2.2-2.5, for any t > ¢y and j > 1, it follows
that

m

Pr(z Z;k(t) > ) ~ Z Pr(Z;k(t) > 1) as x — 0o.
k=1 k=1

Proof. Observe that, for fixed t > ¢; and j > 1, by Assumption 2.5, we have

1 1
Pr(; Z(t) > ) > Pr(lg}czgxm Z,(t) > )

Pr(Zj(t)>z)— Y Pr(Z},(t) >z, Zjy(t) > x)

1<k<i<m

Pr(ZL(t) > x) — MY Pr(ZL(t) > 2)]”.

Y

Mz 71z

el
Il
—
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It follows from (3.5) that Pr(Z}(t) > ) = Fi(x)Pr(T), <t —U}) = 0 as
x — oo. Thus,

Pr(> " Zj(t) > 2) 2> Pr(Zj,(t) > x).
k=1 k=1

By a standard truncation argument we have
m
Pr(> " Z;
k=1

:Pr(ZZ;k( >z, max Zj(t) > (1-6)z)

1<k<m
+Prz ) >z, n}vaXZ t)<(1-90)x)
< STPHZL)>(1-0x) + S Pr( > Zh(t) > bw, Zh(t) > %)
k=1 k=1 1<I<m;l#£k
< ZPI‘ ZL1)>(1-8a)+ M > ZPr )Pr(Z;k() :1).

1<I<mslsk k=1

By Lemma 3.1 and Lemma 3.2, for any 7 > 1,1 < k < m and ¢t > ¢1, we
have

3.7)  Pr(ZL(t) > %) < Ha < mao} + Pr(ZL(t) > %)I{z > mao}
( )i +BmpPr(Z (t) > x)
< C’4mpPr(ij(t) > x),

with a positive constant Cy > B. Therefore, for any m > 1,

mxo

S5 Pr(ZL () > 2)Pr(ZL, (1) > £)
. 1<I<m;l#£k k=1
lim sup — = 0.
rree > Pr(Z}k(t) > )
k=1

Thus, letting § — 0, by Lemma 3.2, it holds for x — oo that

Pr(> " Zj(t) > 2) SO Pr(Zj,(t) > x).
k=1 k=1

The proof of Lemma 3.7 is accomplished. O

Lemma 3.8. Under the Assumptions 2.2-2.5, for any t > ¢1 and j > 1, the
relation

Pr(ﬁ]1 (t) > 2) 2 vi(cr)Fi(x)Pr(U} <t —c1)
holds for x — oo.
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Proof. For some 0 < my < oo, we have

Pr(H}(t) > x) = Y Pr(M}(c1) = m)Pr(Z Zh(t) > x)

:(§+ i )Pr(M} (e Prz
m=1 m=mo+1

=13+ 14.
For I3. Recall that F} € C, for z — oo, we have

t—

I3 > ZO Pr(Mjl(cl) = m)/ Z ik > x)Pr U1 € ds)

A _
NFI( 1t 01 ZPI‘ )m

Al( ) 1 1
T(t)E[Mj (cl)I{Mj (c1) < mo}l.

For I;. By Kesten’s inequality, it holds for every 0 < § < 1 and some C5 > 0
such that

= Fi(x)

L< Y Pr(Mi(a PrZYk>z
m=mo+1
<CsFi(x) Y Pr(M}(cr) =m)(1+4)"
m=mo+1

Since M jl (c1) has a finite moment generating function, we have

S Pr(M(er) = m)(1+ o)™

Hmsupé < C5A1( ) m=mo+1
smoo I3 = Ai(t—c1)  E[M](e))I{M}(c1) < mo}]

Then, letting mg sufficiently large yields that Iy = o(I3). Thus, by Lemma 3.7,
for x — oo and any ¢t > ¢y, it holds for sufficiently large mg that,

mo
Pr(ﬁ;(t) >z) ~ Z Pr(Mj1 ZPr > )
m=1 k=1
mo m
> Pr(M](cr) =m) Y Pr(YI{U} <t—c1} > )
m=1 k=1
:F()PrU1<t—c1 ZmPr 1) =m)

