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MULTIDIMENSIONAL BSDES WITH
UNIFORMLY CONTINUOUS GENERATORS
AND GENERAL TIME INTERVALS

SHENGJUN FAN, YANBIN WANG, AND LISHUN XIAO

ABSTRACT. This paper is devoted to solving a multidimensional back-
ward stochastic differential equation with a general time interval, where
the generator is uniformly continuous in (y, z) non-uniformly with respect
to t. By establishing some results on deterministic backward differential
equations with general time intervals, and by virtue of Girsanov’s theo-
rem and convolution technique, we prove a new existence and uniqueness
result for solutions of this kind of backward stochastic differential equa-
tions, which extends the results of [8] and [6] to the general time interval
case.

1. Introduction

In this paper, we are concerned with the following multidimensional back-
ward stochastic differential equation (BSDE for short in the remaining):

T T
(1) yt:§+/ g(s,ys,zs)ds—/ zsdBs, te€ [O,T],
t t

where T satisfies 0 < T" < 400 called the terminal time; £ is a k-dimensional
random vector called the terminal condition; the random function g(w,t,y, 2) :
Q x [0, 7] x R¥ x R¥*4 s RF is progressively measurable for each (y, z), called
the generator of BSDE (1); and B is a d-dimensional Brownian motion. The so-
lution (yt, 2t)se[o,7) is @ pair of adapted processes. The triple (£, 7, g) is called
the parameters of BSDE (1). We also denote by BSDE (£,T,¢g) the BSDE
with the parameters (£,7T,¢g). The nonlinear BSDEs were initially introduced
by Pardoux and Peng [12]. They proved an existence and uniqueness result
for solutions of multidimensional BSDEs under the assumptions that the gen-
erator ¢ is Lipschitz continuous in (y, z) uniformly with respect to ¢, where
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the terminal time 7' is a finite constant. Since then, BSDEs have attracted
more and more interesting and many applications on BSDEs have been found
in mathematical finance, stochastic control, partial differential equations and
so on (See [4] for details).

Many works including [1], [2], [6], [8], [9], [10], [11] and [13], see also the
references therein, have weakened the Lipschitz condition on the generator g to
extend the existence and uniqueness result obtained in [12]. In particular, by
virtue of some results on deterministic backward differential equations (DBDEs
for short in the remaining), Hamadeéne [8] proved the existence for solutions
of multidimensional BSDEs when the generator ¢ is uniformly continuous in
(y, z). Furthermore, by establishing an estimate for a linear-growth function,
Fan, Jiang, and Davison [6] obtained the uniqueness result under the same
assumptions as those in [8]. It should be pointed out that all these works
mentioned above only deal the BSDEs with finite time intervals.

Chen and Wang [3] first extended the terminal time to the general case and
proved the existence and uniqueness for solutions of BSDEs under the assump-
tions that the generator g is Lipschitz continuous in (y, z) non-uniformly with
respect to ¢, which improves the result of [12] to the infinite time interval case.
Furthermore, [5] and [7] relaxed the Lipschitz condition of [3] and obtained
two existence and uniqueness results for solutions of BSDEs with general time
intervals, which generalizes the results of [11] and [10] respectively.

In this paper, by establishing some results on solutions of DBDEs with gen-
eral time intervals and by virtue of Girsanov’s theorem and convolution tech-
nique, we put forward and prove a general existence and uniqueness result for
solutions of multidimensional BSDEs with general time intervals and uniformly
continuous generators in (y, z) (see Theorem 7 in Section 3), which extends the
results of [8] and [6] to the general time interval case. It should be mentioned
that the uniform continuous assumptions for the generator are not necessarily
uniform with respect to ¢ in this result.

We would like to mention that some new troubles arise naturally when we
change the terminal time of the BSDE and the DBDE from the finite case to
the general case. For example, in the case of T = 400, the integration of a

constant over [0,7] is not finite any more, fOTu(t) dt < C'supyepo, ) u(t) may

not hold any longer, and fOT v%(s)ds < 400 can not imply fOT v(s)ds < +o0.
All these troubles are well overcome in this paper. Furthermore, although the
whole idea of the proof for the existence and uniqueness of Theorem 7 originates
from [8] and [6] respectively, some different arguments from those employed in
[8] is used to prove the existence part of Theorem 7. More specifically, in the
Step 1 of the proof for the existence part of Theorem 7, the proof of Lemma
12 is completely different from that of the corresponding result in [8], and we
do not use the iteration technique used in [8] for solutions of BSDE (¢, T, g™)
(see (19) in Section 4). In addition, the Step 3 of our proof for the existence
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part is also very different from that in [8]. As a result, the proof procedure is
simplified at certain degree.

This paper is organized as follows. Section 2 introduces some usual notations
and establishes some results on the solutions of DBDEs with general time
intervals. Section 3 is devoted to stating the existence and uniqueness result
on BSDEs — Theorem 7, and Section 4 gives the detailed proof of Theorem 7.

2. Notations and some results on DBDEs

First of all, let (Q,F,P) be a probability space carrying a standard d-
dimensional Brownian motion (By):>o and let (F;):>0 be the natural o-algebra
filtration generated by (By)i>0. We assume that Fr = F and (F;)>o is right-
continuous and complete. In this paper, the Euclidean norm of a vector y € R*
will be defined by |y|, and for a k X d matrix z, we define |z| = \/T'r(z2*), where
and hereafter z* represents the transpose of z. Let (z,y) represent the inner
product of z, y € RF.

Let L2(Q), Fr,P;R¥) be the set of R¥-valued and Fr-measurable random
variables ¢ such that [|¢]|2. := E[|¢|?] < +oc0 and let $?(0,T;R*) denote the
set of R¥-valued, adapted and continuous processes (Yi)tejo,7) such that

1/2
Y|s2 := (E ) < +o0.

