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G-SPACES FOR MAPS AND HOMOLOGY
DECOMPOSITIONS

YEON Soo Yoon*

ABSTRACT. For a map p: X — A, we define and study a concept
of Gj-space for a map, which is a generalized one of a G'-space.
Any G'-space is a Gj-space, but the converse does not hold. In
fact, CP? is a G%-space, but not a G’'-space. It is shown that X is
a Gj-space if and only if G"(X,p, A) = H"(X) for all n. We also
obtain some results about Gj,-spaces and homology decompositions
for spaces. As a corollary, we can obtain a dual result of Haslam’s
result about G-spaces and Postnikov systems.

1. Introduction

The Gottlieb groups G, (X) of a space X have been defined by Got-
tlieb in [3, 4]. A space X is called a G-space if Gy, (X) = m,(X) for all
n. It is well known [4] that any H-space is a G-space, but the converse
does not hold. On the other hand, Haslam in [6] introduced the dual
Gottlieb groups G™(X) of a space X and the concepts of G’-spaces. A
space X is called G'-space if G"(X) = H"™(X) for all n. It is known
[6] that any co-H-space is a G'-space, but the converse does not hold.
Moreover, Haslam studied relationships between Postnikov systems and
G-spaces. In [6], He showed that if X is a G-space, then each X, is
G-space and all the k invariants k’;(” are G-primitive, and if X, _1 is a
G-space and the k-invariants k}“ is G-primitive, then X, is a G-space.

In 1959, Eckmann and Hilton [2] introduced a dual concept of Post-
nikov system as follows; A homology decomposition of X consists of a
sequence of spaces and maps { X, qn, i, } satisfying (1) ¢, : X;, — X in-
duces an isomorphism (g,,)« : Hi(X,) = Hi(X) for i <n, (2) i, : X;, —
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Xp41 is a cofibration with cofiber M (H,,+1(X),n)( a Moore space of
type (Hp+1(X),n)), and (3) gn ~ @nt10ip. It is known by [7] that if X
is a 1-connected space having the homotopy type of CW complex, then
there is a homology decomposition { X, g, i } of X such that i, : X, —
Xp+1 is the principal cofibration induced from ¢ : M(Hp41(X),n) —
c¢M(Hy4+1(X),n) by a map ), : M(Hp4+1(X),n) — X, which is called
the dual Postnikov invariants. A space X is called a rational space [14]
if X is a l-connected space having homotopy type of a C'W-complex
such that for each n > 0, H,(X,Z) is a finite dimensional vector space
over Q. It is well known [14] that if X and A are rational spaces and
p: X — Ais a based map, then there exist homology decompositions
{Xn,qn,in}t and {A,, ¢, i)} for X and A respectively and induced maps
{pn : Xn — A, } satistying :
(1) for each n, the following diagram is homotopy commutative

M(H,11(X),n) —2— M(Hp1(A),n)
k:;(X)l k&(A)l

X, Py A,

that is, (k},(A),k},(X)) : Py — pn is a map,
(2) pnt1 @ Xny1 — Apyg1 given by pny1 = pp satisfying commute
diagram

XRLAR

in=ngo0) | =) |

Pn+1
Xn—i—l —_— An+17

(3) for each n, the following diagram is homotopy commutative

X, —2 s A,

ol

x 2 A

For a map p : X — A, the dual Gottlieb sets G™"(X,p, A) of a map
p: X — A, which are generalized of dual Gottlieb groups G™(X), are
defined in [20]. In general, G"(X) C G"(X,p, A) C H"(X) for any map
p: X — A

