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ABSTRACT. The space BV2(I) of all the real functions defined on interval
I = [a,b] C R, which are of bounded second a-variation (in the sense De
la Vallé Poussin) on I forms a Banach space. In this space we define
an operator of substitution H generated by a function A : I X R — R,
and prove, in particular, that if H maps BVO% (I) into itself and is globally
Lipschitz or uniformly continuous, then h is an affine function with respect
to the second variable.

1. Introduction

Let (F(I),R) be the vector space of all the real functions defined on interval
I C R. Every function h : I xR — R generates the Nemytskii (or substitution)
operator H : F(I,R) — F(I,R) defined by

(1.1) (Hf)(t) = h(t, f(t)), tel.

In many applications to differential, integral, or functional equations, more
than just continuity the operator (1.1) is required in order to make use of
the basic principles of nonlinear analysis. For instance, in order to solve the
functional equation f(t) = h(t, f(t)) with respect to f € (X,| - ||) € F(I),
one could try to apply the classical Banach fixed point theorem by imposing
on H : X — X a global Lipschitz condition. However, it is well known that
this leads to a strong degeneracy for the corresponding function A, the global
Lipschitz condition on operator (1.1) implies that & must have the form

h(y’y):fO(t)y+f1(t)a te[a yER,

where fo, fi € X, which means that h must be affine. This phenomenon
was proved first by Matkowski [10, 11] in the space of Lipschitz continuous
or continuously differentiable functions, and by Matkowska, Matkowski and
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Merentes [8, 9]. Subsequently, parallel results have been proved in various
spaces of functions of bounded variation (cf. [15, 16, 17]).

In this paper, we prove that if H maps the space BV.2(I) of functions of
bounded a-second variation into itself and it is globally Lipschitz or uniformly
continuous, then h, the generator function of the operator H, is an affine func-
tion with respect to the second variable.

This generalizes the results of Kostrzewski [6], where it is assumed that H
is globally Lipschitzian. The uniformly continuous composition operators were
firstly considered in [12] for the space of differentiable functions and absolutely
continuous functions, later in [13] for the space of Hélder function, and in [14]
for the space of bounded variation functions. Later, these were used in the
main result of the papers [1, 2, 3, 5].

2. Notation and preliminaries

In this section we present some necessary notations and definitions and recall
some knowledge concerning the bounded a-second variation and a-derivative.

De la Vallée Poussin (cf. [20]) defined the second variation of a function f
on the interval I = [a,b] by

i) = f(t)  ft) = f(t-1)

tit1 —t; tj—tj—1

n—1
VA(f)=V3(f;I) =sup )y UG ,
j=1
where the supremum is taken over all partitions m1:a =tg <t;1 <---<t, =b
of I. If V2(f;1) < 400, we say that f is of bounded second variation on I.
The class of all functions which are of bounded second variation is denoted by
BV2(I).

This class of functions was generalized with respect to a strictly increasing
continuous function o : I — R (« is called a weight function). Throughout
the paper o will be weight function (cf. [19, Definition 3]).

Let f be a real function defined on I. For a given partition of the form:
Tra=tg <ty <---<t,=>bof I, weset

n—1
0(2,0) = Z ‘foz[tj’tj-i-l] - foz[tj’tj—l] )
j=1
where ( ) (t)
o fi) = (@
Joltistint] = GG ) oty
and

VZ(f) =V2(f,I) = supo(a,n(f;m),

where the supremum is taken over all partitions 7 of I.
If V2(f;I) < oo, we say that f is of bounded second a-variation on I. The
set of all these functions will be denoted by BV2([).
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A function f is a-derivable at g € I if lim % exists. If this limit
Tr—>T0o

exists, we denote its value by f/ (xg), which we call the a-derivative of f at xg.
Modifying a little the argument (cf. [18, Th. B, p. 24]), we conclude that
if f € BV2(I), there exist the left a-derivative f/_ on (a,b] and the right
a-derivative f! . on [a,b).
The class BV2(I) is a Banach space equipped with the norm

I£]l., = £ (@] + | fax (@)] + V().

