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ON THE EQUATION ¢(5™ —1) =5" —1
BERNADETTE FAYE, FLORIAN LucA, AND AMADOU TALL

ABSTRACT. Here, we show that the title equation has no positive integer
solutions (m,n), where ¢ is the Euler function.

1. Introduction

Let ¢(m) be the Euler function of the positive integer m. Problem 10626
from the American Mathematical Monthly [6] asks to find all positive integer
solutions (m,n) of the Diophantine equation

(1) (5™ —1)=5"—1.

To our knowledge, no solution was ever received to this problem. Here, we
prove the following result.

Theorem 1. Equation (1) has no positive integer solution (m,n).

Results in this spirit appear in [3], [4], [6], [7], [8], [9], [10], [11].

2. The proof of Theorem 1

For the proof, we make explicit the arguments from [9] together with some
specific features which we deduce from the factorizations of 5 — 1 for small
values of k. Write

(2) 5™ —1=2%7" - pr.
Thus,
(3) P(5™ — 1) =227 1pP T (py — 1)+ pi (py — 1).

We achieve the proof of Theorem 1 as a sequence of lemmas. The first one
is known but we give a proof of it for the convenience of the reader.

Lemma 2. In equation (1), m and n are not coprime.
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Proof. Suppose that ged(m,n) = 1. Assume first that n is odd. Then ords(5™—
1) = 2, where for a prime p and a nonzero integer k we write ord, (k) for the
exact exponent of p in the factorization of k. Applying the ords function in
both sides of (3) and comparing it with (1), we get

(a—l)—l—rﬁ(a—l)—i—i:ordg(pi—l):z

i=1

If m is even, then @ > 3, and the above inequality shows that a« =3, r =0, so
5™ — 1 =8, false. Thus, m is odd, so « =2 and r = 1. If a; > 2, then

PP ged(@(5™ —1),5™ — 1) = ged (5™ — 1,5" — 1) = 5570 1 =4,

a contradiction. So, @y =1, 5™ — 1 = 4p;, and
5m —1 5m —5

5" —1=2(p —1) =

which is impossible. Thus, n is even and since ged(m, n) = 1, it follows that m
is odd so o = 2. Furthermore, a previous argument shows that in (2) we have
ay = - = a, = 1. Since m is odd, we have that 5- (5("~1/2)2 =1 (mod p;),
therefore (pi) =1fori=1,...,7. Here, (%) is the Legendre symbol of a

with respect to the odd prime p. Hence, p; = 1,4 (mod 5). If p;, =1 (mod 5),
it follows that 5 | ¢(5™ — 1) = 5™ — 1, a contradiction. Hence, p; =4 (mod 5)
for i =1,...,r. Reducing now relation (2) modulo 5, we get

4=4"" (mod5), therefore r=0 (mod 2).
Reducing now equation
2Apy 1) (pr— 1) = 95" 1) =5" ~ 1

modulo 5, we get
2
2- (3”2)2 =4 (mod 5), therefore (g) =1,
a contradiction. (I

Lemma 3. If (m,n) satisfies equation (1), then m is not a multiple of any
number d such that p | 5% — 1 for some prime p =1 (mod 5).

Proof. This is clear, for if not, then 5 | (p—1) | ¢(5¢ — 1) | (5™ — 1) = 5" — 1,
false. g

Since 29423041 is a prime dividing 532 — 1, it follows by Lemma 3 that
ordz(m) < 4. From the Cunnigham project tables [1], we deduced that if
g <512 is an odd prime, then 57 — 1 has a prime factor p =1 (mod 5) except
for ¢ € {17,41,71,103,223,257}. So, if ¢ | m is odd, then

(4) g€ Q:={17,41,71,103,223,257} U {q > 512}.
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Throughout the rest of the paper, we put
(5) E=m—n.

Note that k£ > 2 because m and n are not coprime by Lemma 2. The next
lemma gives an upper bound on k.

Lemma 4. The following inequality holds:

5Fe loglog g
(6) log <10g <%>) < 2027.

qlm
q>2

Proof. Write
S
m = 2%° Hqiai, ¢; odd prime, i =1,...,s.
i=1

Recall that oy < 4. None of the values m = 1, 2,4, 8,16 satisfies equation (1)
for some n, so s > 1. Then

oM —1 om —1 1
" t s 1 ()

p[5m—1 p-1

For each prime number p # 5, we write ¢, for the order of appearance of p in
the Lucas sequence of general term 5™ — 1. That is, £, is the order of 5 modulo
p. Clearly, if p | 5™ — 1, then ¢, = d for some divisor d of m. Thus, we can
rewrite inequality (7) as

(8) s <1 II (14——¥L—).