Moreover, let M2(0, T; R**4) denote the set of (equivalent classes of) (F)-
progressively measurable R¥*?-valued processes (Zt)tejo,r) such that

T 1/2
12wz 2= (E / \Z,)2 dt ) < +00.
0

Obviously, S%(0,T;RF) is a Banach space and M2(0,7; R¥*?) is a Hilbert
space.

Finally, let S be the set of all non-decreasing continuous functions p(-) :
R* — RT with p(0) = 0 and p(z) > 0 for all z > 0, where and hereafter
R* =0, +00).

As mentioned above, we will deal only with the multidimensional BSDE
which is an equation of type (1), where the terminal condition £ is Fr-measur-
able, the terminal time T satisfies 0 < T' < 400, and the generator g is (Fy)-
progressively measurable for each (y,z). In this paper, we use the following
definition.

sup |V;[”
t€[0,7]

Definition 1. A pair of processes (y:, 2t):eo, 1) taking values in RF x RF*4 is
called a solution of BSDE (1), if (yz, 2¢):e[o, 1) belongs to the space S2(0,T;RF)
xM2(0, T; R¥*4) and dP — a.s., BSDE (1) holds true for each ¢ € [0, T].

The following Lemma 2 comes from [10], which will be used later.
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Lemma 2. Let p € N, f(-) : R? — R be a continuous and linear-growth
function, i.e., there exists a positive constant K such that |f(z)] < K(1+ |z|)
for allz € RP. Then fp(x) = infyere{f(y) +n|lz—y|}, x € RP, is well defined
forn > K and satisfies

(i) Linear growth: for each x € RP, |f,(z)| < K(1 + |z]|);
(ii) Monotonicity in n: for each x € RP, f,(x) increases in n;
(ili) Lipschitz continuous: for each x1, 2 € RP, we have | fn(x1) — frn(z2)] <
nlry — xal;
(iv) Strong convergence: if x, — x, then f,(x,) — f(x) as n — +o0.

In the following, we will establish some propositions on DBDEs with general
time intervals, which will play important roles in the proof of our main result.

Proposition 3. Let 0 < T < 400 and f(t,y) : [0,7] x R — R satisfy the
following two assumptions:

(B1) there exists a function u(-) : Rt — RT with fOT u(t)dt < 400 such
that for each y1, y2 € R and t € [0,T],

|f(ty1) = f(ty2)| < ult)yr — v2l;

(B2) [ |f(t,0)]dt < +oo.
Then for each 6 € R the following DBDE

T
¢l =0+ [ fe)ds te0T)
t
has a unique continuous solution (yi)ie(o, 1) such that sup,cio y |ye| < +oo.

Proof. For each () : RT — R¥ such that fOT B(t) dt < 400, let Hp(.y denote
the set of the continuous functions (y:);c[o,r] such that

1/2
T
||y||ﬂ() = (tsgl?lﬂ] |:e_ft B(T)dr|yt|2:|> < +00.
€10,

It is easy to verify that Hpg (. is a Banach space. Note that for any y. € Hg(.),
in view of (B1) and (B2),

T T T
d d d
/0 £t tg/o u(t)lun t+/0 £ (£, 0)]
T

T
S/o u(t)de - [efo ﬁ(r)dTHyHB(»)} Jr/o |f(t,0)|dt < +o0.

For any y. € Hg(.), define

T
n::5+/ Fsye)ds, te[0,T).
t
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Then we have

T
|Y||B(»>\/Sup [e’ft ATy 2| < sup [V
te[0,T] te[0,T]

T
<19 +/ |f(t,y4)| dt < +oo.
0

Thus, we have constructed a mapping ® : Hg(.y — Hg(.) such that ®(y;) =Y}
for each t € [0,7]. Next we prove that this mapping is strictly contractive
when §(+) is chosen appropriately.

Take y!, y? € Mgy and assume that ®(y}) = Y;', ®(y7) = Y for each

t €[0,T]. Let us set Y. := Y! —¥2 4. :=y' — 42 Then we have
d [em AN R] < o ST A (5(5)[F; 2 ds + 27, aY;)
= e [P (B(s) V]2 ds — 2Vi(f(s,y)) — f(5,42)) ds),

from which it follows that

T
e~ ffTﬂ(T)dTDA/;le :/ e~ fsT B(r)dr [2ﬁ(f(t,y;) - f(t,yﬁ)) - ﬁ(3)|?§|2} ds.
t

By (B1) and the inequality 2ab < Aa? + b%/X\ (A > 0) we get that

T
L A A Ve ANEARE AR

t

< [ e Touts) - s v+ 1] as,

from which it follows that, with choosing \ > 4fOT u(s)ds and B(s) = Au(s),

IN

. (T aiar R
¥l < 3 ) o POt as

1 T . r 1.
<5 swp [P0 R] [ uts)ds < 1
te[0,7) 0

So HY||[3(~) < £[19ll5(.), which implies that ® is a contractive mapping from Hg/.
to Hg(.). Then the conclusion follows from the fixed point theorem immediately.
O

From the proof of Proposition 3, we can directly obtain the following Propo-
sition 4.

Proposition 4. Assume 0 < T < +oo, f satisfies (B1) and (B2), (yt)ieo,1
is the unique continuous solution of DBDE (2) such that SUPyc(o,7 lys] < 400,
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C is an arbitrary constant and yi* is defined recursively as follows, for each
neN and 6 € R,

T
y = C; y?+1:5+/ f(s,yg)ds, te[0,T].
t
Then y; — y, as n — +oo for each t € [0,T].