Definition 2.1. A function f : I — R is said to be a-Lipschitz if there exists
a constant L > 0 such that

|f(z) - f(y)} < L|Oé($) — Oz(y)}, z,y €I

By a-Lip(I) we will denote the space of functions which are a-Lipschitz. If
f € a-Lip(I) we define

Lz’pa(f)sup{‘igﬁ_ig))’: x#yel}.
Lemma 2.2. If f € BVZ(I), then
(2.1) Lipa(f) < VI(f) + | for ().
Proof. For all tl,tg,tg € I, with a < t; <ty <tz <b we have
R o il
(t3) — « t2 ala)
_ (| fs) — | f(t2) = f() " flt2) = f(t) | | f(t) — fla
‘ a(ts) — « t2 ‘ ‘ a(tl)‘ ‘a(tg)—a(tl)‘ ‘a(tl)—a(a‘
‘f flta)  flt2) — (t1)’+‘f( 2) — f(ta 7f(t1)*f(a)’
(t3) —Oé(tz) a(t2) —alty) - Ta(tz) —a(ty) o) — a(a)
< Vi),
s < [y —a| e

Passing to the limit on the r1ght side in this inequality, as t; — a™, we get

‘ftg *Oétg ‘—‘f“* |+ VD).

and inequality (2.1) follows. O
Lemma 2.3 ([4, Th. 4.1)). If f,g € BV2(I), then f - g € BV2(I). Moreover
Va(f-9) < 1 llcVi(a) + lglloVa (f) + 2(a(b) — ala)) Lipa(f) Lipa(g).
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3. First main result

In this section we prove the first main result of the paper, which reads as
follows.

Theorem 3.1. If the Nemytskii operator H transforms the space BV2(I) into
itself and H is globally Lipschitzian map, i.e., there is an L > 0 such that

(3.1) |Hf —Hfo|, <Ll fi = £, f1.f2 € BV2(D),
then, there are functions A, B € BV2(I) such that
(32) h(t,y) = A(t)y + B(t), tel,yeR.

Moreover, if A,B € BV2(I), then the Nemytskii operator H generated by a
function h of the form (3.2) maps BV2(I) into itself and fulfils inequality (3.1).

Proof. Suppose that the operator H fulfils condition (3.1). Since H f € BV2(I)
for every function f € BV2(I), so putting f(t) = u for t € I, we see that
for every u € R the function h(-,u) € BV2(I). Then h(-,u) is a continuous
function. From the definition of the norm and (3.1), we get

V2(h(, f1() = B, f2(0)) + | (A, f1()) = R f2())) . (a)]
+|h(a, f1(a)) - h(a f2< >>|
(33) < L(V2(h = f) +[(f = £2) @]+ [(f — R)(@)]).

For fixed t,t € (a,b), t <t and let y1, y2, 1,5 € R with y1 # y2 # Yy # Us-
we define the function 1,7 : I — [0,1] by

Yi, S <t

a(s) — alt) -

- = —_— t<s<t,
W a@ e E0F

Ui t<s<b.

Consider the functions f; : I — R, for ¢ = 1,2 defined by
fi(T) = nt,f(T)(yi - yl) ty 7€l i=1,2
we have that f; € BV2(I) for all i = 1,2; because

V2 :z‘gi‘ fori—=1,2,

and if a(s) ' a(t), we obtain
— Y2 — y1 + Yo
3.4 — Rl = ‘ )
( ) Hfl f2Ha Oé(t)*
For the functions f1, fo we have the followmg inequalities:

h(t, [1() = h(E, fo(1)) = h(t, [1(1) + h(t, fa())
a(t) — a(t)

’ + |y1 y2|.
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h(t, /1(t)) = h(t, fo(t)) — h(a, f1(a)) + h(a, fa(a))

at) — ala)
o | P f1(0) = h(E fo(£) = h(t, f1(D) + At fo(t))
B a(t) — a(t)
h(t, f1(1) = h(t, fo(t)) — h(a, f1(a)) + h(a, f2(a))
a(t) — ala) '

Taking into consideration (3.4) the above inequality, we see that inequality
(3.3) takes the form

h’(za fl(z)) — h’(Za f2

h(t, /1(1)) = h(t, o) = h(a, f1(a)) + h(a, f2(a))

(A F10)) = R f2())) s
(‘yl Y2 — y1+y2‘+|y1 y2|>

(t) — aft

equivalently,

|h(T, f1(E) = h(E, f2(D)) — h(t, f1(t) + (. f2(1))]
h(t, /1(t)) = h(t, fo(t)) — h(a, f1(a)) + h(a, f2(a))

a(t) — aa)
+ (R F10)) = B f2 () (@) Ja(E) = a?)]
+ | (@, y1) — ha, y2)|la(F) — a(t)]
< 2Lfy1 = yo = Gu + Ba| + Llvs — palla(?) - a(®)]
Passing to the limits on both sides of this inequality as a(t)  a(t), we get
(3.5) |h(E f1(®) = h(E, f2(8)) = h(t, f1(1) + (L, f2(t))] < 2L|y1 —y2 =Ty + 7|
Setting here

|a(t) — a(t)]

Bi=wtz, ya=w, Yp=2 Yp=0,

we have

(3.6) |h(t,z) — h(£,0) — h(t,w + z) + h(t,w)| <O0.
For any ¢t € I, we define F; : R — R by the formula

(3.7) Fu(y) == h(t.y) — h(t,0).

