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APPROXIMATION OF INTEGRATED SEMIGROUPS

Young Seop Lee*

Abstract. The purpose of this paper is to show an integrated
semigroup on a Banach space can be approximated by a sequence
of integrated semigroups acting on different Banach spaces.

1. Introduction

The initial value problem in a Banach space X

u′(t) = Au(t), u(0) = x

has been extensively studied if A is the generator of a C0 semigroup.
Hille-Yosida theorem gives the necessary and sufficient conditions in or-
der that A is the generator of a C0 semigroup [4]. One of these conditions
is the density of the domain of A. But there are many examples that is
formulated in the above problem without the density of the domain of
A (see [3]). In this case the concept of integrated semigroup introduced
by Arendt [1] is very useful to treat the above problem.

In this paper we study the approximation of an integrated semigroup
on a Banach space X by a sequence of the integrated semigroups on
Banach spaces Xn. In order to prove our result, we use Theorem 2.2 in
[5] that the convergence of the sequence of functions {fn : [0, ∞)→ X}
is equivalent to the convergence of their Laplace transforms and the
equicontinuity of {fn}.

Let X and Xn be Banach spaces with norms ‖ · ‖ and ‖ · ‖n, n =
1, 2, · · ·, respectively. For each n, there exist bounded linear operators
Pn : X → Xn and En : Xn → X satisfying

(i) ‖Pn‖ ≤M1 and ‖En‖n ≤M2, where M1 and M2 are independent
of n.
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(ii) limn→∞ ‖EnPnx− x‖ = 0 for every x ∈ X.
(iii) PnEn = In, where In is the identity operator on Xn.

In general we do not have Xn ⊂ X. If one has numerical approximation
in mind, then the spaces Xn are finite dimensional.

Throughout this paper, X is a Banach space and B(X) is the space
of all bounded linear operators from X to X. For a linear operator A,
we denote the domain, the range, the resolvent set and the resolvent by
D(A), Ran(A), ρ(A) and R(λ, A), respectively.

2. Approximation

First we recall the definition of integrated semigroups.

Definition 2.1. A linear operator A on a Banach space X is called
the generator of an integrated semigroup if there exist constants M ,
ω ≥ 0 and a strongly continuous function S : [0, ∞) → B(X) with
‖S(t)‖ ≤ Meωt for all t ≥ 0 such that (ω, ∞) ⊂ ρ(A) and R(λ, A)x =
λ
∫∞
0 e−λtS(t)xdt for λ > ω and x ∈ X.
In this case, {S(t)}t≥0 is called the integrated semigroup generated

by A.

It is known in [2] that a closed linear operator A in X is the generator
of a locally Lipschitz continuous integrated semigroup on X if and only
if there exist constants M, ω ≥ 0 such that

(ω, ∞) ⊂ ρ(A) and ‖(λI −A)−k‖ ≤ M

(λ− ω)k

for λ > ω and k ≥ 1, and every locally Lipschitz continuous integrated
semigroup is exponentially bounded.

Main result of this paper is given by the following theorem.

Theorem 2.2. Let A be the generator of an integrated semigroup
{S(t)}t≥0 on X satisfying ‖S(t)‖ ≤Meωt for some constants M, ω ≥ 0
and all t ≥ 0. Let {Tn} be a sequence of linear operators with Tn ∈
B(Xn) and let {hn} be a positive null sequence with the following prop-
erties.

(i) ‖Tn‖n ≤Meωkhn for k ≥ 0 and n ≥ 1.
(ii) For x ∈ D(A) there exists a sequence {xn} with xn ∈ Xn such

that limn→∞Enxn = x and limn→∞EnAnxn = Ax, where An =
(Tn − In)/hn.
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Then

lim
n→∞

∫ t

0
EnT

[s/hn]
n Pnxds = S(t)x for x ∈ X

and the convergence is uniform on bounded t−intervals, where [r] is the
integer part of r ≥ 0.

Proof. Since An ∈ B(Xn), An is the generator of a uniformly contin-
uous semigroup {etAn}t≥0 on Xn and

‖etAn‖n ≤ e−t/hn
∞∑
k=0

1

k!

(
t

hn

)k
‖T kn‖n

≤ Met/hn(e
ωhn−1) ≤Mete

ω
.

Choose a > eω. Then ‖etAn‖ ≤ Meat for all t ≥ 0. By Hille-Yosida
theorem, (a, ∞) ⊂ ρ(An) and ‖R(λ, An)‖ ≤M/(λ− a) for λ > a.

For y ∈ Ran(λI−A), there exists x ∈ D(A) such that y = (λI−A)x.
By hypothesis there exist xn ∈ Xn such

lim
n→∞

Enxn = x and lim
n→∞

EnAnxn = Ax.

Set (λIn −An)xn = yn. Then we have

lim
n→∞

Enyn = lim
n→∞

En(λIn −An)xn = (λI −A)x = y.

So we have for λ > a

‖EnR(λ, An)Pny −R(λ, A)y‖
≤ ‖EnR(λ, An)Pny − EnR(λ, An)yn‖

+ ‖EnR(λ, An)yn −R(λ, A)y‖
≤M2‖R(λ, An)Pny −R(λ, An)yn‖n + ‖Enxn − x‖

≤ M2M

λ− a
‖Pny − yn‖n + ‖Enxn − x‖

=
M2M

λ− a
‖Pny − EnPnyn‖n + ‖Enxn − x‖

≤ M1M2M

λ− a
‖y − Enyn‖+ ‖Enxn − x‖ → 0 as n→∞.