Proposition 5 illustrates the comparison theorem for solutions of DBDE with
general time intervals.
Proposition 5. Let 0 <T < 400, f and f" satisfy (B1)~(B2), (yt)ieo, 1] and

(yé)te[O,T] with SUDye0,7] (|yt| + |y£|) < 400 satisfy respectively DBDE (2) and
the following DBDE, for some §' € R,

T
y, =0 —|—/ f'(s,yl)ds, te]0,T].
¢

Assume that f(t,y;) > f'(t,y;) for each t € [0,T]. Then, we have
(i) (Comparison theorem) if 6 > &', then yy > y; for each t € [0, T];
(ii) (Strict comparison theorem) if § > ', then y, > y; for each t € [0,T].
Proof. For each t € [0,T], let us set
fQty) — f(Ewp)
a(t) = Y — Ui
05 Yt = y;&a
b(t) == f(t,y;) — f'(t,y;) and §; := y, — y;. From (B1) and (B2) we can deduce
that fOT la(s)]ds < fOTu(s) ds < 400 and fOT b(s)ds < +oco. Then we have

Yt #yfh

T
m:a—&+l (F(5,9s) = F(s,0) + F(s,00) — F'(5,9))) ds

T T
=6—4 +/ a(s)ys ds +/ b(s)ds, tel0,T].
t t

As a result, in view of the conditions that ¢ > ¢’ and b(¢) > 0 for each ¢ € [0, T,

T
gy = eli a(s)ds lé 5'+/ b(s)els alr)dr ds] >0, telo,T)
t

Furthermore, if § > ¢’, then ¢, > 0 for each ¢ € [0,7]. The proof is then
completed. O

Proposition 6. Let 0 < T < +oo, u(-) be defined in (B1) and p(-) : RT — R*
be a continuous function such that ¢(z) < ax +b for all x € R, where a and
b are two given nonnegative constants. Then for each § € R, the following

DBDE

T
(3) £:5+['M@¢ﬁnm te(0,7),
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has a solution (y})ie(o, 1] such that SUPyeo,1] |y?| < +oo. In addition,

(1) if 6 > 0 and o(x) > 0 for all x > 0, then DBDE (3) has a unique
solution;
ii) if § =0 and () € S with o 1(x)dx = 400, then DBDE (3) has
0+

a unique solution y; = 0.

Proof. Let ¢n(x) := infyer{®(y) + nlz — y|} with B(y) = ¢(|y|) for y € R.
Then it follows from Lemma 2 and Proposition 3 that ¢, (x) is well defined on
R for each n > a, and for each n > a, the following two DBDEs

T
(4) st =5 [t as, e 0.1]
t
and
T
yf =0 —|—/ (au(s)yg + bu(s)) ds, t€]0,T]
t

have, respectively, unique solutions ;"  and 79 with SUP4e 0,7 ly; ’6| < 400 and
SUPyeio,7) [70] < +o0. Clearly, y/° > 0 and 770 > 0 for each t € [0,7] and n > a.
By Proposition 5 and the fact that ¢, < ¢,41, we have y"*a < y”“"s < y‘5.
Therefore, for each ¢ € [0, 7], the limit of the sequence {y/*°}:>° must exist,
we denote it by y9. In view of (i) and (iv) in Lemma 2, using Lebesgue’s
dominated convergence theorem we can obtain that

lim U(S)wn(y?"s)dSZ/O U(S)G(yﬁ)ds=/0 u(s)p(y?) ds.

n—-+oo 0

Thus, by passing to the limit in both sides of DBDE (4) we deduce that

T
=5+ / w(s)p(y?) ds, ¢ €[0T,
t

which means that y¢ is a solution of DBDE (3).

Let us now suppose that 6 > 0 and () > 0 for all 2 > 0. For each z > §, set
G(z) = le o H(z)dz. Tt is easy to see that —oo = G(+00) < G(21) < G(22) <
G(9) for each z; > z3 > 6. Then the inverse function of G(z) must exist, we
denote it by G~'(u) for u < G(§). Let y{ be a solution of DBDE (3). It is
obvious that y¢ > § and dG(y{) = u(t) dt. Hence, G(y3)—G(y?) = ftT u(s) ds,
which implies that y{ = G~(G(8) — ftT u(s) ds) for each ¢ € [0, T]. The proof
of (i) is then completed.

Finally, we prove that (ii) is also right. Assume that 6 = 0 and ¢(-) € S with
Jo+ ¢ M) dz = 400. For each z > 0, set H(z) := le e Yx)da. Tt is clear
that —oo = H(+00) < H(z1) < H(z2) < H(0) = +oo for each z; > z3 > 0.
Then the inverse function of H(z) must exist, we denote it by H~!(u) for each
u € R. Now let y? be a continuous solution of DBDE (3). Then y? > 0 and
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dH (yY) = u(t) dt. Hence, for each 0 <t <t; < T,
t1
= (m68) - [ uas).
t

Furthermore, noticing that H(y{.) — H(y%) = H(0) = +o0 as t; — T and
H=1(+00) = 0, we know that yf = 0 for each ¢t < T'. Therefore, DBDE (3) has
a unique solution y; = 0. 0

3. Main result

In this section, we will state the main result of this paper. Let us first
introduce the following assumptions with respect to the generator g of BSDE
(1), where 0 < T < +00.

(H1) g is uniformly continuous in y non-uniformly with respect to t, i.e.,

there exist a deterministic function u(-) : [0,7] — R with fOT u(t) dt
< +o00 and a linear-growth function p(-) € S such that dP x dt —a.e.,
for each y1, y2 € R¥ and z € R¥*4,

lg(w; t,91,2) = g(w, 1,92, 2)| < u(®)p(lyr — v2l);
Furthermore, we assume that [, p~'(u) du = +00;

(H2) ¢ is uniformly continuous in z non-uniformly with respect to ¢, i.e.,
there exist a deterministic function v(-) : [0,7] — RT with fOT (v(t) +
v?(t)) dt < +oo and a linear-growth function ¢(-) € S such that dP x
dt — a.e., for each y € RF and z1, 2, € RF*4,

|g(W,t,y,21) - g(watayaZQH < ’U(t)(b(|21 - ZQ');

(H3) Foranyi=1,...,k, g;(w,t,y, z), the ith component of g, depends only
on the ith row of z;

(H4) E [(foT |g(w,t,0,0)|dt)2] < +00.

