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APPROXIMATION OF INTEGRATED SEMIGROUPS

YouNGg SEOP LEE*

ABSTRACT. The purpose of this paper is to show an integrated
semigroup on a Banach space can be approximated by a sequence
of integrated semigroups acting on different Banach spaces.

1. Introduction

The initial value problem in a Banach space X
u'(t) = Au(t), u(0)==z

has been extensively studied if A is the generator of a C semigroup.
Hille-Yosida theorem gives the necessary and sufficient conditions in or-
der that A is the generator of a Cjy semigroup [4]. One of these conditions
is the density of the domain of A. But there are many examples that is
formulated in the above problem without the density of the domain of
A (see [3]). In this case the concept of integrated semigroup introduced
by Arendt [1] is very useful to treat the above problem.

In this paper we study the approximation of an integrated semigroup
on a Banach space X by a sequence of the integrated semigroups on
Banach spaces X,,. In order to prove our result, we use Theorem 2.2 in
[5] that the convergence of the sequence of functions {f, : [0, c0) — X}
is equivalent to the convergence of their Laplace transforms and the
equicontinuity of {f,}.

Let X and X,, be Banach spaces with norms || - || and || - ||, n =
1,2,---, respectively. For each n, there exist bounded linear operators
P,: X —- X, and F, : X,, — X satisfying

(i) || Pl £ My and ||E, ||, < My, where M and My are independent
of n.
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(ii) limp—oo ||EnPpz — z|| = 0 for every z € X.
(iii) PpE, = I, where I, is the identity operator on X,.
In general we do not have X,, C X. If one has numerical approximation
in mind, then the spaces X,, are finite dimensional.
Throughout this paper, X is a Banach space and B(X) is the space
of all bounded linear operators from X to X. For a linear operator A,

we denote the domain, the range, the resolvent set and the resolvent by
D(A), Ran(A), p(A) and R(\, A), respectively.

2. Approximation

First we recall the definition of integrated semigroups.

DEFINITION 2.1. A linear operator A on a Banach space X is called
the generator of an integrated semigroup if there exist constants M,
w > 0 and a strongly continuous function S : [0, oco) — B(X) with
|S(#)|| < Me“t for all t > 0 such that (w, co) C p(A) and R(\, A)z =
A ST e MS(t)adt for A > w and z € X.

In this case, {S(t)}+>0 is called the integrated semigroup generated
by A.

It is known in [2] that a closed linear operator A in X is the generator
of a locally Lipschitz continuous integrated semigroup on X if and only
if there exist constants M, w > 0 such that

M
(A —w)k
for A > w and k£ > 1, and every locally Lipschitz continuous integrated

semigroup is exponentially bounded.
Main result of this paper is given by the following theorem.

(w, 00) € p(A) and (A —A)~F| <

THEOREM 2.2. Let A be the generator of an integrated semigroup
{S(t)}+>0 on X satisfying ||S(t)|| < Me“! for some constants M, w > 0
and all t > 0. Let {T,,} be a sequence of linear operators with T,, €
B(X,,) and let {h,} be a positive null sequence with the following prop-
erties.

Q) | Tnlln < Me“*n for k >0 and n > 1.

(ii) For x € D(A) there exists a sequence {z,} with x, € X, such
that lim, oo Enx, = x and lim,_ ., F,A,x, = Az, where A, =
(T, — 1)/ .
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Then
t
lim [ E,T¥"p,zds = S(t)z forzeX

n—o0 0

and the convergence is uniform on bounded t—intervals, where [r] is the
integer part of r > 0.

Proof. Since A,, € B(X,), A, is the generator of a uniformly contin-
uous semigroup {et4r }e>0 on X, and

X1/t \*
7t/hn I k
S ()

k=0
< Mt/ (et =1) < Me'e”.

e

IN

Choose a > ¢*. Then et < Me™ for all ¢t > 0. By Hille-Yosida
theorem, (a, 00) C p(Ay) and ||[R(A, Ay)|| < M/(A—a) for A > a.