If p | m and £, is a power of 2, then ¢, | 16, therefore p | 5'¢ — 1. Hence,
peP=1{231317, 313, 11489}
Thus,
(9) 11 14— <] 14— ) <35
p=1) 7~ p—1 o
£p]16 peP

Inserting (9) into (8), we get
5 1
1 — 1+ ——
(0) 3_5< ]._.[ H<+p_1>’

where for a nonzero integer ¢ we write P({) for the largest prime factor of ¢
with the convention that P(£1) = 1. We take logarithms in inequality (10)
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above and use the inequality log(1 + z) < x valid for all real numbers x to get

s (55 ) > Y-h

dlm €y —a P
P(d)>2

If ¢, = d, then p=1 (mod d). If P(d) > 2, then since d | m, we get that every
odd prime factor of d is in Q. In particular, it is at least 17. Thus, p > 34.
Hence,

10g< > > Z Z < > Z + 0.007.

dlm £y *d p>37 dlm £p _d
P(d)>2 P(d)>2

We thus get that

(11) log (5—2) < Y Sa

dlm
P(d)>2
where
1
(12) Sy = Z -
Ly=d p

We need to bound S,;. For this, we first take

Pa=A{p: 4L, =d}.
Put wg := #Py. Since p =1 (mod d) for all p € Py, we have that

dlog5

w d d
(13) (d+1)~ < Hp<5 —1<5% therefore wd<m.

PEPa

We use the Brun-Titchmarsh theorem in the version due to Montgomery and
Vaughan [12] which asserts that
(14) (m:d, 1)« —22 _ forall 2>d>2

m(z;d, or all = > 2,

¢(d) log(x/d)

where 7(z;d, 1) stands for the number of primes p < z with p = 1 (mod d).
Put Q4 :={p<4d:p=1 (mod d)}. Clearly, Q4 C {d+1,2d+1,3d+ 1} and
since d | m and 3 ¢ Q, it follows that d is not a multiple of 3. In particular,
one of d + 1 and 2d + 1 is a multiple of 3, so that at most one of these two
numbers can be a prime. We now split Sy as follows:

1
(15) Sa< > =+ Y —+Z =T+ Ty +Ts.
p<4d p 4d<p<d> >al2

p=1 (mod d) p=1 (mod d) Z =d
=d
P
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Clearly,
1
(16) Ty=> -
PEQua P
For S5, we use estimate (14) and Abel’s summation formula to get

P ot d 1
L[,
4

w=4d d 12

m(x;d, 1)
X

T <

oW 2 /d2 dt
~ d?¢(d)logd  ¢(d) Jsa tlog(t/d)
2 2 d*
S S togd T o) 0elost/ d)‘t:zld
2loglogd 2 1
- 2+ iy (g osvs).
The expression 1/logd — loglog4 is negative for d > 34, so

2loglogd
17 Ty < —=—— forall d> 34.
1) <@
Inequality (17) holds for d = 17 as well, since there
1 1 2loglog 17
T <Sir=—4+—""=-<0003<013 < ———
2217 = 09 T 166344409 o(17)

Hence, inequality (17) holds for all divisors d of m with P(d) > 2.
As for T3, we have by (13),

< Wa < log 5
d?> " dlog(d+1)

Hence, collecting (16), (17) and (18), we get that

1 2loglogd log 5
19 Sq < -+ + .
(19) ¢ p;d p #d  dlog(d+1)

(18) 15

We now show that
3loglogd
o(d)

Since ¢(d) < d and at most one of d + 1 and 2d + 1 is prime, we get, via (19),
that

(20) Sa <

1 1 2loglogd log 5
< +
d+1 3d+1 ¢(d) dlog(d+1)
1

4 log 5
—— | = +2loglogd + —=— | .
< 5(d) (3* 08108 +1og<d+1>>

Saq
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So, in order to prove (20), it suffices that
4 log b
4. logb
3 log(d+1)

The only possible divisors d of m with P(d) > 2 (so, whose odd prime factors
are in Q), and with d < 200 are

(21) R :={17,34,41,68,71,82,103, 136, 142, 164}.