— ul(cl)Fl(ac)Pr(Ujl <t-— cl).
The proof of Lemma 3.8 is accomplished. O
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Proof of Theorem 2.1. The lower estimation. For fixed ¢t > 0, write

[A1(D)]
Siaven(®) = Y Hj(£),Sa, () = Siay ey (t) — [Ar(D)] g (er).
=1

For any 0 < § < 1, we have

(A1 (D)]
(3.8) Pr( 1) = [As (B (ex)p > :c)
j=1
T 71 751
> Pr(S[A(t)](t) >z, U {Hj (t) > (1 + )z, rg?jXHl (t) <1+ 6):8})
1<5<[A1(2)]
Mol
= > Pr(H}(t) > (1+6)z)
j=1
X Pr(Sia, (p)-1(t) > =6z + v (1), max HM\(t) < (14 6)x).

1<I<[AL ()]0

Recalling that F; € C, by Lemma 3.8 and the fact of Plr(Uj1 <t—c) =
Al(tfcl)

— 1 as t — o0, it holds uniformly for > yA;(t), ¢ — oo that

A1 (t)
Mm@ B
(3.9) Z Pr(H!(t) > (14 6)z) 2 [A1(t)]v1(c1)F1(2).

Now we consider Pr(rgéax f[ll(t) < (1+6)z). By Lemma 3.8, for z > yA(t),
J
t — oo,

3.10 P H(t) < (146
(8.10) r(lglsﬁl?()t(n;l# ((6) < (1+0)q)

= 11 Pr(H}(t) < (1 + 6)z)
1<IS[AL (D)];1#7

- I (r-Pe@iw) > (1 +0))

1<I<[AL (8)]5l#5

(1 (@) Fa((1 +8)z)

Furthermore, Lemma 3.4 states that

IN

[A1(D)]-1
) —1

(3.11) lim liminf PT(S[Al(t)]—l(t) > =z +v1(c1)ur) = 1.

t=00 2>y, (1)
Substituting (3.9), (3.10) and (3.11) into (3.8), it holds uniformly for x >
vA1(t), t — oo that

(A1 ()]
(312)  Pr( > HIO) - M@mla) > @) 2 O]k (e)Fi ).

j=1
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The upper estimation. For 0 < § < 1, denote ﬁjl(t) = ﬁ}(t)]{ﬁjl(t) <
(1 —90)z}. A standard truncation argument gives that

[A1(8)]

(3.13) Pr ( Z H( Ll (er) >z)
[A1<t>1 R (A1 (1))
< Z P(H[(t) > (1 - 6)z) + Pr( Z HY(t) >z + [Ar(t)]parva(cr))
[A1(¢)] [A1(2)]
< > P(hj>(1-d)x)+Pr( Z HI(t) > o+ MO ()

j=1 =
(1+o(1)[Ar()]vr(er)Fi(2) + 15,
where the last step is due to (2.4) and the arbitrariness of §. Set

a—prlna
N
with 7 > 2 and p > Jp. Notice that a — co, 1 — 0 as z > yA;(t), t — 0.
Using Markov’s inequality yields that
I5
[A(B)]vi(er) Fi(x)

a = max{—1In ([Al(t)]ul (01)71(30)), 1}, r=

(3.14)

M@
< exp{ —r(e+ [MOri(er)) +a} ] BB,
j=1

By virtue of the inequality e"V — 1 < rye™, for fixed t > 0, we have
(3.15)  Eer®

(1-d)x
< / (e — 1)Pr(Hjl(t) edy)+1
0

(1=98)=
T (1-9)z
< (e — 1)Pr(HL(t) € dy) + [ e VPr(HL(t) € dy) + 1

0 1-6)x

(1-8)=
< et puivi(er) + er(lf‘s)IPr(h} >

(1 J)m

< Ter (1 + 5) r(i- §)xV1(Cl)F1(7(1 ;7_ ZL'