Hence by (3.6) we have
Fi(w+ z) = Fi(w) + Fi(z),
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i.e., F; is additive. Setting 7, = 7, = 0 in the (3.5) we have
|h(t,2) = h(E,0) = h(t,w + 2) + h(t,w)| < Lly1 — ya,
that is

|Fi(y2) — Fe(yr)| < Llyy —ya|, t€1,y1,52 €R,
which implies the continuity of F;. Therefore, there exists A(t) € R such that

Fi(y) =AMy, yekR
Setting B(t) = h(t,0) for ¢t € I, we have by (3.7)
h(t,y) =Alt)y+ B(t), tel,yeR.

The function B € BV2(I). Since A(t) = h(t,1) — h(t,0), so A € BV2(I).
Now, suppose that A, B € BV2(I) and operator H is generated by the
function h defined by (3.2).
It follows from the Lemma 2.3 that H : BV.2(I) — BV2(I). Moreover, for
every functions f1, fo € BV2(I) and f := f1 — fo we have

I f1 = Hfolla = [|Aflla = VI(AS) + (A )i (a)] + [(A S)(a)]
< sup [AIVE(f) + sup [FIVE(A) + La Ly(a(b) — a(a))

+1A(a) for (@)] + [ f(a) AL+ (a)] + [A(a) f(a)]-
By Lemma 2.2 and the inequalities

[FO < [f(B)=F(@)+]f(a)] < Lyla(t)—ala)|+|f(a)] < L(a(b)—ala))+|f(a)]

for all t € I, we obtain
[H fr = Hfo|,
< sup [AIVZ(f) + £ (@)VZ(A) + VE())VE(A) (ab) - ala))

14 (@IVE(A) (@) — a(@) LaVE(f)(a(b) - ala))
+ Lal flr (@l (@(b) = ala)) + [A@)]| £} (a)]
1@l Al (@) + A1 (@)]
= [ sup 4]+ V2(A)(a(b) ~ a(a)) + La(a(b) ~ a(a) | V()
+ [ + V2(A)(a®) - a@) + La(a(®) - a(a))] 17+ (@)
+ [|4@)] + 144 (@VE(A)] £ (o)

< [ sup |4+ V2(4)(@(t) ~ a(a)) + La(a(b) ~ a(a) | V2(7)

—

+ [sup AIV2(A) (@(B) — (@) + La(a() - a(@)] | (a)

+ | sup 4]+ V(AL F (@)
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Thus setting here
0:=sup|A] and n:=max {1, a(b) — a(a)},
I

we get |[H fi — H falla < L||fi = f2lla, where L := 6 +n(VZ(A) + La). O

4. Uniformly continuous composition operator

Now, we shall weaken the hypothesis of Theorem 3.1 and we get a proposition
that holds only the necessary condition for the Nemytskii operator, for this, we
need to recall some definitions and results that we will use for this purpose.

We put

p(f)i=p(f; ) =inf {e>0: VE(f/e) <1}, [ e BVA),
S0
[flle := £ (@)] + 1 fa+ (@)l + P(S)-
Lemma 4.1. Let f € BV2(I) and 1 < p < +o00. We have:

(1) if p(f) >0, then VZ(f/p(f)) < 1;
(2) if p>0, then VZ(f/p) <1 if and only if p(f) < p;
(3) if p>0 and VZ(f/p) <1, then p(f) = p.

Proof. (1) The definition of p(f) implies V, < 1 for all p > p(f). Choose
a sequence p, > p(f), n € N, which converges to p(f) as n — +oo. Then
f/pn — f/p(f) uniformly on I. So that

V2(f/p(0) < liminf V2 (f/pn) < 1.
It follows that p(f) € {p >0: V(f(f/p(f)) < 1} and

p(f) = {p>0: V2(s/p(f) <1}.