In this paper, for a map p : X — A, we define and study a concept
of G;}—space for a map, which is a generalized one of a G’-space. Any
G'-space is a Gz’g—space, but the converse does not hold. In fact, C'P?
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is a Gs-space, but not a G’-space. It is shown that X is a G}-space if
and only if G"(X,p, A) = H"(X) for all n. It is clear that any co-HP-
space is a co-TP-space and any co-TP-space is a G;)—space. Moreover, we
show that X is a G’-space if and only if for any space A and any map
p: X —>A Xisa G;}—space for a map p: X — A. We can obtain the
following results about G;—spaces and homology decompositions which
are dual generalizations of the above Haslam’s results about G-spaces
and Postnikov systems. Let X and A be rational spacesand p: X — A
a map, and {X,, qn,in} and {A,,q,, i, } homology decompositions for
X and A respectively. (1) If X is a G),-space for a map p : X — A, then
each X, is 7, -space and the all pairs of k' invariants (k},(A), k(X)) :
Px — pn are Gy, -primitive. (2) If X, is a G, -space and the pair of k'-
invariants (k;,(A), k;, (X)) : px — pp is G}, -primitive, then X, is a G}, -
space. As a corollary, we can obtain a result for G’-spaces as follows.
Let X be rational space and { X, ¢n, i, } homology decomposition for X.
(1) If X is a G'-space, then each X, is G’-space and all the k" invariants
k! (X) are G'-primitive. (2) If X,,_1 is a G’-space and the k’-invariants
k! (X) is G'-primitive, then X, is a G'-space.

Throughout this paper, space means a space of the homotopy type of
connected locally finite CW complex. We assume also that spaces have
non-degenerate base points. All maps shall mean continuous functions.
All homotopies and maps are to respect base points. The base point as
well as the constant map will be denoted by *. For simplicity, we use
the same symbol for a map and its homotopy class. Also, we denote by
[X, Y] the set of homotopy classes of pointed maps X — Y. The identity
map of space will be denoted by 1 when it is clear from the context. The
diagonal map A: X — X x X is given by A(x) = (x, z) for each z € X,
the folding map V: X VX — X is given by V(z,%) = V(x,2) = x for
each x € X. ¥X denote the reduced suspension of X and QX denote
the based loop space of X. The adjoint functor from the group [XX,Y]
to the group [X, QY] will be denoted by 7. The symbols e and e’ denote
7 Y(1gx)and 7(1xy) respectively.

2. Gj-spaces for maps

Let p: X — A beamap. A based map f : X — B is called p-cocyclic
[13] if there is a map 6 : X — AV B such that the following diagram is
homotopy commutative;
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X %, AvB

2l i|
Xxx P9 4y B,

where j : AV B — A x B is the inclusion and A : X — X x X is the
diagonal map. We call such a map 0 a coassociated map of a p-cocyclic
map f.

In the case p = 1x : X — X, f : X — B is called cocyclic
[16]. Clearly any cocyclic map is a p-cocyclic map and also f : X —
B is p-cocyclic iff p : X — A is f-cocyclic. The dual Gottlieb set
DG(X,p,A; B) for a map p : X — A [20] is the set of all homotopy
classes of p-cocyclic maps from X to B. In the case p = 1x : X — X,
we called such a set DG(X, 1, X; B) the dual Gottlieb set [16] denoted
DG(X; B), that is, the dual Gottlieb set is exactly same with the dual
Gottlieb set for the identity map. We denote DG (X, p, A; K(m,n)) by
G"(X,p, A; ) and DG(X, p, A; K(Z,n)) by G"(X,p, A), DG(X; K (Z,n))
by G"(X). Haslam [6] introduced and studied the coevaluation subgroups
G"(X;m) of H"(X;7). G™(X;m) is defined to be the set of all homo-
topy classes of cocyclic maps from X to K(m,n). A space X is called
[6] a G'-space if G"(X) = H"(X) for all n. The next proposition is an
immediate consequence from the definition.

PROPOSITION 2.1. [22]

(1) Forany mapsg: X — A, h: A — B and any space C, DG(X, g, A;
C) Cc DG(X, hg,B;C).

(2) DG(X, B) = DG(X,1x, X; B) C DG(X, g, A; B) C DG(X, %, A;
B) = [X, B] for any spaces X, A and B.

(3) DG(X,B) = "{DG(X,g9,A;B)|lg : X — A is a map and A is a
space}.

(4) If h : A — B is a homotopy equivalence, then DG (X, g, A;C) =
DG(X, hg, B;c).

(5) For any map k:Y — X, k*(DG(X,g,A;B)) C DG(Y, gk, A; B).

(6) For any map k:Y — X, k*(DG(X;B)) C DG(Y,k,X; B).

(7) For any map s : B — C,s.(DG(X,g,A; B)) C DG(X,g, A;C).