For y € Ran(A — A), there exists x € D(A) such that y = (A —A)x.
By hypothesis there exist z,, € X,, such

lim E,z, =2 and lim F,A,x, = Ax.
n—oo n—oo

Set (A, — An)xn = yn. Then we have
lim E,y, = lim E,(A, — Ap)z, = (A — A)x =y.
n—oo n—,oo

So we have for A > a
HEnR()‘v An)Pny - R(/\, A)Z/H
< HEnR()H An)Pny - EnRO‘? An)yn”
—+ HEnR()‘v An)yn - R()‘v A)y”
< Ma||R(A, An) Py — RN, Ap)ynlln + | Enryn — ||
Mo M

< /\7”Pny — Ynlln + ”En$n - $H
—a
MyM
= ﬁ\\Pny — EnPuynlln + | Enan — x|
My My M
< S22y — Bunl| + [ Bun — 2l = 0 as 0 oo,

A
By the density of Ran(A — A), we have

li_)m E,R(\, Ap)Pyx = R(\, A)z forz € X.
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Let £ € X. Then

0 t
/ e M / Tls/Mal P adsdt
/ / _)‘tT S/h”]P xdtds

/ _’\ST[S/h"]P xds

-1/

1 X [kt
=3 / e Ty Pywds

k=0 khn
L S et
k=0

1 — e M -1
:7; (In—e_)‘h"Tn) Pz

1 —e A -1
_ + (In e, hnAn)) P,z

1 — o= Mn oAb (eAhn _

1 -1
2 ™ I, — An) P,x.

Therefore, we have

o] t
lim e M / EnTT[f/h"]Pna:dsdt
0

n—oo 0
1 — e M M M 1 -1
=i S B (S A)

1 o0
= X()\I Al = / e MS(t)adt.
0

We have proved that the Laplace transforms of fot EnTT[ZS/ h"]Pn:cds con-
verge to the Laplace transform of the integrated semigroup {S(¢)}+>o0.

Next we will show the equicontinuity of { fot EnT,[f/ h”}ands}. For
0<s<t<T,
t s
H / Tlr/l vy / T/l By,
0 0

t
= [ TP,
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t
< / Ml /haln| By gl
S

t

gM/ e dr|| Poll
S

< M Pyl — sl

Hence { f(f BT h"}Pn:Eds} is equicontinuous. By Theorem 2.2 in [5] we
have the result. O

EXAMPLE 2.3. Let X = C([0, 1]) with the supremum norm and let
A : D(A) C X — X be a linear operator defined by Au = —u' with
D(A)={ue X :u(0)=0, v € X}.

Then the closure of D(A) is Cy([0, 1]), which is not dense in X. For
A>0and v € X, define

u(t) = /Ot e Mot —s)ds, telo, 1].

Then u € D(A), (M — A)u = v and
t
lu(t)] < / e Mt — s)|ds
0

t N 1
Joll [ eas < Sl

So (0, 00) C p(A) and ||R(A, A)|| < 1/, that is, A is a Hille-Yosida
operator. By Theorem 2.4 in [2], A is the generator of an integrated
semigroup {S(t) }+>0.

Let X,, = R™ with the supremum norm. Define P, : X — R" and
E,: R" — X by

IN

Pou = (u(l/n), u(2/n), -, u(n/n)) and Enz™ = f,,
where v € X, (™ = (acgn), xgn), e x%”)) € R and f,(0) = :L’g"),
fulk/n) = x,(cn), k=1, 2 ---, n and linear between two consecutive

points. Then ||P,|| < 1, ||Ey|| < 1, P,E, = I, and lim,, o0 B, Pyu = u
for all u € X.
Define A,, : R® — R™ by

Anx(n) = n(_xgn)7 ‘rgn) - x;n)u Tty xizn_)l - xgn))
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Then A, is linear and ||A,||, < 2n. Let u € D(A). Then
A, P,u
=n(—u(l/n), u(l/n) —u(2/n), ---, u((n—1)/n) —u(n/n))

= —(u'(c1), W(e2), -+, v(en))
for some ¢; € ((i —1)/n, i/n),i=1, 2, ---, n and
P, Au=—(u'(1/n), ¥'(2/n), ---, ¥'(n/n)).

Since v’ is continuous, lim, e ||An Py — PpAull, = 0. Hence we
have

| EnAp Pou — Aul|
< |EnAnPyu — E, P, Au|| + || E, Py Au — Aul|
< Ms||ApPyu — PyAu|n + ||EnPrAu — Aul| — 0 as n — oc.

Choose a sequence {h,} with 0 < h,, < 1/n. Then
Toz™ = 2 + b, Apz™
= ((1 - nhn)mgn), nhnmgn) +(1- nhn):cgn),

-, nharl™, (1-— nhn)x%”)>

n—1

Then || T, ||, <1 and so we have

¢
lim E, TP/ Pouds = S(t)u for v e X.

n—o0 0

That is, the values computed by the difference equations converge to the
integrated semigroup.
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