By the density of Ran(λI −A), we have

lim
n→∞

EnR(λ, An)Pnx = R(λ, A)x for x ∈ X.
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Let x ∈ X. Then∫ ∞
0

e−λt
∫ t

0
T [s/hn]
n Pnxdsdt

=

∫ ∞
0

∫ ∞
s

e−λtT [s/hn]
n Pnxdtds

=
1

λ

∫ ∞
0

e−λsT [s/hn]
n Pnxds

=
1

λ

∞∑
k=0

∫ (k+1)hn

khn

e−λsT knPnxds

=
1− e−λhn

λ2

∞∑
k=0

e−λkhnT knPnx

=
1− e−λhn

λ2

(
In − e−λhnTn

)−1
Pnx

=
1− e−λhn

λ2

(
In − e−λhn(In + hnAn)

)−1
Pnx

=
1− e−λhn

λ2
eλhn

hn

(
eλhn − 1

hn
In −An

)−1
Pnx.

Therefore, we have

lim
n→∞

∫ ∞
0

e−λt
∫ t

0
EnT

[s/hn]
n Pnxdsdt

= lim
n→∞

1− e−λhn
λ2

eλhn

hn
En

(
eλhn − 1

hn
In −An

)−1
Pnx

=
1

λ
(λI −A)−1x =

∫ ∞
0

e−λtS(t)xdt.

We have proved that the Laplace transforms of
∫ t
0 EnT

[s/hn]
n Pnxds con-

verge to the Laplace transform of the integrated semigroup {S(t)}t≥0.
Next we will show the equicontinuity of {

∫ t
0 EnT

[s/hn]
n Pnxds}. For

0 ≤ s < t ≤ T ,

‖
∫ t

0
T [r/hn]
n Pnxdr −

∫ s

0
T [r/hn]
n Pnxdr‖n

= ‖
∫ t

s
T [r/hn]
n Pnxdr‖n
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≤
∫ t

s
Meω[r/hn]hn‖Pnx‖ndr

≤M
∫ t

s
eωrdr‖Pnx‖n

≤MeωT ‖Pn‖n|t− s|.

Hence {
∫ t
0 EnT

[s/hn]
n Pnxds} is equicontinuous. By Theorem 2.2 in [5] we

have the result.

Example 2.3. Let X = C([0, 1]) with the supremum norm and let
A : D(A) ⊂ X → X be a linear operator defined by Au = −u′ with
D(A) = {u ∈ X : u(0) = 0, u′ ∈ X}.

Then the closure of D(A) is C0([0, 1]), which is not dense in X. For
λ > 0 and v ∈ X, define

u(t) =

∫ t

0
e−λsv(t− s)ds, t ∈ [0, 1].

Then u ∈ D(A), (λI −A)u = v and

|u(t)| ≤
∫ t

0
e−λs|v(t− s)|ds

≤ ‖v‖
∫ t

0
e−λsds ≤ 1

λ
‖v‖

So (0, ∞) ⊂ ρ(A) and ‖R(λ, A)‖ ≤ 1/λ, that is, A is a Hille-Yosida
operator. By Theorem 2.4 in [2], A is the generator of an integrated
semigroup {S(t)}t≥0.

Let Xn = Rn with the supremum norm. Define Pn : X → Rn and
En : Rn → X by

Pnu = (u(1/n), u(2/n), · · · , u(n/n)) and Enx
(n) = fn,

where u ∈ X, x(n) = (x
(n)
1 , x

(n)
2 , · · · , x(n)n ) ∈ Rn and fn(0) = x

(n)
1 ,

fn(k/n) = x
(n)
k , k = 1, 2, · · · , n and linear between two consecutive

points. Then ‖Pn‖ ≤ 1, ‖En‖ ≤ 1, PnEn = In and limn→∞EnPnu = u
for all u ∈ X.

Define An : Rn → Rn by

Anx
(n) = n(−x(n)1 , x

(n)
1 − x(n)2 , · · · , x(n)n−1 − x

(n)
n ).



558 Young Seop Lee

Then An is linear and ‖An‖n ≤ 2n. Let u ∈ D(A). Then

AnPnu

= n(−u(1/n), u(1/n)− u(2/n), · · · , u((n− 1)/n)− u(n/n))

= −(u′(c1), u
′(c2), · · · , u′(cn))

for some ci ∈ ((i− 1)/n, i/n), i = 1, 2, · · · , n and

PnAu = −(u′(1/n), u′(2/n), · · · , u′(n/n)).

Since u′ is continuous, limn→∞ ‖AnPnu − PnAu‖n = 0. Hence we
have

‖EnAnPnu−Au‖
≤ ‖EnAnPnu− EnPnAu‖+ ‖EnPnAu−Au‖
≤M2‖AnPnu− PnAu‖n + ‖EnPnAu−Au‖ → 0 as n→∞.

Choose a sequence {hn} with 0 < hn < 1/n. Then

Tnx
(n) = x(n) + hnAnx

(n)

=
(

(1− nhn)x
(n)
1 , nhnx

(n)
1 + (1− nhn)x

(n)
2 ,

· · · , nhnx(n)n−1 + (1− nhn)x(n)n

)
Then ‖Tn‖n ≤ 1 and so we have

lim
n→∞

∫ t

0
EnT

[s/hn]
n Pnuds = S(t)u for u ∈ X.

That is, the values computed by the difference equations converge to the
integrated semigroup.
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