In general, DG(X;B) C DG(X,p,A;B) C [X, B] for any map p :
X — B and any space B. It is known [20] that for any n, G"(S™ x
S™Z) # GM(S™ x S, p1,S™Z) # H"(S™ x S™, Z).

A based map g : X — A is called weakly cocyclic [18] if g*(H" (X)) C
G™(X) for all n. Any cocyclic map is an weakly cocyclic map, but the
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converse does not holds. It is known [6] that RP? is a G’-space, but
not co-H-space. Thus we know that the identity map 1pp2 is an weakly
cocyclic map, but not cocyclic map.

PROPOSITION 2.2. [18] X is a G'-space if and only if ¢’ : X — QXX
is weakly cocyclic.

DEFINITION 2.3. Let p : X — A be a based map. A based map
g : X — B is called an weakly p-cocyclic if g*(H"(B)) C G™(X,p, A) for
all n.

The next proposition is an immediate consequence from the defini-
tion.

ProposITION 2.4. (1) If g : X — B is an weakly cocyclic map
and 0 : B — C' is an arbitrary map, then 0g : X — C is weakly
cocyclic.

(2) For a map p : X — A, any weakly cocyclic map g : X — B is
weakly p-cocyclic.

(3) Foramapp: X — A, if g: X — B is an weakly p-cocyclic map
and 0 : B — C' is an arbitrary map, then g : X — C is weakly
p-cocyclic.

The following proposition says that co-H-spaces are completely char-
acterized by the dual Gottlieb sets.

PROPOSITION 2.5. [11] X is a co-H-space if and only if DG(X, B) =
[X, B] for any space B.

A space X is called [22] a co-HP-space for a map p : X — A if there is
amap 0 : X — XV Asuch that j# ~ (1 xp)A, where j: XVA — X x A
is the inclusion and A : X — X x X is the diagonal map, that is,
1x : X — X is p-cocyclic.

PROPOSITION 2.6. [22] X is a co-HP-space for a map p : X — A if
and only if DG(X,p, A; B) = [X, B] for any space B.

A space X is called a co-T-space [18] if ¢/ : X — Q¥ X is cocyclic. The
following proposition says that co-T-spaces are completely characterized
by the dual Gottlieb sets.

PROPOSITION 2.7. [18] X is a co-T-space if and only if DG(X,QB) =
[X, QB] for any space B.

A space X is called [23] a co-TP-space for a map p : X — A if
there is a map 6 : X — QXX V A such that jO ~ (¢’ x p)A, where
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j:OQEXX VA QY X x Ais the inclusion and A : X — X x X is the
diagonal map, that is, ¢/ : X — QXX is p-cocyclic.

PROPOSITION 2.8. [23] X is a co-TP-space for a map p : X — A if
and only if DG(X,p, A;QB) = [X,QB] for any space B.

It is clear, from Proposition 2.1(2) and the above propositions, that
any co-T-space is a co-TP-space for any map p : X — A.

DEFINITION 2.9. A space X is called a G;-space foramapp: X — A
ife : X — QXX is weakly p-cocyclic.

The following theorem says that a G;—space can be characterized by
the dual Gottlieb sets for a map p: X — A.

THEOREM 2.10. X is a G)-space for a map p : X — A if and only if
G"(X,p,A) = H"(X) for all n.

Proof. Suppose that X is a G;,—space for amap p : X — A. Let
g: X — K(Z,n) = K(Z,n+1) be any map. Since g = Q7 !(g)e’ : X —
QK(Z,n+1) and € : X — QXX is weakly p-cocyclic, g : X — K(Z,n)
is weakly p-cocyclic. On the other hand, suppose that G™(X,p, A) =
H™(X) for all n. Since 1x : X — X is weakly p-cocyclic, we know that
the map e’ = €'l is weakly p-cocyclic and X is a G/-space for a map
p: X — A O

Since G"(X) = DG(X; K(Z,n)) C DG(X,p, A; K(Z,n)) = G™"(X, p,
A) C [X,K(Z,n)] = H"(X), any G’-space is a G,-space for any map
p: X — A

Moreover, we can easily obtain, from the fact K(Z,n) ~ QK (Z,n+1)
and Proposition 2.6 and Proposition 2.8, the following corollary.