In the sequel, we denote the linear-growth constant for p(-) and ¢(-) in (H1)
and (H2) by A > 0, i.e., p(z) < A(1 + ) and ¢(x) < A(1 + ) for all x € RT.
In the remaining of this paper, we put an i at upper left of y € R*, z ¢ RF*¢
to represent the ith component of v and the ith row of z, like *y and ‘2.

The main result of this paper is the following Theorem 7, whose proof will
be given in the next section.

Theorem 7. Assume that 0 < T < +oco and g satisfies (H1)~(H4). Then for
each & € L*(Q, Fr,P;RF), BSDE (1) has a unique solution.

Remark 8. In the corresponding assumptions in [8] and [6] the wu(t), v(t) ap-
pearing in (H1) and (H2) are bounded by a constant ¢ > 0, and T is a finite
real number. However, in our framework the u(t), v(¢) may be unbounded. In
addition, Theorem 7 also considers the case of T' = +o00. Therefore, Theorem
7 generalizes the corresponding results in [8] and [6].
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Example 9. Let 0 < T < +o00, and for each ¢ = 1,...,k and (w,t,y,2) €
Q x [0,T] x R* x RF*4_ define the generator g = (g1, ..., gx) by

gilw,t,y,2) = fr®) (h(ly]) + 1) + f2()V/["2] + | Be(w)],

where

1 1
f1(t) = %10<t<6 + Wlagtgm

1 1
fa(t) = %10<t<6 + mhgtﬁ%

h(z) =x1n ilogxgg + [W (=) (x = 8) + h(6)|1zss,

with 0 small enough. Since 2(0) = 0 and h is concave and increasing, we
have h(z1 + x2) < h(x1) + h(xg) for all 1, zo € RT, which implies that
|h(z1) — h(z2)| < h(|z1 — 22|). Thus, note that

1
/ T dz = +o0.
0+ .’L'h’lz

We know that the generator g satisfies assumptions (H1)—(H4) with u(t) =
f1(t), v(t) = fa(t). Tt then follows from Theorem 7 that for each & € L?(Q, Fr,
P;R%), BSDE (1) has a unique solution (y;, 2t)te(0,T]-

It should be mentioned that the above conclusion can not be obtained by
the result of [8], [6] and other existing results.

4. Proof of the main result

This section will give the proof of our main result — Theorem 7. Before
starting the proof, let us first introduce the following Lemma 10, which comes
from Lemma 1.1 and Theorem 1.2 in [3]. Note that Lemma 10 remains valid
in the multidimensional case since their arguments are done via a standard
contraction combined with a priori estimates without using the comparison
theorem. The following assumption will be used in Lemma 10, where we sup-
pose 0 < T < 4o0:

(A1) There exist two deterministic functions w(-),v(:) : [0,7] — R™T with
fOT (u(t) + v*(t)) dt < 400 such that dP x dt — a.e., for each yi,
y2 € RF and 21, 2o € RF*?,

lg(t,y1,21) — g(t, Y2, 22)| < ult)|yr — y2| +v(t)][21 — 22|.

Lemma 10 (Theorem 1.2 in [3]). Assume that 0 < T < +o0 and g satisfies
(A1) and (H4). Then for each & € L?(Q, Fr,P;R¥), BSDE (1) has a unique
solution (yt, 2t)rejo,1)-



492 SHENGJUN FAN, YANBIN WANG, AND LISHUN XIAO

4.1. Proof of the uniqueness part of Theorem 7

The idea of the proof of this part is partly motivated by [6]. Let (y{, 2} )iefo,1]
and (y7, 27 )ejo,r) be two solutions of BSDE (1). Then we have the following
Lemma 11.

Lemma 11. The process (y} *y?)te[O,T] is uniformly bounded, i.e., there exists
a positive constant Cy > 0 such that

(5) dP x dt —a.e., |y —v?| < Cy.

Moreover, for eachn € N, 1 =1,2,....k and 0 <r <t <T, we have

T
6) B[y =yl F] < ant / E™ [u(s)p(lys — y2)|F] ds,
t

24 T
an¢(n+2A>/0 o(s) s,

and E™[X|F;] represents the conditional expectation of random wvariable X
with respect to Fy under a probability measure P™* on (Q, F), which depends
on n and i, and which is absolutely continuous with respect to P.

where

Proof. Using 1t6’s formula to |y — yZ|* we arrive, for each t € [0,7T], at

T T
=il [l 2P as =2 [l - ag(sdieh) — gl D) ds
t t

(7) 9 / (W — o2 (=1 — 22)dB).

The inner product term including ¢ can be enlarged by (H1)-(H2) and the
basic inequality 2ab < 2a? + b?/2 as follows:

20yt —y2, 9(s,yl, 2h) — g(s,y2,22))
<2yt —y2llg(s,yt, z) — g(s,y2, 28) + g(s,y3, 20) — g(s,y2, 22)]
< 2lys — y2|(Au(s)|ys — y2| + Av(s)|zs — 22| + Au(s) + Av(s))

1
< B(s)ly, —yi I + 5lzs — 2317 + Au(s) + Av(s),

where B(s) = 24u(s) + 2A4%0v%(s) + Au(s) + Av(s). Putting the previous in-
equality into (7) we can obtain that for each t € [0, T],

