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EUROPEAN CONTINGENT CLAIMS VALUATION
UNDER REGIME SWITCHING USING THE MELLIN
TRANSFORM APPROACH

Ho-SEOK LEE* AND YONG HYUN SHIN**

ABSTRACT. In this paper we investigate the pricing of European
contingent claims under regime switching. We use the Mellin trans-
form to derive an analytic form of the valuation of contingent claims.

1. Introduction

Valuation of contingent claims under regime switching has been stud-
ied actively since discrete jumps in financial variables can be captured
through the regime switching model. Naik [6] provided an analytic so-
lution to the price of contingent claims when asset return volatilities are
subject to discrete shifts. In the paper, the conditional density of the
occupational time of the volatility process is used to obtain an analytic
form of the price of contingent claims. Boyle and Draviam [1] derived
the coupled partial differential equations to the prices of the contingent
claims under regime switching and suggested a finite difference scheme
along with an iterative method for the valuation of contingent claims
under regime switching.

For the valuations of financial derivatives, the Mellin transform ap-
proaches can be found in [2, 3, 4, 5, 7, 8]. Panini and Srivastav [7]
first introduced the methodology for option valuation with Mellin trans-
form techniques. They derived the integral equation forms for valuation
of European and American plain vanilla/basket put options using the
Mellin transform. Jédar et al. [5] proposed the similar method for the
Black-Scholes equation using the Mellin transform. The American call

Received October 02, 2014; Accepted January 27, 2015.

2010 Mathematics Subject Classification: Primary 91G20; Secondary 91GS&0.

Key words and phrases: European contingent claims, regime switching, Mellin
transforms.

Correspondence should be addressed to Yong Hyun Shin, yhshin@sookmyung.ac.
kr.



90 Ho-Seok Lee and Yong Hyun Shin

option and its free boundary problem (Frontczak and Schébel [4]), the
American perpetual put option model (Panini and Srivastav [8]), the sto-
chastic volatility model for the European plain vanilla option (Frontczak
[2]), and the jump diffusion model (Frontczak [3]) are also investigated
using Mellin transform techniques.

In this paper we use the Mellin transform to derive an analytic form
of the valuation of European contingent claims under regime switching.
Our methodology does not use the conditional density of the occupa-
tional time of the volatility process nor does it use an iterative method
to solve the coupled differential equations. Instead, we solve a system
of differential equations which can be solved analytically by applying
the inverse of the Mellin transform to the solutions and arriving at the
valuation of the contingent claims under regime switching.

The rest of this paper is organized as follows. In Section 2, we apply
the Mellin transform to the coupled Black-Scholes equations and obtain a
new system of differential equations. Section 3 gives an analytic solution
of the price of European contingent claims under regime switching.

2. Differential equations and the Mellin transform

We assume that the price process of the underlying asset S(t) evolves
according to the following equation

ds(t)

—= =rdt t)dB(t

Sy = rde-+ (B0,
where r is the risk free interest rate and B(t) is the standard Brownian
motion under the risk neutral probability measure Q. o(t) takes two
values o1 and oy, corresponding to a hidden Markov process y(t) which

takes two values 0,1 and generated by

(=X N
A= < o ) |
We assume that y(¢) is independent of the standard Brownian motion
B(t).

If we denote Vj, = Vi(S,t), S = S(t), k=0,1, the price of a contin-
gent claim at time ¢ and in the state y(t) = k that pays f(S(T")) at the
maturity T is given by

Vi(S, 1) = e TTIRR [F(S(T)|y(t) = ).

As in Boyle and Draviam [1], we obtain the following coupled partial
differential equations (PDEs)
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oV, 1 9%V, oV,
k 252 k +TSJ—TVk+)\k(V1_k—Vk) =0,

’ 0<S<o0, 0K<t<T
Vie(S,T) = Vi_r(S,T) = f(9),
for k=0,1.

Now, we use the definition and some properties of the Mellin trans-
form in Jédar et al. [5] to obtain the analytic solutions to the cou-

pled PDEs (2.1). We assume that Vi(S, t),aVk(S7 D IVilS.1) and

2V (S o 9S8
t
#, k = 0,1, are Mellin transformable. If we denote the Mellin

transform of V;(S,t) by vg(t)(z) then

= / S*1V(S, t)dS,
0

where z is a complex variable. Also we have the following properties

(see [5]):
/ 5+ 18‘/’“ S VS ) g gtvk(t)(z),

/ Sz&v’“ S D48 = —un(t)(2),

/ g1 ZVS0 ‘ggf D45 = (22 4 2yua()(2).

We also assume that f(S) is Mellin transformable and continuous. Let
f*(2) be the Mellin transform of f(.5), that is,

= /OO S==1f(S)dS
0

The inverse Mellin transform of f*(z) is given by
1 atieo —z px 1 * —(a+iT) £x .
f(S)=— STEf(2)dz = — S fa+ir)dr.
21 Jo—ioo 27 J_ o

Applying the Mellin transform to the equations (2.1) gives us the fol-
lowing system of differential equations

(2.2) { gtvk(t)(Z) + pr(2)vk(8)(2) + Mpv1_i(t)(2) = 0,
vE(T)(2) = v1-k(T)(2) = f*(2),
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for £k = 0,1, where
L,

1
pr(z) = 5‘71«22 + <§0,% - r)z — (r+ M)

3. Solutions to the equations

In this section we derive an analytic form of the price of contingent
claims under regime switching.

