Bull. Korean Math. Soc. 52 (2015), No. 2, pp. 505-511
http://dx.doi.org/10.4134/BKMS.2015.52.2.505

SOME UNIFORM GEOMETRICAL PROPERTIES IN
BANACH SPACES

KYUGEUN CHO AND CHONGSUNG LEE

ABSTRACT. In this paper, we investigate relationships among property
(k-B), weak property (Bk), k-nearly uniformly convexity and property
(Ag)-

1. Introduction

Let (X, ||-||) be a real Banach space and X* the dual space of X. By Bx and
Sx, we denote the closed unit ball of X and the unit sphere of X, respectively.
For a sequence (z,) in X, we let sep(x,,) = inf {||x,, — || : n # m}. Denote
by N and R the set of natural numbers and real numbers, respectively. For
A, B C N, we write A < B if maxA < min B. For a Banach space X
with a basis (e,) and z, y € X, we write 2 < y if supp = < supp y, where
suppr={i€N:a; #0, =3 .o, ae;}.

A Banach space is said to be reflexive if the natural embedding n : X — X**
is onto. A Banach space X is said to have Banach-Saks property (BS) if
any bounded sequence in the space admits a subsequence whose arithmetic
means converge in norm. In similar way, we say that a Banach space X has
weak Banach-Saks property (w-BS) if any weakly convergent sequence in the
space admits a subsequence whose arithmetic means converge in norm. Since
any weakly convergent sequence is norm bounded, it follows that Banach-Saks
property implies weak Banach-Saks property. We note that weak Banach-Saks
property and Banach-Saks property coincide in the reflexive Banach space. A
Banach space X is said to be uniformly convex (UC) if for every e > 0, there
exists § > 0 such that if 2,y € Bx and |lz —y[| > ¢, [z +y|| <1-46.

S. Kakutani [2] showed that unform convexity implies Banach-Saks property.
T. Nishiura and D. Waterman [6] proved that Banach-Saks property implies
reflexivity in Banach spaces.
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A Banach space is said to have property (Ag) if it is reflexive and there
exists a number §, 0 < § < 1, such that for a weakly null sequence (x,,), there

exist n; < ng < --+ < ng with H% Zle an < 1-—9. We say that X has the
property (A) if it has the property (Ay) for some k € N.
Let z1,29,...,2x4+1 € X. The k-dimensional volume enclosed by 1, zo,. . .,
Tp+1 18 given by
V(z1,22,. .., Thr1)
1 - 1
fiw) o fi(@egr)
= sup ) ) fi€ Bx«, i=1,2,...,k
fe(x) - fr(@rtr)
A Banach space X is said to be k-uniformly rotund (k-UR), k > 1, if for each
€ > 0 there exists a 6 > 0 such that for ; € Bx (i = 1,2,...,k+ 1) and
V(x1,T2,. .., Tht1) > €, k+r1 HZE’E sz <1-94.
J. R. Partington [7] introduced the notion of property (Aj) and show the
following strict implications:

(UC)= (A2) = (43) = - = (Ax) = (BS)

A Banach space X is said to have the property (k-5) if for each € > 0, there
exists § > 0 such that for any x € Bx and any sequence (z,) C Bx with
sep(zy,) > € there exist n; € N, ¢ = 1,2,...,k with ny < ng < -+ < ny such

that
1 k

A Banach space X is said to be k-nearly uniformly convex (k-NUC) if for
each € > 0, there exists 6 > 0 such that for any sequence (x,) C Bx with
sep(zy,) > € there exist n; € N, ¢ = 1,2,...,k with ny < ng < -+ < ny such

that
k
1
i=1

D. Kutzarova [3] introduced the notion of property (k-f5) and k-nearly uniformly
convexity and show the following strict implications:

(UC) = (B1) = 2-NUC = (32) = 3-NUC = --- = (BS)
¥ ]

Ay As

A Banach space X has the weak property () if it is reflexive and there exists
d > 0 such that for any 2 € Bx and any weakly null sequence (z,,) C Bx there

<1-6.