(2) If V2 (f/p(f)) < 1, by definition of p(f) implies p(f) < p. If p(f) = p,

then V2 (f/p(f)) <1 by (1). Let us show that
(4.1) if p(f) < 1, then Vj(f/p) < 1.

If p(f) = 0, then f is a constant function and V2 (f/p) = 0, so, assume that
p(f) > 0. From the convexity of V2(f) and the item above we have:

vi(#/0) < (D)o VE(£/0() <P/ < 1.

(3) Let vg(f/p) = 1. By (2), if p(f) > p, then V2(f) > 1, which is
= p_

impossible. Taking in account (4.1) we conclude that p(f) O
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Now, we will prove the second main result of the paper, which reads as
follows:

Theorem 4.2. If the Nemytskii operator H transforms the space BV2(I) into
itself and H is uniformly continuous map, i.e.,

|Hfi = Hfa|, <w(|fi = f2||),  f1,f2 € BVZ(D),

where w : Ry — Ry is the modulus continuity of H. Then there are functions
A, B € BV2(I) such that

h(t,y) = Alt)y + B(t), tel,yeR.
Proof. For every © € R, the constant function u(t) = z, t € I, belongs to
BV2(I). Since the Nemytskii operator H maps the space BV,2(I) into BV2(I),

it follows that, the function ¢ — h(t,u(t)) = h(t, z) belongs to BV2(I).
The uniform continuous of H on BV?2(I) implies

|Hf1— Hfo||, <w(||fr = fal ), f1,fa € BVE(D),
where w : Ry — R is the modulus continuity of H, i.e.,

w(B) = sup {[H(f1) = H)lla: |~ folla < B, fu, f2 € BVAD)}
for 5 > 0. From the definitions of the norm || - ||o, we obtain

(42)  p(H(f1) = H(f2)) < |H(f1) = H(f)lla for fi, fo € BVI(I).
Hence, in view of Lemma 4.1 and (4.2), if p(H(f1) — H(f2)) < w([[f1 — fla)

then
o H(f1) — H(f2)
Yo (w(llfl lea)>

Therefore, from definitions of V.2 and the operator H, for any fi, fo € BV2(I)
and 6, v, B €I, § <y <f, we get

(4.3)
‘h(ﬂvfl(ﬂ)) —h(B, f2(8)) = h(v, 1(7)) + h(7, f2(7)) ’
[a(B) — a(v)]
h(v, f1(7)) = h(7y, f2(7)) = (8, f1(8)) + h(6, f2(5)) ’
[a(v) = a(9)] '

For every y1,v2,%1, Y, € R, the functions f; : I — R defined by

()= ViV a(t) — «a T
fZ(t) = oz('y) 704(5) ( (t) (7)) + i, € {1a2}a

belongs to BV.2(I). Moreover
HB) =71, f2(B) =T, [1(7) = 1(0) = w1, f2(7) = f2(0) = w2

<1

<w(lfi = falla) + ’

and

Ifi— folla = [A=F1 =2 20
o

)@ (@ 0+
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Y1—Y1—Y2+9Ys ‘
o (a
ot) o)+
Making the correspond substitutions in (4.3) we obtain
‘ h(ﬂvyl) B h(ﬂa??) - h’(/y,/yl)) + h’(FYayQ) ’
[(B) — a(7)]

Sw(‘yl;(:; y2+y2 (a(a) )+y1*y2‘+‘y1_y§_z2(;)§2 O/Jr(a)D
+‘M7yﬂ hy» hwyg+h@yg‘
[a(v) = a(8)] '

Taking arbitrary u,v € R and setting in this inequality

_ U+ v _
Bi=Y=—F5 T PR=v
result
h(B.u) = b (B, "5 = bl “52) + h(.0)
< w(|“57) | —at)|

(5 5) —h) - (350 ) [5G
Letting 5 tend to v and making use of the continuity of h, we hence get

h('y, U;Lv) _ h('y,u);rh('y,v)

for all v € I. This shows that for any ¢ € I, the function h(t,-) is Jensen and,
by assumptions, it is continuous. Consequently (cf. [7, Th. 1, p. 315]), there
exists functions A, B : I — R such that

(4.4) ht,y) = A(ty + B(t), tel, yeR
Since h(-,y) € BV2(I) for all y € R, and, by (4.4),

B(t) = h(t,0),  A(t) = h(t,1)— B(t), tel,
therefore A, B € BV2(I). O
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