T T
=i < [ Bl =P ds =2 [l —ak G - ) aB) < C.
t t
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where C' = fOT A(u(s)+wv(s)) ds. Note that both (y}, Ztl)te[O,T] and (y?, Z?)te[O,T]
belong to the process space S?(0,T; R*) x M?(0, T; R**4). By the Burkholder-
Davis-Gundy (BDG for short in the remaining) inequality and Holder’s inequal-
ity we have that there exists a positive constant K’ > 0 such that

E | sup

t€[0,T]

<K'E W o~ w22t 22 ds
T
JREEE
0

which implies that (fg (ys —y2, (22 — 22)dBy))epo, 1) is an (Fy, P)-martingale.
Then we have that for each 0 <r <t < T,

/t<y1 2, (1 — =) dB,

<K'\ |E| sup |y} —yil?|\|E < +o0,

te[0,7]

E [ly; — vi|? ’]: / B(s)E [|ys — yfﬂ]ﬂ ds + C.
By Lemma 4 in [7] we have

E[lyl — y21?|F] < Celo PO — ()2,

which yields (5) after taking r = ¢.
In the sequel, by (H3) we have that for each ¢t € [0,T7],

T T
b = yp =/ (gi(s,yt,'2d) — gi(s,y2."22)) ds—/ ("zi —22) dBs.
t t

Then, (H3) and Tanaka’s formula lead to that, for each ¢ € [0, T,

T
"y —"yil < / sen('ys — Y2) (9i(s.ya, "20) — gils,y2,22)) ds
¢
(8) r
~ [ sl =ty - ) aB,
t
Furthermore, it follows from (H1) and (H2) that
9 lgi(s,ys,'22) = gils. 92, 2] < uls)p(lys — v2]) +v(s)g(|"zs — '22)).

Recalling that ¢(-) is a non-decreasing function from R™ to itself with at most
linear-growth. From [6] we know that for each n € N and « € R,

(10) o(z) < (n+24)z + ¢ (%).

Thus, combining (8)—(10) we get that for each n € N,

. . 24 r
i, 1 i,2 <
"y yt|_¢(n+2A)/O v(s)ds
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T . .
+ [ (usdolls} = 920+ (n+ 24)0(5)[ 24— 52 ds
t

T
- / sgn(’yl — 2)(zt - 22)dB., te(0,T).
t

Now for each t € [0, 7], let
sgn('y; —"y7) (‘2 —'2})"

6?71 = (TL —+ 214) |Zzt1 — Zzt2|

Lt =210

Then, (e?’i)te[O,T] is a R%-valued, bounded and (F;)-adapted process. It follows
from Girsanov’s theorem that Bj"" = B; — fot emiv(s)ds, t € [0,T], is a d-
dimensional Brownian motion under the probability P™% on (Q, F) defined by

dpm T : 1" :
P = P {/0 v(s)(el")*dBs — 5/0 v2(s)]e™|? ds} .

Thus, for each n € N and ¢ € [0, 7],
b=t o (25 ) [ eeas s [ unul -2 as
0 t

(11) n+2A

T
- / sgn('y! — iy?)(iz} — i22) dBI.
t

Moreover, the process (fot sen(lyl —1y2) (P21 —122) dB;“')te[O 7] is an (Fy, P™)-
martingale. In fact, let E™[X] represent the expectation of the random vari-

able X under P™. By the BDG inequality and Holder’s inequality we know
that there exists a positive constant K" > 0 such that for each n € N,

E™ | sup

te[0,T)

T
S K//En,z \// |zzél _ zzg|2 ds
0

I T
| e

AP\ 2
< K", |E
=)
Thus, for each n € N and 0 < r <t < T, by taking the condition expectation
with respect to JF,. under P™% in both sides of (11), we can get the desired
result (6). The proof of Lemma 11 is complete. O

t
R [
0

E

< +00.

In the sequel, we can prove the uniqueness part of Theorem 7. First, let
p(y) = p(|y]) for each y € R, and for each n € N, define p,(-) : R — R by

pn(z) = sup{p(y) — n|z —y[}.
yeR
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It follows from Lemma 2 that p,, is well defined for n > A, Lipschitz continuous,
non-increasing in n and converges to p. Then, for each n > A, by Proposition
3 we can let f;* be the unique solution of the following DBDE

T
(12) i =ay Jr/t [u(s)pn (k- fi)]ds, te][0,T].

Noticing that p,, and a,, are both decreasing in n, we have 0 < ft”Jr1 < fI
for each n > A by Proposition 5, which implies that the sequence {f;* :{g
converges point wisely to a function f;. Thus, by sending n — +oo in (12), it
follows from Lemma 2 and the Lebesgue dominated convergence theorem that

T

fo= [ e £)ds = [ (u(s)oti- £)ds, te 0.T)

Recalling that p(-) € S and [, p~'(u)du = 400, Proposition 6 yields that
ft =0. )

Now, for each n > A, j > 1 and ¢t € [0,T], let f;"’ be the function defined
recursively as follows:

T
(13) mlo Oy Pt =, + / (u(s)pn(k - 7)) ds,
t

where C} is defined in (5). Noticing that p,, is Lipschitz continuous, by Propo-
sition 4 we know that f;" J converges point wisely to f;* as j — 400 for each
t€]0,7] and n > A.

On the other hand, it is easy to check by induction that for each n > A,
j>landi=1,...,k,

(14) 'yt =P < 77 < fg7, e 0T,
Indeed, (14) holds true for j = 1 due to (5). Suppose (14) holds true for j > 1.
Then, for each t € [0,T],
u®p(yt —yi 1) < u()plk - f17) < u(typu (k- f77).
In view of (6) with » = ¢ as well as (13), we can deduce that for each n > A
andi=1,2,...,k,
fye =W < < ST, te 0T,

which is the desired result.

Finally, by sending first j — 400 and then n — 400 in (14), we obtain that

supse(o,7 'yt — "yi| = 0 for each i = 1,2,..., k. That is, the solution of BSDE
(1) is unique. The proof of the uniqueness part is then completed.