<1-6.




SOME UNIFORM GEOMETRICAL PROPERTIES IN BANACH SPACES 507

exist n; €N, 1 =1,2,...,k with ny < ng < --- < ng such that

1 k
e (o)
We say that X has the weak property (8o) if it has the weak property (8x)
for some k € N. K. G. Cho and C. S. Lee [1] introduced the notion of weak
property (8x) and show the following strict implications:

(UC) = (w-f1) = (w-f2) = - = (w-B) = (BS)

In this paper, we show that the property (k — ) implies the weak property
(Bk) but the converse does not hold.

<1-4.

2. Main parts
We begin with the proposition:

Proposition 2.1. Let X be a Banach space.
(1) If X has the weak property (Bk), then it has the property (Ax+1) for all
k>1.
(2) If X has the property (Ag), then it has the weak property (Bi) for all
k>2.

Proof. (1) Choose a corresponding ¢ > 0 according to the definition of weak
property (8x). Let (x,,) be a weakly null sequence in Bx. Take x = x1 = xy,,
then for (xy,),>2 there exist 2 < ny < ng < -+ < ngyq such that

1 k+1 1 k+1
— = — ll<1-s.
k+1 ;x k1 9”;2:“ =

This means that X has the property (Ag+1).

(2) Choose a corresponding § > 0 according to the definition of property
(Ag). Let € Bx and (z,,) be a weakly null sequence in Bx. Since X has the
property (Ag), there exist ny < na < -+ < ny such that

1l
i=1
Then
k
1 ko
—_— ||l <——1+k(1-6)=1———
k+1 z+;x S ppp LHAA=0) k+1
Taking 6, = kk—fl, we get the result. O

We want to show the converses of Proposition 2.1 do not hold. We need
lemma, example and proposition. The following lemma and example can be
found in [4] and [7], respectively.
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Lemma 2.2. [i-direct sum of finitely many Banach spaces with k-NUC' has
k-NUC.

Example 1. For x = (a,) € Iz, we define a norm ||z||(x) by

=

2

el = sup (Zlam ) Y al

n n n
LSS ST n#Eny,na,...,nk

Then |z[2 < [lzllay < VE|z|2. Let X = (I2,| - lx)) - Then X has the
property (Ag+1) but not the property (Ayg) [7].

Proposition 2.3. The property (k-8) implies the weak property By.
Proof. Let 6

1
5
Put § = mm{ ST

quence in By. If there exist n; < mg < --+ < ng such that ||z,

be chosen according to the definition of (k-8) for e = %

(3 } Let + € By and (x,) be a weakly null se-
< %, then

Hﬁ(erzf1x”)H<k_-}-1(1+E):17%<175 We now consider

the case that [|z,|| > % except finite n less than k. Assume [2n|| > 3 for all

n € N. We note that hmmfnﬁoo |2 — | > ||lzm| > 3 for every m. Put
ny = 1. Since liminfy, o0 [|2n — 1] = ||lz1]| > 4, there exists ng with na > ny
such that ||zn, — @,| > &. Having chosen @y, , ..., 2y, with |z, — 2, | > 1
whenever ¢ # j, 1 <1, j <. Since iminf, o0 ||Zn — Zn, || = |20 || > % for
i=1,2,...,1, there exists nyy1 with nyy1 > ny such that ||z, — 2, || > % for
i=1,2,...,1L

We get a subsequence () of () with sep(z,,) > 2. Then there exist

2
Ty seees Ty, such that

1 i 1
— e || <o =] <1-—6.
e (AP PL (2)—
Jj=1
This completes the proof. ([

We are ready to show that the converses of Proposition 2.1 do not hold. The
techniques are same with [3].

Proposition 2.4. (1) There exists a Banach space with the property (Aky1)
which does not have the weak property (By) for each k > 1.

(2) There exists a Banach space with the weak property (Bx) which does not
have the property (Ax) for each k > 2.