)+ 1

<re” () + Ca(1+ 8)e v (cr)Fr((1 — 8)z) + 1,
where all the inequalities except the last one follows from (2.4) and the last
one is obtained by (3.7). Substituting (3.15) into (3.14) yields that
Is
(A1 ()] (er) Fa(x)
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< exp { —r(z + [Mi(D)]mri(er)) +a
+ [Al(t)](realqulyl (c1) + Ca(1 + 8)e®vy(c1)Fr((1 — §)x))}
< exp{ —r(z+ [A1(D))pavi(c1)) +a

al=" Cy(1+8)F1((1 - 6)x)
+ [Ar(t)]re®  pyvi(er) + o) }

Since al~™ — 0 as t — oo, by a Taylor series expansion €@ = 1+ a7 +
o(a'~7), we get
(3.16)
I5 1 —_r M1 (01) 9
— < Cgexp{(1 — Ja+a* T ———2=+0(a*T)} =0,
(A1 ()] (cr) Fa(x) 1-9 Y(1=9)

where Cg = sup exp{%} < oo. In view of (3.8)-(3.16), the proof

x>0
of Theorem 2.1 is accomplished. (I

4. Proof of Theorem 2.2

By Lemma 1 of Yang et al. [18], one can immediately obtain the following
result:

Lemma 4.1. Under Assumption 2.1, it holds for any positive constants q and
0 that

BEIN{(O))U{N:1(t) > (1 + 8)A1(t)} = o(1), t — oc.

Proof of Theorem 2.2. By the law of large numbers of Poisson process, there
exists some small constant § > 0 such that

Pr(|N1(t) — A1(t)] < 0A1(t)) = 1, t — o0,
that is, for sufficiently large t,
(4.1) 1= <Pr(|Ni(t) — A1(t)] < 5A1(t)) <1 +6.
We can split (2.7) into three parts as follows:

(42)  Pr(X() = M) (mwi(er) — di) > o)

(Hj(t) = d1) = A (8) (pavi(er) — di) > @)

l

Z (N (t Z — M) (pvi(cr) — di) > )

=1

(X ey
I<(1=8)A1(t)  [I=A1(8)|<6A1(E)  I>(1+8)A1(2)
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l
x Pr(N (t) = z)Pr(Z(ﬁ; (t) — dy) — Ay () (parn(cr) — di) > )

=Ji+ Jo+ J3.

We first deal with the sum of J; in (4.2). For some positive ¢ small enough
such that y—dppivi(c1) > 0, ie., x—0pA1(t)pavi(cr) > A (t)(y—dppavi(cr)) >
0 with p as the safety loading coefficient mentioned in Remark 2.2. Then,
applying Theorem 2.1, uniformly for z > yA1(t), t — oo, we get

(4.3) Ji < Pr(N1(1) < (1 — 6)A (1))
[(1-9)A: (1)
x Pr Z Hjl(t) — [(1 — 5)A1(t)}/ﬁ11/1(61) > T — 5pA1(t)ILL1V1(Cl))

= o(1)[(1 = &) A1 ()]vi(c1)Fi(x — dpAi(t)pava(cr))
= 0(A1 (ﬁ)lll (Cl )Fl (m)) s

where the last step is obtained by 6 — 0 and F; € C.
Next, turn to Jo. Uniformly for > yA1(t), t — oo, the following holds:

(4.4) Jo < Pr(|Ni(t) — A1 ()] < 6A41(2))

(+9)A: (1)
X Pr Z H]l(t) — [(1 + 5)A1(t)}/ﬁll/1(61) > x4+ 5pA1(t)u11/1(C1))

j=1
< @+ + A v (er)]Fr(z + dpAi(t)pavi(er))

~ Ay (t)vi(er)Fi (),

where the last step is due to § — 0 and F; € C. We now prove
Jo 2 Ay (t)vi(e1)Fy(z).

By similar arguments used to estimate Ji, by Theorem 2.1, it holds uniformly
for @ > vA41(t), t = oo that
(4.5) J2 = Pr(|N1(t) — A1(t)| < 6A41(2))