4.2. Proof of the existence part of Theorem 7

The idea of the proof of this part is enlightened by [8]. But some different
arguments are used, and then the proof procedure is simplified at certain degree.
Assume that the generator g satisfies (H1)-(H4) and & € L%(Q, Fr, P; RF).
Without loss of generality, we assume that u(t) and v(¢) in (H1) and (H2) are
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both strictly positive functions. Otherwise, we can use u(t)+e~" and v(t)+e~*
instead of them respectively.
We have the following Lemma 12.

Lemma 12. Let g satisfy (H1)—(H3), and assume that u(t) > 0 and v(t) >0
for each t € [0,T]. Then there exists a generator sequence {g"} > such that

(i) For eachn € N, g"(t,y, z) is a mapping from Q x [0, T] x R*¥ x R¥*d
into R* and is (F;)-progressively measurable. Moreover, we have dP x
dt — a.e., for each y € R¥ and z € R**4,

9" (£, 2)| < |g(¢,0,0)] + kAu(t)(1 + |y]) + kAv(t)(1 + |z[);
(ii) For each n € N, g"(t,y, z) satisfies (H3), and dP x dt — a.e., for each
y1, y2 € R¥ and 21, 2o € R**?, we have
9" (91, 21) — 9" (t, 92, 22)| < Ru(t)p(lyr — yal) + ko(H)(|21 — 22]),
lg™ (t, g1, 21) — g™ (t, y2, z2)| < k(n+ A) (u(t)|yr — ya| + v(t)]21 — 22]);
(iii) For each n € N, there exists a non- increasing deterministic functions

sequence by (-) : [0,T] — RT with fo n(t)dt — 0 as n — 400 such
that dP x dt — a.e., for each y € RF and z € R¥*4,

9" (£, 2) = g(t,y, 2)| < Kbn(2).

Proof. For each i =1,... k, by (H1)-(H3) we deduce that dP x dt — a.e., for
eachn € N, y, p € R¥ and z, ¢ € R¥*4,

gi(t,p."q) + (n+ A) (u(t)lp — y| + v(t)['q - 'z)
> gi(t,0,0) — (Au(t)(1 +|pl) + Av(t)(1 + ['q]))

+ Au(®)(|p| = lyl) + Av(t)(I'ql = ['2])
> gi(t,0,0) — Au(t)(1 + [y]) — Av(t)(1 +['z]).
Thus, for each n € N, i =1,...,k, y € R¥ and z € R¥*? we can define the
following (F;)-progressively measurable function:
(16)

n(t i(t,p, " A) (u(t)|p — g —*z|)},
g1 (ty,2) = (m)emRm{g p,'q) + (n+ A)(u(t)|p — y| +o(t)['g - 2]) }

(15)

and it depends only on the ith row of z. Obviously, g7(t,y,°2) < gi(t,y,"2),
and it follows from (15) that

gr(t,y,"2) = —1gi(t,0,0)| — Au(t)(1 + |y|) — Av(t)(1 +["2]).
Hence, for each n € N, ¢I" is well defined and (i) holds true with setting
9" = (97,955, 9%)-
Furthermore, it follows from (16) that

My, i (2, - A)(u(t)|p g}
g (ty,"'2) = (_@emmm{g y—D.'z = "9 + (n+ A) (u(®)p] +v(t)|q]) }
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Thus, in view of (H1)—(H2) and the following basic inequality
1 inf — inf < —
(17) Inf fi(z) — inf fo(a)| < sup |f1(z) = fa(z)],
we have, dP x dt —a.e., foreach n € N, i = 1,...,k, y1, yo € R*¥ and 2,
29 € RkXd,
g7 (t, 91, 21) — g7 (t, 92, " 22)

< sup lgi(t,y1 — D, "21 — @) — git,y2 — P, ‘22 — Q)|
(7,9) ER* xRk xd

< u()p(lyr — y2|) + v ()" 21 — "22l),
which means that (H1)-(H2) hold true for g.
In the sequel, it follows from (16) and (17) that, dP x d¢ — a.e., for each
neN,i=1,...,k y1, y2 € RF and 21, zp € RF*?,
|97 (8, 91, 21) — g7 (£, y2, " 20

< sup [(n+ A)(u(t)lp — yi| + v(t)['q — ")
(p,q)GRkXRkXd

— (n 4 A)(u(t)|p — y2| +v(t)['q — *zol)|

< (n+ A) (u®)yr — yo| +o(t)['21 —22).

Hence, (A1) is right for g7
Finally, for each n € N, i =1,....k, y € R¥, 2z € R**? and t € [0, T, let
H,i0(y,2):={(p, ) € R* x R¥ cu(t) p—yl+o(t)['q—"2[> 22 (u(t) +o(t)) } ,
then
HY (v, 2)={(p,q) € R* x R™ s u(t)|p—y|+o(t)'q—"2| < 22 (u(t)+o(1))} -
For each n € N, i = 1,...,k, y € R*¥, z € R¥? t € [0,T] and (p,q) €
H, (v, z), it follows from (H1)-(H2) that
gi(t,p. "@)+ (n + A) (u(®)lp — y|+o(t)'q — =)

> gi(t,y,"2)+n(u(t)|p — yl+o(t)|'q — *2]) = Au(t)+o(t))

> gi(t,y,'2) + A(u(t) + v(t)), dP —as..
Then, since ¢7(t,y,'2) < g¢i(t,y,z), we have that dP x dt — a.e., for each
neN,i=1,...,k, y € R*¥ and z € R**?,
(18)

gty 'z) = inf {gi(t,p,"q) + (n+ A) (u(t)|p — y| + v(t)|'qg — *z|) } .
(pa)EHE , ,(v.2)

In the sequel, (H1)-(H3) and (18) yield that, dP x dt — a.e., for each n € N,
i=1,...,k,y € R¥ and z € R"*¢,

g?(tayaiz) > inf {gi(tayaiz) —U(f)p(|p—y|) _U(t)qﬁ(llq_zzD}
(p9)eH, ; 1 (y,2)
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Z gz(ta Y, iz) - bn(t)a
where

ba(t) = u(t)p (% : %) +o(t)e (% . u(t)vz;)v(t)) .