THEOREM 3.1. For 0 <t <T

{ v(8)(2) = Ag(2) f*(2)e7™ T 4 By (2) f*(z)em2() (T t)
vk (t)(2) = Ag(2) f*(2)e7™ETD 4 By (2) f*(2)emm T,

where

ma(z) - my (2)
Bi(z) = 1( )+ (z% + A
TR ma(e) + pue) + A
oMtz Pr(z) mMmalz Pr(z k
e Dl )
_ _mQ VA pk yA mi(z pk yA k
(3.1)8 Bi-k(2) = N () —ma()
( ) —(po(z) +p1(z)> - \/(p()(z) p1( )) + 4 oM\
mi\z) = ,
2 2
. (o) + 7))+ () - m) + 4o
ma(z) = 5 7

for k = 0,1. The price of contingent claims at time t in the state k is
given by

Vi(S,t) / S O‘+”){Ak(a +i7) f* (o + i)e M letin)(T=1)
(3.2) + By +i7) f* (v + i)em2(aHm)(T=1) }dT
for k=0,1.

Proof. From (2.2), we have

B3 w0 =3 (5o0E o)
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and

(3.4) &vl,k(t)(z) +p17k(2)1)1,k(t)(2) + Al,kvk(t)(z) =0.
Inserting (3.3) into (3.4) yields

(3.5)

20+ (o(2) 41 (2)) s () (pol2)pa(2)—dos Yuk(D)(z) = 0.

The auxiliary equation of the coupled differential equations (3.5) is given
by

m? + (po(z) +p1(2))m + (po(z)m(Z) - >\0>\1) =0,

which has two distinct roots mq(z), ma(z) are given in (3.1). Then the
general solutions to the differential equations (3.5) are

(3:6)  wk(t)(2) = Ar(2)f*(2)e” ™I 4 By(2) f*(2)e 2T,
From (3.3) and (3.6), we have

m1(z) + pe(2)

v1k(t)(2) = = == A(2) F(z)emET-Y
_ MBk(z)f*(z)efﬂw(z)(T—t)‘
Ak

By the terminal conditions of (2.2), we have

Ag(z) + Bi(z) =1,
5.7 { Cm(e) e) ) male) + mal2)

B =1.
" " k(2)

Then Ak (z), Br(z), A1_k(z) and By_k(z) in (3.1) can be easily obtained
from (3.7). The inverse Mellin transform of v (¢)(z) yields

Vi (S, t) ! /CVHOO ST *u(t)(2)dz

2mi a—100

1 [ A .
=5 / G~ (atir) {Ak(a +ir) (o + iT)e_ml(a+ZT)(T_t)
7r —0o0

(3.8) + Bk(a + ZT)f* (a 4 iT)efmz(onriT)(Tft) }dT,
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for k=0,1. At t =T we have

Vi(S,T) = QL /Oo S—<a+”>{Ak(a +ir) f*(a +i7) + B(a+i7) f* (o + iT)}dT

™

1 [~ :
- / STy (T, o + i7)dr

1 o .
=5 [ N S=(HiT) £ (o 4 i7)dT

= f(5)
for k = 0,1. Therefore, (3.8) satisfies the terminal conditions of (2.1).
From (3.8) we have
Ve _ L
ot 2m ) o

+ ma(a+ i) By(a + i) f* (a + it)eme(@Hin) (=0 }dr,

G~ (atin) {ml (a4 i) Ag(a + 1) f* (a0 + iT)e_ml(aHT)(T_t)

%gk = —2i / (a+ iT)S_(aHT)_l{Ak(a +i7) f* (o0 + i7)e M aFin)(T=)
™ —00

+ By(a 4 i) f* (o + i7)e M2 tin(T - )}dT,

02V, 1 [ , . (atir)—2 N .
557 = o (a+it)(a+iT+1)S {Akz(@ +i7) [ (o +i7)

x e~ o By (o 4 i) f* (v + i7)e M2 HnT - )}dT,

for k=0,1.
Note that

Ak(2)<m1 ) +pe(2) ) + ApAi—k(2) =0,

)

By (z) <m2 + Dk Z)) + A B1-r(2) =0,
()
)

Al—k(z) (m1 Z —l—pl k z) )+ A= kAk =0,

Bl—k(z)< (2) +p1-k(2) ) + Mk Bg(z) =0,

for k =0,1. Thus, (3.2) satisfies

avk 1 2 28 Vk; aVk
_ Ae(Vi o — =
o 2 ger Ty Vet AkViok = Vi) =0,
for k = 0,1. Therefore, Vi (S5,t), for k = 0,1, defined by (3.2) are the

solutions to the equations (2.1). O
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