[(1=8)Aq1(D)]

x Pr Z f[;(t) —[1=9)AL()|pari(cr) >z — (5pA1(t),u11/1(cl))
j=1

> (1= 0)[(1 = ) As(t)va(ex)|F1(x — SpAs (t)pva(er))
~ Al(t)l/l (01>Fl (ZL')
Finally, for Js. By the arbitrariness of § and v in Lemma 3.6, there exist
some § and v such that % > % > pfor p > Jp > 1. Then,
(46) Js< Y Pr(Ny(t) = D[ivi(c1)Fi(va) + Cola™ > + Csli ™3]
I>(14+8) A1 (t)
S V1(01>F1(UZL')ENl(t>I{N1(t) > (1 + 5)A1(t)}
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b Cor PENL(OT{NL () > (1 + 6)A1 ()}
+ C3x PENY () I{N1(t) > (1 + 8)A1(t)}
= o(A1(t)r1(e1)Fi(x)),

where the last step is obtained by Lemma 3.1 and Lemma 4.1. Precisely, Lemma
3.1 shows that 7P = o(F(z)) for p > Jp > 1, and Lemma 4.1 states that
EN{()I{N1(t) > (1 + 6)A1(t)} = o(1) for any ¢ > 0, specifically, ¢ = 1 and
g = pin (4.6), respectively. In view of (4.2)-(4.6), the proof is accomplished. O

5. Proof of Theorem 2.3

For fixed t > 0, write X;(t) = X;(t) — A(0)(avi(cs) — di), i = 1,...,n.
Firstly, we show three useful relations (5.1), (5.2) and (5.3) before proving
(2.8). By Theorem 2.2, for x > A, (t) and sufficiently large ¢, we obtain that

< A4+ H)MN@)vilc)Fi(z), i=1,...,n.
Furthermore, for ¢ =1,...,n and sufficiently large ¢, it follows from (4.1) that
(5.2) Pr(|N;(t) — Ai(t)] < 0A;(t)) >1—6.
Hence,_for any ¢ =1,...,n, by Lemma 3.4 and (5.2), it holds uniformly for
x > A, (t) and sufficiently large ¢ that
(5.3)  Pr(X;(t) > —dzx)
> Pr(|Ni(t) — Ai(t)] < 6A4(t))

(-9 0]
x Pr Z Hi(t) — [(1 = 8)Ai(t)]pavi(ci) > —ox — p(SAi(t)uil/i(ci))

j=1
CEOINOIN
>(1=oPr( Y HO-[0-8N@le) > A6 + i)

j=

—

> (1-0)%

Now, we prove (2.8). Let us proceed the proof by induction. For the case
in which n = 2 we first show the lower estimation. For any ¢ > 0, it holds
uniformly for x > yAs(t) and sufficiently large ¢ that

(54) PI‘(X(Q, t) — ZAi(t)(Mz’Vi(ci) — dl) > .T)
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> (1= 6 A()va(er)Fr((1+8)z) + (1 = 8)* Ao (t)va(ca) Fa((1 + 6)2)
— (1=0)* A (t)wr(er) Fr((1 + 8)x)Aa(t)va(ca) Fa((1 + 6)x),

where the last step is obtained by (5.1) and (5.3). On the other hand, since
i < 00, it holds uniformly for 2 > vAs(t), t — oo that

(5.5) A (c)Fi((1 4 8)x) < v tavi(¢)Fi((1 4 6)x) — 0
Thus, for any § > 0,

(5.6) lim liminf A (e) Fr((1+ 0)z)As()ra(co) Fa((1 +0)z)  _
t=00 z>~ R, (1) A1 (t)v1(c1)F1((1+ 8)x) + As(t)va(ca) Fa((1 + 6)x)

By (5.5) and (5.6) and letting § — 0 yields that

PHX(2.0) 3 A0 (nanes) — i) > )
(5.7) 6113%) tlgg) lim inf > 1.
e 5 (Ol Fi(a)

Now, we consider the upper estimation. For any § > 0, it holds uniformly
for > vAs(t) and sufﬁciently large ¢ that

(5.8) Pr( ZA (nivi(c;) — d;) > x)

< Pr(lmax Xi(t) > (1—5)x)+Pr(X1(t)+72( ) > @, max Xi(t) < (1—6)z)

Pr(Xi(t) > (1—8)a)+ Y. Pr(Xi(t) > 0z, X(t) > g)

i)

Pr(X;(t) > (1 — §)z) + P(Xi(t) > d2)Pr(X;(t) > 5

(14 0) ZA Vi (e Fi((1 — 6)z)

+ (14 8)2A1 (8 (e1) Aa(t)wa(e2) (Fr (62) Fa

where at the last step we use (5.1) three times.
To estimate (5.8), we should point out that