Thus, dP x dt —a.e., foreachn € N,i=1,...,k y € R¥ and z € R¥*?,
It is clear that b, (t) | 0 as n — 400 for each t € [0,T]. Since p(-) and ¢(-) are

at most linear-growth, we have

by (t) < Au(t) + %(u(t) +v(t)) + Av(t) + %(u(t) + ()

< (A+4A%) (u(t) +v(1)),

from which and the Lebesgue dominated convergence theorem it follows that

fOT b, (t)dt — 0 as n — +oc.
Thus, the sequence ¢" = (g7, 9%,...,95) is just the one we desire. The

proof is complete. O

Now, we can give the proof of the existence part of Theorem 7. First, it
follows from (i)—(ii) of Lemma 12 and (H4) that for each n € N, ¢g" satisfies
(A1) and (H4). Then it follows from Lemma 10 that for each n € N and
¢ € L*(Q, Fr,P; RF), the following BSDE

T T
(19) yp=¢ +/ 9" (s,yl,z0) ds f/ zidBs, te€0,T],
t t
has a unique solution (y;, 2{"):e0,7]- The following proof will be split into three
steps.

Step 1. In this step we show that {(yf)te[O,T]}:g is a Cauchy sequence in
S2(0,T; RF).

For each n, m € N, let (y;', 2" )tcjo, ] and (yi", 21" )tefo,1] be, respectively,
solutions of BSDE (¢, T, ") and BSDE (&, T, g™). Using Ito’s formula to |y}* —
y|? we arrive, for each t € [0,7T], at

T
e — +/ 27— 22 ds
t
T
(20) .y / Wl — 4™ g (5,0 20) — g (s, 2)) ds
t

T
9 / W~y (27 — 27 dBy).
t

It follows from (ii)—(iii) in Lemma 12 and the basic inequality 2ab < 2a? + b?/2
that, with adding and subtracting the term g¢" (s, y™, z™),

S

2<y? 7ygnvgn(57ygvzg) 7gm(saygnaz;n)>
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< 2ly¢ =y (kAu(s)lys — vl + kAv(s)|2y — 27|

+ kAu(s) + kAv(S) 4+ To,m(s))

1
< (D(S) =+ Tnm%(5>)|yg - yln|2 + §|z? - Z;n|2 + kAu(s) + kAv(s) + Tn,m(s)v
where
Tnm(8) = k(b (8)+bm(s)), D(s) = 2kAu(s)+2k*A%v*(s)+kAu(s)+kAuv(s).
Putting the previous inequality into (20) and taking the conditional expectation
with respect to F, yield that, for each 0 <r <t < T and n, m € N,
T
E [|y? - y;mF‘fr} < / (D(S) + Tn,m(5>)E [|y? - ygn|2|fr} ds + Cn,ma
t
where C,, ,,, = fOT (kAu(s) 4+ kAv(s) + Tnm(s)) ds. It follows from Lemma 4 in
[7] that
E [|yf — y7"%|Fr] < Crmelo (PEF7nm () ds
< Cl 1ef0T(D(S)+Tl,1(S))dS — (02)2-

After taking r = ¢ in the previous inequality, we have that for each n, m € N,
dP x dt —a.e., |y} — y"| < Cs.

Furthermore, it follows from (ii) in Lemma 12, (H3) and Tanaka’s formula
that for each t € [0, 7],

T
"y =yl < / sgn(‘yl — "y (g7 (s, 2, '20) — g (s, 92", ' 20")) ds
t

T
(21) - / sgn('y? — Y™ (20 — iz dB,.
t

It follows from (ii)—(iii) in Lemma 12 that, by adding and subtracting the term
95 (s, 95", 2,
(22) |g;n(say?alzg) _g;m(s’y;n’zzgn)l

< ku(s)p(lys — i) + ko(s)d (|28 = "20)) + Tom(5)-

Combining (21)—(22) with (10) we get that for each n, m, ¢ € N and t € [0, T,
T

'Y — "y < Cnymog + k/ (u(s)p(lye = y') + (a + 24)v(s)|"2 = "2") ds
t

T
(23) - / sen(iy? — 'y™) (2t — 2™ dB,,
t

where
24 T T
Chnym,q = ko (q n QA) /0 v(s)ds +/O Tn,m () ds.
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In the sequel, by virtue of Girsanov’s theorem, in the same way as in the proof
of Lemma 11 we can deduce from (23) that for each n, m, g e N, i =1,... k,
and 0 <r <t<T,

T
Enm [yl — | Fr] < Comg +k/ E"m0 [u(s)p(lyy — yi')|F] ds,
t

where E™™ %[ X | F;] represents the conditional expectation of random variable
X with respect to F; under a probability measure P™™%¢ on (Q, F), which
depends on n, m, ¢ and ¢, and which is absolutely continuous with respect to
P.