< 2loglogd, which holds for all d > 200.

We checked individually that for each of the values of d in R given by (21),
inequality (20) holds.

Now we write d = 2%dy, where ag € {0,1,2,3,4} and d; is odd. Since
di > 17 > 2% we have that d < d3. Hence, keeping d; fixed and summing
over o, we have that

lo 210 dy) 1 1 1
ZS2add1<SZ g gl <1+1+§+Z+§)
(22) ag=0 ag=0

8.7log(2 1ogd1)

¢(dr)
Inserting inequalities (20) and (22) into (11), we get that
5k ) 8.7log(2log dy)
23 log| — ) < —_—.
(23) 8 (3.6 > T

dﬂm
di>1
dy odd

The function
a — 8.7log(2loga)

is sub—multiplicative when restricted to the set A = {a > 17}. That is, the
inequality

8.7log(2log(ab)) < 8.7log(2loga) - 8.7log(2logb) holds if min{a,b} > 17.

Indeed, to see why this is true, assume say that a < b. Then logab < 2logb,
so it is enough to show that

8.71log2 + 8.71log(2logb) < 8.7log(2loga) - 8.71og(2logd)
which is equivalent to
8.71og(2logb) (8.7log(2loga) — 1) > 8.7log 2,
which is clear for min{a, b} > 17. It thus follows that

8.7log(2logdy) 8.7log(2log ¢")
2o\ orl) 1 — | - L
D aanl | U L D7y

qlm
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Inserting the above inequality into (23), taking logarithms and using the fact
that log(1 + x) < = for all real numbers z, we get

Ske)) 8.7log(2log q")
24 log ( log | — < _—
e (s (55)) < T X5
qlm i>1
Next we show that

8.71og(21og(q")) _ 20logloggq
25 . < for
25) 2o 7

We check that it holds for ¢ = 17. So, from now on, g > 41. Since

q € Q.

log(2log ¢") = log(2i) + loglog q < (1 4 logi) + loglogq < i + logloggq,

we have that

o0

log(2 1Og(qi)) i log 1 1—
; o) ; g1 *® qu; ¢ '(g—1)
2

q q

_ PR + (loglogq) <m)
< (loglogq) ((qz 1)3 + (q —(11)2)
= (loglogq) ((2;_1)%)

because loglog g > 1. Thus, it suffices that

2¢° — 2
8.7( a qg) < —0, which holds for ¢ > 41.
(¢—1) q

Hence, (25) holds, therefore (24) implies

5Fe loglog g

2 log (1 — 2 —_

(26) og<og<3-6>)< Ogl ,
qlm

q
q>2

which is exactly (6). This finishes the proof of the lemma. O
Lemma 5. If ¢ < 10* and q | m, then q | n.

Proof. This is clear for ¢ = 2, since then 24 | 52 — 1 | 5™ — 1, therefore
8 =¢(24) | (5™ — 1) = 5™ — 1, so n is even. Let now ¢ be odd. Look at the
number
57 -1
= Tfl ..
Assume that [ > 2. Since 7; = 1 (mod ¢) for i = 1,...,1, we have that
@l (ri—1)(rn—1)| ¢(5™ — 1) = 5" — 1. Since ¢|[57! — 1 for all odd
q < 10%, we get that, q | n, as desired. So, it remains to show that [ > 2 in

(27) i
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(27). We do this by contradiction. Suppose that [ = 1. Since r1 =4 (mod 5),
reducing equation (27) modulo 5 we get that

1=4% (mod 5),

so 1 is even. Hence,

5" —1
=[.
5—-1
However, the equation
m—1
x O
z—1

for integers > 1 and n > 2 has been solved by Ljunggren [5] who showed that
the only possibilities are (z,n) = (3,5), (7,4). This contradiction shows that
[ > 2 and finishes the proof of this lemma. (I

Remark. Apart from Ljunggren’s result, the above proof was based on the
computational fact that if ¢ < 10* is an odd prime, then ¢||59~! — 1. In fact,
the first prime failing this test is ¢ = 20771.

Lemma 6. We have k = 2.

Proof. We split the odd prime factors p of m in two subsets
U={q[n} and V ={qtn}.