COROLLARY 2.11. Any co-HP-space is a co-TP-space and any co-TP-
space is a G,-space.

COROLLARY 2.12. Let X be a G'.-space for a mapr: X — A.

(1) If r: X — A has a right homotopy inverse i : A — X, then A is a
G'-space.

(2) If r : X — A has a left homotopy inverse i : A — X, then X is a
G'-space.

Proof. (1) It is sufficient to show that H"(A) = G"(A) for all n.
Since X is a Gl-space, H"(X) = G™(X,r, A). Moreover, we know, from
the fact i ~ 1: A — A, that ¢* : H"(X) — H"(A) is an epimorphism.
Thus we have, from Proposition 2.1(5), that H"(A) = *(H"(X)) =
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i*(GM(X,r,A)) € G"(A,ri,A) = G"(A) and A is a G'-space. (2) We
show that H"(X) C G™(X) for all n. We obtain, from Proposition
2.1(1), that H*(X) = G*(X,r,A) C G*(X,ir,X) = G"(X,1,X) =
G™(X). Thus we know that X is a G'-space. O

From the above corollary, we know that if X dominates A and X is a
G'-space, then A is also a G’-space. Moreover, we can clearly obtain,
from Proposition 2.1(2),(3), the following corollary.

COROLLARY 2.13. X is a G'-space if and only if for any space A and
anymapp: X > A, X isa G;—space foramapp: X — A.

It is well known fact [20, Theorem 2.8] that p: X — A is a cocyclic
map if and only if DG(X,p, A; B) = [X, B] for any space B. It is also

known [7, Proposition 15.8] that for any cofibration sequence B LB

F%SBs... ,0: F — ¥ B is cocyclic. Thus we have that for any cofi-
bration sequence B N E RN F LN YXB—---,
G"(F,0,XB;7) = H"(F;m) for all n. The cuplength, cup(X), [12] is
the length of the longest nontrivial product in the reduced cohomology
H*(X). Let R be aring. let P"(X;R) = {a € H"(X; R)[BUa =0 for
all € H*(X,R)}. Then it is known [6] that G"(X; R) C P"(X; R) for
all n and R. Now we have an example which is a G;,—space, but not a
G'-space.

EXAMPLE 2.14. Consider the complex projective space CP?. There
is a cofibration of the unitary groups U(2,1) = U(3) - C'P? [17]. From
the cofibration sequence U(2,1) = U(3) % C'P? LA XU2,1)—---, we
know that G"(CP?,6,%U(2,1)) = H"(CP?) for all n and CP? is a G-
space. However, it is known [12] that cup(CP?) = 2. Thus, from the

the above fact of that G"(X) C P"(X), we know that CP? is not a
G'-space.

3. G;)-spaces for maps and homology decompositions

Given maps p: X — A, p': X' — A', let (s,r) : p — p be a map
from p’ to p, that is, the following diagram is commutative;

XA
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It is a well known fact that ¥ = ¢Y — XY is a cofibration, where
t(y) = [y,1]. Let i, : X — C, be the cofibration induced by r : X’ — X
from vy : X’ — ¢X’. Let iy : A — Cs be the cofibration induced by
s: A" — Afrom 1y : A’ — cA’. Then there is a map p : Cy — C;s such
that the following diagram is commutative

X 25 4

S

C’I’ L) Csa
where C, = ¢X' I X/[2/,1] ~ r(2), and Cs = cA'IL A/[d’, 1] ~ s(d’), P :
C, — Cs is given by p([2/,t]) = [p/(a),t] if [2/,t] € ¢X' and p(x) = p(z)
ifreX,i(x)==x, is(a) = a.

DEFINITION 3.1. Let X be a Gz’o-space foramapp: X — A. A map
(s,7) : p' — p is called a G),-primitive if for each map g : QXX —
K(Z,m), m arbitrary, there is a map G : X — AV K(Z, m) such that
JG ~ (p x go€y)A and (is V1)Gr ~ % : X' — Cs vV K(Z,m), where
j: AV K(Z,m)— Ax K(Z,m) is the inclusion and €'y : X — Q¥ X is
the adjoint functor image, T(1yxx), of 1sx.

The following lemmas are standard.

LEMMA 3.2. Let f : X — B be a map. Then there is a map h : C, —
B such that hi, = f if and only if fr ~ x.

