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NONTRIVIAL SOLUTIONS FOR AN ELLIPTIC SYSTEM

HYyEwWON NAM* AND SEONG CHEOL LEE

ABSTRACT. In this work, we consider an elliptic system

—Au = au + bv + S1ut — du~ + fi(z, u,v) in €,
—Av=bu+cv+mnvt —mnuT + folz,u,v) in 0,
u=v=20 on 0},
where Q C RY be a bounded domain with smooth boundary. We

prove that the system has at least two nontrivial solutions by apply-
ing linking theorem.

1. Introduction and Background

Presently there are many significant results with respect to the elliptic
system

—Au = u—+0v+ hy(z,u,v),
—Av = 0u+ vv + hy(z,u,v),

in 2, where 2 C R" is bounded smooth domain, subject to Dirichlet
boundary conditions u = v = 0 on 0L, h;, ¢ = 1,2 are real valued
functions and A, §, v and 6 are real numbers. [2,6-8|
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Many authors also investigated the problem

—Au=au+bv+ (ut)P + fi in Q,
—Av="bu+av+ (vh)+ f; in Q,
u=v=0 on 0.

where ut = max{0,u(z)}. Here Q is a bounded smooth domain in R"
with n > 2. [4,5]

In this paper we prove the existence of two nontrivial solutions for
a general elliptic system. We use a variational approach and look for
critical points of a suitable functional I on a Hilbert space H. Since
the functional is strongly indefinite, it is convenient to use the notion of
linking theorem. In Section 2, we find a suitable functional I on a Hilbert
space H. In Section 3, we prove the suitable version of the Palais-Smale
condition for the topological method. In Section 4, we apply the two
critical points theorem.

We recall some basic theorem and set up some terminology. Let H
be a Hilbert space and V a C? complete connected Finsler manifold.
Suppose H = Hy ® H, and let H,, = Hy,, ® H,, be a sequence of closed
subspaces of H such that

H,, c H, 1<dimH;, <+4+oco foreach i=1,2 and neN

Moreover suppose that there exist e; € N>2 Hy,, and ex € N2 Hop,
with |le1|| = ||ea]| = 1.

For any Y subspace of H, consider B,(Y) := {u € Y||ju|| < p} and
denote by 0B,(Y) the boundary of B,(Y") relative to Y. Furthermore
define, for any e € H,

Qr(Y,e)={u+aeecY @le]lueY,a>0,|u+ad]| <R}
and denote by 0Qg(Y, e) its boundary relative to Y @ [e], and denote by

X=HxV.
We recall the two critical points theorem in [3].

THEOREM 1.1. Suppose that f satisfies the (PS)* condition with
respect to H,. In addition assume that there exist p, R, such that
0<p< R and

sup f < inf  f,
OQr(H2,e1)xV OB, (H1)xV

sup [ < +oo, inf f < —oo,
Qr(Hz,e1)xV By(H1)xV
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Then there exist at least 2 critical levels of f. Moreover the critical levels
satisfy the following inequalities

inf f<e < osup f< o inf f<ce < osup o f,
Bp(Hl)XV BQR(HZ’el)XV aBp(Hl)XV QR(Hz,el)XV

and there exist at least 2+ 2 cuplength(V) critical points of f.

2. Notations and main result

Let Q C RY be a bounded domain with smooth boundary and H =
W,y P (Q), the usual Sobolev space with the norm ||u||? = Jo IVuldz.
In this paper, we consider the existence of nontrivial solutions to the
elliptic system
—Au = au + bv + o1ut — dou” + fi(x,u,v) in Q,
(1) —Av =bu+ cv+mut —nvT + folz,u,v) in €,
u=v=0 on 0f).