By Lemma 4, we have

5ke loglogq loglogq
(28) log (log (%)) <20 Z — + Z ——= | :=20(T1 + T>).

qeU peV q

We first bound T5. By Lemma 5, if ¢ € V, then ¢ > 10% In particular,
q > 512. Let t > 9, and put I; = [2¢,28*1) N V. Suppose that rq,...,r, are
all the members of I;. By the Primitive Divisor Theorem (see [2]), 5%« — 1
has a primitive prime factor for all divisors d of 1 ---7,—1, and this prime is
congruent to 1 modulo r,. Since the number ry ---7,_1 has 2v~1 divisors, we
get that

24~ <ord,, (¢(5™ — 1)) = ord,, (5" — 1).
Since 7, t n, we get that ord,. (5" — 1) = ord,, (5"*~! — 1), so

log 5" «log 5 2t*+11og5
2¢=1 <ord,, (5™t —1) < 8 — Tu08 08
log ry, log ry (t+1)log2

The above inequality implies that u < ¢ — 1, for if not, then u > ¢, and we
would get that
2+ jog 5

ot = oF 41 > (t+1)log2 > 10log 2
S G log? or ogh > (t+1)log2 > 10log2,
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a contradiction. This shows that #I; <t — 1 for all ¢t > 9. Hence,

2 t—ll log 2!
20T, <Y O Og 9% 14

t>9

Hence, we get that

5ke loglog q
29 1 1 — 20 ——— +14.
(29) Og(og(3'6))< > +

qlged(m k) 4
q>2

We use (29) to bound k by better and better bounds. We start with

5k 1
log (1og (3—;)) < 20(loglog k) Z - | +14,

alk
q>2
which is implied by (29) Assume k > 3. We have
k 2.5
— < —— < 1L.79loglogk + ———
Z Z d- (k) T v ot

qlk dlk

where the last inequality above holds for all & > 3 (see inequality (3.41) in
[13]). We thus get that

logk < log(klog5h + 1 —log(3.6)) < 20 x 1.79(loglog k)* + 51.4,
which gives logk < 2163. Since
Z log g > 2166 > logk,

17<q<2243
it follows that

loglog g loglog g
T = —< ——— < 1.48.
o lelws 5
qlged(m,k) 17<q<2243
q>2

Hence,
5ke 13
log | log 36 <20x148+1.4; so k<2x10".
By (4), the first few possible odd prime factors of m are 17, 41, 71, 103, 223,
257 and all others are > 512. Since

17 x 41 x 71 x 103 x 223 x 257 x 512 > 10 > k,

it follows that
loglog17 loglog41l loglog71 loglog103 loglog 223
og log 4 0g log I 0g log i 0g log i 0g log
17 41 71 103 223
loglog 257
257

T <

< 0.143.
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Hence,

k
log (1og (Z—é)) <20%0.143+1.4; so k< 44.

If follows that ged(k, m) can have at most one odd prime factor, so

< loglog 17

1< = <007,

therefore

5k
10g(10g(3—§))<20x0.07+1.42.8; so k<11

Thus, in fact k& has no odd prime factor, giving that 77 = 0, so

5Fe
log ( log 36 <14, therefore £k <2.

Since by Lemma 2, m and n are not coprime, it follows that in fact k£ > 2, so
k=2. O

Lemma 7. k£ > 2.

Proof. Let ¢; be the smallest odd prime factor of m which exists for if not
m | 16, which is not possible. Let ¢1,...,¢s be all the prime factors of m. For
each divisor d of ¢3 - - - gs—1, the number 5% — 1 has a primitive divisor which
is congruent to 1 modulo ¢;. Since there are 2°~! divisors of ¢s - - - g5, We get
that

2571 <ord,, (p(5™ — 1)) =5" — 1.

Since ¢; does not divide n (otherwise it would divide & = 2), we get that
ordg, (5" — 1) = ord,, (5% ! — 1), and

log5?  q1logh <
loggr  logq

25—l < ordg, (5‘11_1 — 1) <

Hence,

log 1

<1 .
s + log 2

Lemma 4 now shows that

52 log1 20slog]1
log <1og <3—g>) < 202 08084 < 208080

q Q1
q|lm
q>2
1 log 1
<2(1+ 0gq1 ) 0808 q1
log 2 Q1

This gives ¢1 < 300, so by Lemma 5, we have ¢; | k, which finishes the proof
of this lemma. O
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Obviously, Lemmas 6 and 7 contradict each other, which completes the proof
of the theorem.
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