Proof. (1) Since I3 is uniformly convex, it is 2-NUC. By Lemma 2.2, (I3+R);, is
2-NUC. Since 2-NUC implies the property (As) [3], (I2 +R);, has the property
(Az2). Let (ep) be the usual unit bases of ls. Then ((ey, 0)) is weakly null in (I3+
R)i,- But for (0,1) € (la+R)i,, 10, 1)+ (en, 0) [ go4m),, = ll(€ns Dlltary, =2
This means that (l2 + R);, does not have the weak property (81).
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For k > 2, X}, is k-UR [5]. Since k-UR implies (k-3) [3], X is (k-5). Since
(k-B) implies (k + 1)-NUC [3], X} is (k + 1)-NUC. By Lemma 2.2, (X + R);,
is (k + 1)-NUC. Since (k 4+ 1)-NUC implies the property Axt1 [3], (Xi + R);,
has the property Ag41.

We note that X does not have the property Ay [7]. Then for all § > 0, there
exists weakly null sequence (z,,(6)) in B, such that 4 Hzle T, (6)H(k) >1-§

for all n; < ng < -+ < ng. Let y = (0,1), yn = (2,(6),0). Then y, y, €
B(x,+r),, » (Un) is weakly null in (X, + R);, and

k k
1 1
1l y+zym %1 1+ anl(@
=1 (X+R)y, =1 (k)
1 k
> ——(1+k(1-6)=1—-—=4¢
- k+1( +k( ) k+1

for all ny < ng < -+ < ng. This means that (Xx +R);, does not have the weak

property (Bk).

(2) X}, does not have the property Ay, [7] and is k-UR [5]. Since k-UR implies
(k-5) [3], Xk is (k-8). By Proposition 2.3, X}, has the weak property 8. This
completes the proof. (I

We finally investigate the converse of Proposition 2.3.

Example 2. Let X = (Hp>2 lp) and (e!")) be a usual unit basis for I,. For
=2/
+1 .
n=0,12...and 1 <p<n+1let famsn,, = (0. .,o,egp_pl%o, ...) with

all zero except pth coordinate eglpfpllg. Then (f;) is a basis for X = (Hp22 lp) .

We need a lemma.

Lemma 2.5. Let z,y € B(H L) with © < y. Then ||z +y| < V2.
2

p=2"P
Proof. Let x =" a;ifiand y =3 . a;fi. For p>2, let

m(m + 1)

5 +p formZO}

Ap:{iESUppx:i:
and
m(m+ 1)
2
Then for all p > 2, we know A, < B, and

Bp:{iESUppy:i: +p formZO}.

2

o0
e+ 92 =" 13" ae® + 3 azel?
p=2 |[i€A, i€B,

p
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2
P

el
3N

= [l + lyl* = 2.
This completes the proof. (I
Using the above lemma, we get the following.

Proposition 2.6. There exists a Banach space with the weak property (f1)
which is not k-NUC for all k > 2.

Proof. Let X = (Hp22lp)2' Let # = >0 aifi, Tn = Y 4oy bgn)fi € Bx and
(zn,) be a weakly null sequence in Bx. Then there exists N € N such that
||Z;°2N+1 aifz-H < i. Since (x,,) be a weakly null sequence in By, there exists

no € N such that HZfil bgn”)fi < i. Then by Lemma 2.5,

00 N
ol < | D aifi+ D0 0S|+ DD aidi|| + o0
i<N i>N+1 i=N+1 i=1

if--5)

Taking § = 2 — @, X = (Hp22 lp)2 has the weak property (/31). On the other

hand, X fails to have an equivalent NUC norm [3]. We get the result. O

The above proposition also implies that there exists a space which satisfies
the weak property (81) but does not satisfy the property (k-3) for all k. By
[1], [3], [7], Propositions 2.1, 2.3, 2.4 and 2.6, we finally get the following strict
implications:

(UC)= (1) =2-NUC = (f2)=3-NUC = ---=(BS5)

(8 (3 (3 (8
(UC) = (w-f1) = (42) = (w-52) = (A3) = --- = (BS)
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