And there exists a function F :  x R?> — R such that ‘3—5 = f1 and

oF

5o = J2 without loss of generality, we set

(u,0)
F(z,u,v) = / fi(z,u,v)du+ fo(x,u,v)dv.
(0,0)

Then F € C1(Q x R* R).
We consider the following assumptions.
(F1) There exist M > 0 and o > 2 such that

0 < aF(z,u,v) <uF,(x,u,v) +vF,(x,u,v)

for all (z,u,v) € Q x R? with u? +v? > M2
(F2) There exist constants a; > 0 and as > 0 such that
|Fu(z, u,v)| + | Fy(z,u,0)| < ag + as(ful” + |v|")
where 1 <r < (N +2)/(N—=2)if N> 2 1<r < oo otherwise.
(F3) For (0,v) — (0,0),
F(z,0,v)
02

— 0.

REMARK 2.1. The condition (F1) shows that there exist constants
by > 0 and by such that(cf. [1] )

F(z,u,v) > by(|u|* + |v]*) — ba.
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Let A denote the eigenvalues and e; the corresponding eigenfunc-
tions, suitably normalized with respect to L?({2) inner product, of the
eigenvalue problem —Awu = Au in €2, with Dirichlet boundary condition,
where each eigenvalue A is respected as often as its multiplicity. We
recall that 0 < A\ < Ay < A3 < .-+, \; = 400 and that e; > 0 for all
x € ). Then H = span{e;|i € N}.

Let e} = (e;,0) and e? = (0,¢;). We define H; = span{el|i € N}, for
j=1,2and £ = H; ® Hy with the norm ||(u,v)[|% = ||ul]* + ||v||*.

We define the energy functional associated to (1) as

1 1
I(u,v) = 5/9(|Vu|2~|— |VU|2)d:v—§/§2(au2+2buv+cv2)dx

1

2 —5 |G = b (0 = (o)

—/F(x,u,v,w)dw
Q

It is easy to see that I € C''(E, R) and thus it makes sense to lock for
solutions to (1) in weak sense as critical points for I i.e.(u,v) € E such
that I'(u,v) = 0, where

Pluv)- (6.0) = /Q (VuVo + VoVi)de
- /Q (aus + boo + busp + cvi)da
- /Q (B1u*dp — dou™ ¢+ muTeh — e~ ¢)dx
- [l w00+ fow,u 00

We will prove the following theorem.

THEOREM 2.1. Assume F satisfies (F1), (F2) and (F3) with a =
r+ 1. Ifa, b, ¢, §, and n are positive with a + b + d; + d2 < A\, and
b+c+mn 41 < A1 then system (1) has at least two nontrivial solutions.

3. The Palais Smale star condition

In this section we will prove the (PS) condition which was required
for the application of Theorem 1.1. In the following, we consider the
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following sequence of subspaces of E :
En:span{ef]i:1,~~,n and j=1,2}, for n > 1.

LEMMA 3.1. Assume F satisfies (F1) and (F2) with o = r + 1. If
a+b+4 0140 <A and b+ c+n; + 19 < A\, then any (PS)* sequence
is bounded.

Proof. Let {(un,v,)} C E be a sequence such that
(tUn,vp) € By I(up,v,) = ¢, I (Up,v,) >0 as n— oo

In the following we denote different constants by Cy, Cs etc. (F1) and
Remark imply that

1 .
Gy + 50(1)(Hun” +llvall) = I(un,vn) — §In(umvn) * (Un, Un)
_ 1/(unf1+unf2)dx—/Fdx
2 Q Q
3) > (51 [ Flau.o)d
2 0
a o «
> (5= 00 [ (ol + Jenf*) o~ C:
Q
«
> (5 = Db1([Junllze + llonllze) — Co

On the other hand,
o(Dfuall > I, (tn,vn) - (un,0)

=l / (@ + by, )da

~ [ G = salu i~ [ A v,
Q Q
L/z(unvvn) : (Oavn)
= |lvall® — /(bunvn + cv?)dx
Q

v

o(1) [nll

- / (m(6F)? = ma(v)?)d — / B2, ) vad.
Q Q
We know that
1
/ (w)2dz < e < [l
Q A
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and
_ 1
[ e < Julis < Sl
Q 1
for u € H. Using (F2), we obtain
el + lloall® < o(D)(llall + [lvall)
+ / (au? + 2bu,v, + cv2)dz + /(51 (uh)? — 0y(u;, )?)dx
Q Q