LEMMA 3.3. [19] Let g; : C, — By(t =1,2) and g : C,, — By V By be
maps such that pjgi, ~ giir(t = 1,2), where j : By V By — By X By is
the inclusion and p; : B1 X By — By, t = 1,2 are projections. Then there
is a map h : C. — By V By such that gi, = hi, and pij'h ~ g:(t = 1,2).

THEOREM 3.4. If X is a Gi)-space for a map p: X — A and (s,7) :
p’ — p is G)-primitive, then C, is a G};-space for a map p : C; — Cs.

Proof. 1t is sufficient to show that H™(C,) C G™(C,,p,Cs) for all
m. For each m, let f : C, — K(Z,m) = QK(Z,m + 1) be any map.
Then clearly we have the following homotopy commutative diagram;

X -5 ¢ Ly ark@m+1)

/ /

. 1
asx 2 ovce, YN ok (z,m+1).
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Since (s,7) : p' — p is a Gj-primitive, for a map Q¥i, o Qr1(f) -
O¥XX — K(Z,m), there isamap G : X — AV K(Z, m) such that jG ~
(px Qi 0Qr (f)oe’y)A and (isV1)Gr ~ * : X' — CsVK(Z, m), where
Jj: AV K(Z,m)— Ax K(Z,m) is the inclusion and €’y : X — Q¥ X is
the adjoint functor image, 7(1yxx), of 1y x. From Lemma 3.2, there is
an extending G’ : C, — CsVK(Z,m) of (isV1)oG : X — CsV K(Z, m),
that is, G'oi, = (isV1)oG. Then we have that p1jG'i, = p1j(isV1)G =
p1(is x 1)§G ~ p1(is x 1)(p x QXi, o Q771 (f) o€ )A =isop ~ poi, and
p2jGliy = p2j(is V1)G = palis x 1)§G ~ pa(is x 1)(p x Qi 0 Q77 1(f) 0
A ~ Q% 0Qr7(f)oe’y ~ foi,. Thus we have, from Lemma 3.3, that
there is a map G : C, — CsV K(Z,m) such that Gi, = G"i, = (is V1)G
and p15'G ~ p and poj'G ~ f. Thus we know that f : C. — K(Z,m) is
p-cocyclic and C,. is a G]’E—space for a map p: C, — Cs. O

In 1959, Eckmann and Hilton [2] introduced a dual concept of Post-
nikov system as follows; A homology decomposition of X consists of a
sequence of spaces and maps { X, qn, i, } satisfying (1) ¢, : X,, — X in-
duces an isomorphism (gp)s« : Hi(X,) — Hi(X) for i <n, (2) i, : X,, —
Xp41 is a cofibration with cofiber M (H,+1(X),n)( a Moore space of
type (Hp+1(X),n)), (3) gn ~ qnt1 0 in. It is known by [7] that if X
be a 1-connected space having the homotopy type of CW complex, then
there is a homology decomposition {X,,, ¢y, i, } of X such that i, : X,, —
Xp+1 is the principal cofibration induced from ¢ : M(H,41(X),n) —
cM(Hp,11(X),n) by a map k), : M(Hp41(X),n) — X,, which is called
the dual Postnikov invariants. A space X is called a rational space [14]
if X is a 1-connected space having homotopy type of a CW-complex
such that for each n > 0, H,(X,Z) is a finite dimensional vector space
over Q. It is well known [14] that if X and A are rational spaces and
p: X — Ais a based map, then there exist homology decompositions
{Xn, Gn,in} and {A,, q,, i)} for X and A respectively and induced maps
{pn : X;, = A, } satisfying

(1) for each n, the following diagram is homotopy commutative

M (Hp1(X),n) =2 M(Hpi1(A),n)
K0 | b |

Xn L ATL ,

that is, (k},(A), k(X)) : px — pn is a map,
(2) pnt1 @ Xn+1 — Apygr given by ppi1 = pp, satisfying commute
diagram
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X, -2 A,

in=ig o) | =g ) |

Pn+1
XnJrl —_— An+1a

(3) for each n, the following diagram is homotopy commutative

X, —2 s A,

ol

X 25 A
THEOREM 3.5. Let X and A be rational spaces and p : X — A a
map, and { X, qn,in} and {4y, ¢, i} homology decompositions for X
and A respectively.