Ay (B)vr(er)Aa(t )Vz(cz)(F1(5iE)F2( )+ F2(0z)F1(%))
E Ai(tyvi(ci) Fi((1 = 0))

A ()i (c1)Aa(Bva(c2) Fi(82)F2 (%)  Ar(t)va(er) A2 (t)va(co) Fo(sx)F1(%)
< LAY 2 LAY 2
= max{ A (e P (1=0)a) ’ Aa(t)va(ca) Fa((1-0)2) }
_ A (B)va(c2)Fa(5)F1(8z)  Ar(H)va(c)F1(E)F2(0)
- ma"{ Fr((1-0)2) : Fa((1-0)a) }

)+ Fao(6x)F1(5

2)),

N |
N |

(5.9)
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Furthermore, since F; € C C D, for any ¢ € (0, 5), it follows from (5.5) that
Ai(t)vi(e) Fi(% )
(5.10) sup  sup ilt )1/_(0) i(3)F;(67) <.
100 1>~ Ao (t) F]((l - 5):6)

Plugging (5.9) and (5.10) into (5.8) and letting 6 — 0 yields that, uniformly
for > yAs(t),

2

(5.11)  Pr(X(2,t) = Y Ai(t)(mivi(ci) — ZAZ vi(ci)Fy(x).

i=1
A combination of (5.7) and (5.11) shows that (2.8) holds for n = 2.

Now suppose that (2.8) holds for n — 1, that is, for x > yA,_1(t) and
sufficiently large ¢,

(5.12)
Pr(X(n—1,t) ZA (uivi(c;) — di) > ZA Ji(ci)Fi(z).

Then, we prove that_(2.8) holds for n. As for the case (5.4)7 by (5.12), it holds
uniformly for z > A, (¢) and sufficiently large ¢ that

n

(5.13)  Pr(X(n,t) — > Ai(t)(uivi(ci) — di) > x)

i=1

— Pr(}_Fi(t) > 2)
> Pr(n Xi(t) > (1+ 6)2)Pr(Xn(t) > —0z)

.
Il

+Pr(X,(t) > (14 68)x z_: ) > —ox)

n—1

— Pr( Z > (14 68)x)Pr(X,(t) > (1 +6)x)

n—

Z Hi(e)Fi((1+0)2) + (1= 8 Ay (v (ea) Ful(1 + 0)a)

n—1

— (18 Y M)l Fi((1+ 6)a) A () (ca) Ful(1 + 6)a).

i=1

In (5.13), it is necessary to mention that

(5.14) zn: ) > —d0x) > (1 —6)"*,
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Actually, by (5.3), the assertion holds for n = 1. By the induction hypothesis
we assume that (5.14) holds for n — 1 and we prove it for n. For some positive
constant v(v < ¢), it holds that

z”: ) > —d0x) > Pr(n_ Xi(t) > (v—0)x)Pr(X,(t) > —vz)
+ Pr(ni Xi(t) > —vz)Pr(X ,(t) > (v — 8)x)
— Pr( 3 Xi(t) > (v—308)x)Pr(X,(t) > (v—6)x)
> (1 Y 7:+1

Therefore, letting 6 — 0, it holds uniformly for = > yA,,(t), t — oo that

n n

(5.15)  Pr(X(n,t) = > Ai()(pivi(c:) — di) > 2) 2> Mi(t)vi(ci) Fi(x).

i=1 i=1

On the other hand, as for the case (5.8), it holds uniformly for x > A, (t),
t — oo that

(5.16)  Pr(X(n,t)— ZAi(t)(Wi(ci) —d;) > 1) = Pr(zy t) >

< ZPr(Yi(t) > (1—0)x) + ZZPr(E(t) > %)Pr(Yj(t) > %I)

i=1 j#i

< (1+9) ZA ()vi(ei) Fi((1 = 6)z)

+(1+6)2i1\( Vi (e Fia( = ZA i (c;)F; (né—zl)
i=1 VE
~ > Aitile) Fi),

=1

where all the inequalities except the last two are obtained by (5.3) and the last
step is due to Lemma 3.1 and the arbitrariness of §. Combining (5.15) and
(5.16), the proof of Theorem 2.3 is accomplished.
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