+ (D = mde+ [ o+ ot

(4) < o) ([lunll + [lonll)
a+b+51—|—52 a+b+7]1+772
+
)\1 )\1

+@/Wﬂ“ﬂ%ﬁ%y&@
Q

v ®

e l® +

(4) imply that if a + b+ 61 + d2 < A\ and b+ ¢+ 1y + 12 < Ay then
unl® + loall? < o(1)Cs(|[unl + [lval)
(5) +%/wwﬂﬂwwwwmy
Q

Combining (3), (5) and using o = r + 1, one infers that
lunll? + lloall* < o(1)Cs(llunll + llvall) + Co.
This yields {(u,,v,)} is bounded. O

LEMMA 3.2. Assume F satisfies (F1) and (F2) with o = r + 1. If
a+b+4+0d +0 < A\ and b+ ¢+ ny + 12 < A, then the functional 1
satisfies the (PS)% condition with respect to E,.

Proof. By Lemma 3.1, any (PS)? sequence {(u,,v,)} in E is bounded
and hence {(un,v,)} has a weakly convergent subsequence. That is
there exist a subsequence {(uy;,vy,)} and (u,v) € E, with u,; — u and
Vp, — v. Since {uy,,;} and {v,,} are bounded, by Remark of Rellich-
Kondrachov compactness theorem [4], u,, — u, v,, — v and thus [
satisfies (PS)% condition. O
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4. Proof of main theorem

LEMMA 4.1. Assume F satisfies (F3). If ¢ < )y, then there exists
p1 > 0 such that

inf I >0.
6301(H2)

Proof. By (F3), for any € > 0, there exists p > 0 such that
0< vl <p=|F(x,0,0)] <elv]*.

Then | [o F(x,0,v)dz| < [o|F(z,0,v)[dz < [elv]’dz < 5|v||* and

hence
[0,v) = /|Vv|dx——/ 2y

-5 [ = me >>dx—/QF<x,o,v>dx

C+771+772
%WW ——lvl* - HMV

1 C+771+772+28
= (- NMP>0
2 A1

which gives the result for sufficiently small €. Therefore we can choose
0 < p; < p such that I(0,v) > 0 for any ||[v|| = p1. O

LEMMA 4.2. Assume F satisfies (F1). If a, b, ¢, 01, 02, m, and ny are
positive, then there exists an R > 0 such that for any Ry > R

sup [ <O.
8QR1 (Hl,@%)
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Proof. In the following we denote different constants by C7,Cs etc.
Remark implies that

1 2 1 2
I(u,fBey) = §/QIVU|2d:E~I—)\12ﬁ z/ﬂauzd:v—b)\ B—cg
! / (61 (ut)? — Sy(u)?)de
2 Ja

—% ey = ml(8e) e = [ Pla,uper)da

Q

A )
< L+ 2 52 / (" da
2 Ja
((ﬁemwx— / F(z,u, fer)dn
Q Q
1 A
< Sl 207 a4 S+ T
—bl/(\ula+ |Ber|*)dx + C,
A +6 A2+ 2
< BER) Ny 5 Gyllule = ColBl" + Ca,

2\

for any (u,0) € H1 and any constant . Since a > 2, I(u, fe;) — —o0
for |Ju|| — oo or || — oo. Therefore we can choose 0 < R; < oo such
that I(u, Be;) < 0 for any ||(u, Be1)||g = Ra. O

Proof of Theorem 2.1.
By Lemma 4.1 and 4.2, there exists 0 < p; < Ry such that

sup I <0< inf 1.
OQr, (H1,e?) 0B, (Hz)

By Theorem 1.1, I(u,v) has at least two nonzero critical values ¢y, co

inf I<¢< sup I < inf I<e< sup I

By, (H2) OQRr, (H1,€?) 0B,, (Hz) QRr, (H1,€?)
Therefore, (1) has at least two nontrivial solutions. O
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