(1) If X is a Giy-space for a map p : X — A, then each X,, is G}, -
space and the all pair of k' invariants (k] (A), k(X)) : P« — pn
are Gy, -primitive.

(2) If X, is a G, -space and the pair of k'-invariants (k;,(A), k(X)) :
Px — pn s Gy, -primitive, then X, is a G}, -space.

Proof. (1) Let f : X,, —» K(Z,m) = QK (Z,m+1) be any map. Since
(qn)« : Hi(X,) — Hi(X) for i < n and H;(X,) = 0 for ¢ > n, there is
amap f': X — K(Z,m) such that f'q, ~ f. Since X is a G)-space
for a map p : X — A, there is a map G : X — AV K(Z,m) such that
JG ~ (px f)YA, where j : AV K(Z,m) — A x K(Z,m) is the inclusion.
Let {B,, ¢, i!'} be a homology decomposition for K (Z, m). Then {4,V
B, g,V qp, i, Vil is a homology decomposition for AV K (Z,m). Then
we have, by Toomer’s result [15,Theorem 4], that there are families of
maps p, : X, = A, and G, : X,, — A, V B, such that i/,p, = pni1in
and ¢),pp ~ Pan, and (i, Vi) Gy = Gpy1i, and (¢, V) Grn ~ Ggy, forn =
2,3, respectively, and k], (A)psx ~ ppkl (X) : M(Hp41(X),n) — A,
and (K., (A)V K, (K(Z,m))Gy ~ Gpkl (X)) : M(Hpy1(X),n) = Ap V B,
where k/(A) : M(Hp41(A),n) = Ay, k(X)) : M(Hp1(X),n) = X,
and k] (K(Z,m)) : M(Hp4+1(K(Z,m)),n) — B, are k'-invariants of A,
X and K(Z,m) respectively, p, : M(Hp+1(X),n) — M(Hpt1(A),n)
and G, : M(H,11(X),n) = M(H,1(AV K(Z,m)),n) ~ M(Hp1(A®
Hy1(K(Zym)),n) =~ M(Hp1(A),n) V M(H,41(K(Z,m)),n) are the
induced maps by p: X — A and G : X — AV K(Z, m) respectively.
Consider the composition G' = (1V ¢/)G,, : X,, = A,V K(Z,m). Tt is

clear that p1jG’ = p1jGy, ~ pp and pojG’ = p2j(1V ¢)Gp ~ p2jGan =
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f'an ~ f. Thus [f] € G™(Xy,pn, An) and X, is a G, -space for a map
pn : X — A,. Moreover, to show that (k] (A), k(X)) : D« — pp 1S
Gy, -primitive, let ¢" : Q¥ X, — K(Z, m) be any map and m arbitrary.
Since g"e’y : X, — K(Z,m) € H™(X,) is a map, by taking f =
g’y from the above proof, we have a map G’ = (1V q,,)Gp : Xy, —
Ap V K(Z,m) such that jG' ~ (pn, x g"e’y J)A : X;, = Ay x K(Z,m),
where j : A, V K(Z,m) — A, x K(Z,m) is the inclusion. Since (i, V
DG = (i, V1)AVqn)Gn = (i, V @p)Gn ~ 1V gy 1) Grgrin © Xy —
Api1 vV K(Z,m), (i, v1)G : X, = Apt1 V K(Z,m) has an extending
AV a1)Gns1 @ Xng1 = Apg1 V K(Z,m) and (i, V 1)G'k,(X) ~ *.
Thus (kj,(A), k(X)) : p« — pn are G}, -primitive.

(2) It follows from Theorem 3.4. O

Taking p=1x, p' = 1x/, s = r, we can obtain the following corollary
which is a dual result of Haslam’s results about G-spaces and Postnikov
systems [6].

COROLLARY 3.6. Let X be rational space and {X,,, gy, i, } homology
decomposition for X.

(1) If X is a G'-space, then each X, is G'-space and all the k’ invariants
k! (X) are G'-primitive.

(2) If X,,—1 is a G'-space and the k'-invariants k,(X) is G'-primitive,
then X, is a G'-space.
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