Finally, note that C), ,, 4 tends non-increasingly to 0 as n, m, ¢ = +00. The
same argument as in the proof of the uniqueness part of Theorem 7 yields that
foreachi=1,...,k,

lim E | sup |y —"y"[*| =0,
i te[o%]lyt ytI]

which means that {(y}")iejo,r};12] is a Cauchy sequence in S?(0,T;R"). We
denote the limit by (yt):epo,1)-

—+o0

+2 is a Cauchy sequence in

Step 2. In this step we show that {(2{")ef0,7}
M2(0, T; R**4).
Using It6’s formula for |y?*|?> defined in BSDE (19), we can obtain that

T T T
P [P =1eP 12 [ g s e ds —2 [ (o2 dB),

t t t

Let G (w) := supyepo, 1y |¥4']- 1t follows from the convergence of {(y;")teo,1] }res
in §%(0,T; R*) that sup, <y E [G2(w)] < +00. In view of (i) in Lemma 12 we
have that for each ¢ € [0, 77,

T
P+ [l ds
¢
T
<lgP -z [ whras)
t
T
+ 2Gn(w)/ (lg(s,0,0)| + kAu(s)(1 + |y2|) + kAv(s)(1 + |21])) ds.
¢
It follows from the BDG inequality that (f(;5 (i, 2 dBs))iejo,r) is an (Fi, P)-

martingale. By the inequalities 2ab < a® + b%, 2ab < Xa® + b2/\ (A =
2k2 A? fOT v%(s) ds) and Hélder’s inequality we deduce that for each n € N,

T
| leneas
0

E
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<E ][] +

T
1+ kA+ A+ 2kA/ u(s) ds] sup E [G7 ()]
0 neN

+E </0 |g(s,0,0)|ds> + kA (/0 (u(s)+v(s))ds>
+k;\4 E </0 v(s)|z;‘|ds>
T
/ |z:|2ds],
0

from which it follows that
T
[ 1zpas
0

where (5 is a positive constant and independent of n.

On the other hand, by taking expectation in both sides of (20), we have that
for each n, m € N,
(25)

T
/ |2" — 2% ds
0

It follows from (i) in Lemma 12 that

1
SCB+§E

(24) sup E <203 < +00,

T
E < 2E / <y? - y?agn(say?azg) - gm(saygnaz;n» ds
0

2(ys — s 9" (5,05, 28) — 9" (8,95, 25"))
< 4klyy —y'l[lg(s,0,0)| + Au(s) (Gn(w) + Gm(w))
+ Av(s)(|25 |+ [25]) + Au(s) + v(s))].

Putting the previous inequality into (25) and using Holder’s inequality and (24)
yields that

T
/ |2% — 22 ds
0

< 16k, |E

E

2

sup |yp — yi"|?
t€[0,T]

T
+32kA/ u(s)ds, [sup E[GZ(w)],| E
0 neN
T
+ 32kA 203/ v2(s)ds, |E
0

E </0 [1g(s,0,0)[+A(u(s) + v(s))] ds)

sup |yp — y%"IQ]
t€[0,7]

sup |y;' — y%”P] :
tel0,7]
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Since sup,,cn E[G2(w)] < 400, {(y")tejo,1)}127 converges in S*(0,T; R*) and
- 2
E (/ [1g(s,0,0)| + A(u(s) +v(s))] ds)
0
2

<2E </OT |g(s,0,0)|ds> +2 (/OTA(u(s) + v(s)) ds) < 400,

we can deduce that,

Iim E

n,m—+00

T
/ |2 — 2™*ds| = 0.
0

Therefore, {(2}")se(0,7] }125 is a Cauchy sequence in M?(0, T; R**?). We denote
by (Zt)tE[O,T] the limit.

Step 3. This step will show that the process (yt, 2¢)¢ejo,7] is a solution of
BSDE (1).

Now, we have known that for each fixed t € [0,7], the sequence {y!'}>
and {j;T 2" dBg} 2 converge in L%(Q, Fr, P; RF) toward to y; and ftT 25 d B
respectively. Next let us check the limit of g™ (s,y?,2") in BSDE (19). First,
for each ¢ € [0, 7], we have

T 2
E </ |g"(s,y?,z?)—g(s,ys,zs)|d8>
t

T
(26) < 2E </ Ig"(s,y?,Z?)—g(s,y?,z?)|d8>
0

2
T
+2E (/ |g(s,y?,z?)g(s,ys,zs)|ds>
0

It follows from (iii) in Lemma 12 that the first term on the right side of (26)
converges to 0 as n — +o00. Furthermore, by (H1)-(H2) and (10) we have that
for each n, m € N,

T
E (/ |9(5ay?azg)—g(S,ys,Zs)|dS>
0

(27) < 2(m 4+ 24)°E </0 (u(s)|y? — ys| + v(s)]2 — 2s]) ds)

2

2
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([ oo ) o (2) )

Note that the second term on the right side of (27) converges to 0 as m — +oo.
On the other hand, it follows from Holder’s inequality that

E ( / ()42 — il + 0(8)[0 — za]) ds>

g(/oz(s)ds)}

T
+2/ v%(s) dsE
0

sup |yp — ytlﬂ
te[0,T]

T
/ |27 — 2,2 ds| .
0

Thus, by virtue of the fact that {(y}", 27")scj0,71}125 is a Cauchy sequence in
S2(0,T;R*) x M2(0,T;R**9), taking n — +oco and then m — +oo in (27)
and taking n — +oo in (26) yield that for each ¢ € [0, T,

lim E

n—-+oo

T T 2
/ g"(s,y?,z?)ds—/ g(sayssz)dS =0.
t t

Subsequently, noticing that (y:)ic[o,r) is a continuous process, by passing to
the limit in BSDE (19) we deduce that dP — a.s.,

T T
yt:€+/ g(Says,Zs)dS—/ zsdBs, te€ [O,T],
t t

which means that (yt, z¢)ef0,7) € S2(0,T; R¥) x M2(0, T; R¥*9) is a solution
of BSDE (1).

Remark 13. Note that if there exists a constant K > 0 such that the function
¢(-) appearing in (H2) satisfies ¢(z) < Kz for all x € R™, then the condition

fOT (v(t)+v*(t)) dt < 400 in Theorem 7 can be weakened to fOT v2(t) dt < 400
as in Lemma 10.
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