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LOCAL VOLATILITY FOR QUANTO OPTION PRICES
WITH STOCHASTIC INTEREST RATES

YOUNGROK LEE AND JAESUNG LEE

ABSTRACT. This paper is about the local volatility for the price of
a European quanto call option. We derive the explicit formula of the
local volatility with constant foreign and domestic interest rates by
adapting the methods of Dupire and Derman & Kani. Furthermore,
we obtain the Dupire equation for the local volatility with stochastic
interest rates.

1. Introduction

A quanto is a type of financial derivative whose pay-out currency dif-
fers from the natural denomination of its underlying financial variable,
which allows that investors are to obtain exposure to foreign assets with-
out the corresponding foreign exchange risk. A quanto option has both
the strike price and the underlying asset price denominated in foreign
currency. At exercise, the value of the option is calculated as the op-
tion’s intrinsic value in the foreign currency, which is then converted to
the domestic currency at the fixed exchange rate.

Pricing options based on the classical Black-Scholes(1973) [1] model,
on which most of the research on quanto options has focused, has a prob-
lem of assuming a constant volatility which leads to smiles and skews
in the implied volatility for the underlying asset price. One way to

Received February 9, 2014. Revised March 10, 2015. Accepted March 10, 2015.

2010 Mathematics Subject Classification: 91G20, 60G20, 65C20.

Key words and phrases: local volatility, quanto option, Dupire equation, Fokker-
Planck equation, stochastic interest rate.

© The Kangwon-Kyungki Mathematical Society, 2015.

This is an Open Access article distributed under the terms of the Creative com-
mons Attribution Non-Commercial License (http://creativecommons.org/licenses/by
-nc/3.0/) which permits unrestricted non-commercial use, distribution and reproduc-
tion in any medium, provided the original work is properly cited.



82 Y. Lee and J. Lee

overcome such handicaps of constant volatility is using a local volatil-
ity model which treats the volatility as a deterministic function of the
underlying asset price, current time, maturity and the strike price.

Indeed, local volatility models were introduced and developed by B.
Dupire(1994) [3] and E. Derman & I. Kani(1998) [2] as they found that
there is a unique diffusion process consistent with the risk-neutral densi-
ties derived from the market prices of European options. The main ad-
vantage of local volatility models is that the only source of randomness
is the price of underlying asset, making local volatility easy to calibrate.

In this paper, we modify and adjust the methods of [3] and [2] to
obtain the explicit formula of local volatility for the quanto option price
with constant foreign and domestic riskless rates. And then we derive
an equation of local volatility for the quanto option price under the
stochastic foreign and domestic riskless rates.

We derive the risk-neutral dynamics of the process for the underlying
asset with respect to different currency in Section 2. Then, in Section
3, under the model specified in Section 2, we adapt the method of [2] to
find the explicit formula of local volatility for the quanto option price
with constant foreign and domestic riskless rates. Finally, in Section 4,
we derive the analogue of Dupire equation for the local volatility for the
quanto option price with constant foreign and domestic riskless rates,
and extend this equation to the case of stochastic foreign and domestic
riskless rates.

2. A risk-neutral dynamics in the quanto framework

Given a complete probability measure space (2, F,P), let S; be the
asset price on a non-dividend paying asset in foreign currency and V; be
the foreign exchange rate in domestic currency of one unit of the foreign
currency with constant volatilities og and oy, respectively, which have
the following dynamics:

dSt = ,uSStdt + O'SstdBt7

dVy, = pyVidt + oy VidWi,
where g and py are constants. Also, B; and W, are two standard
Brownian motions with the correlation p.

Now, we will find the risk-neutral dynamics of the asset price S; in
domestic currency on a non-dividend paying asset. By the no-arbitrage
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condition and the risk-neutral valuation method, under the risk-neutral
probability measure Q, it holds that

EQ [VT‘ th] _ V;e(rd—rf)(T—t)’

where the constants r/ and r¢ are the foreign and domestic riskless rates,
respectively. Thus, the risk-neutral dynamics of V; in domestic currency
can be represented as

(1) AV, = (r* — 1) Vidt + o V,dW,,

where W, is a standard Brownian motion under the risk-neutral prob-
ability measure Q. Under the probability measure P, applying S;V; to
the Ito formula, we have

= Vi (nsSidt + 055:dBy) + Sy (puy Vidt + oy VidWy) + posoy S Vidt
= S, V; (/LS + py + pO’SO'\/) dt + SV, (USdBt + Uvth) ,

and hence, under the risk-neutral probability measure Q, it follows that
(2) d(S,V;) = 1! S,Vidt + S,V (agdét + anWt)

in domestic currency, where B, is a standard Brownian motion under
Q. From (1), using the It6 formula, the risk-neutral dynamics of % in
domestic currency can be also represented as

(8) d (%) = (—%) dv; + %V%, (dv;)?

1 . 1
- <_V_f> {(rd — 1) Vidt + athth} + V—tga‘%l/fdt

1 oy .~
— (T‘f — Td + 0"2/) tht — thWt
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Finally, using again the It6 formula with (2) and (3), the risk-neutral
dynamics of S; in domestic currency can be obtained as follows:

1
dsS; =d <StVtVt)

1 1
= th(StVt) + 5 Vid <Vt) +d (S Vi) d (Vt>

= % {rfSttht + SV, (UsdBt + Uvth) }

t

S {(r ol oY) i vth} _ S, (posoy +02) di
t t

= (Tf — pagav) S,dt + 0¢5,dB,.

Adapting and modifying the methods of [2], [3], we will derive the
local volatility for the quanto option price with constant riskless rates in
next sections. Suppose that the asset price S; in domestic currency on
a non-dividend paying asset follows the risk-neutral dynamics given by

(4) dsS; = {Tf — pPos (t, St) UV} Sidt 4 o5 (ta St) Stdéta

where og (¢, S;) denotes the local volatility function for this process.

3. The local volatility for the standard quanto option price

E. Derman and I. Kani(1998) [2] characterized the local volatility
as a risk-neutral expectation of the instantaneous volatility, conditional
on the final asset price being equal to the strike price. The following
theorem adapts their method to obtain the quanto option framework
with constant foreign and domestic riskless rates.

THEOREM 3.1. Suppose that the asset price in domestic currency
is the stochastic process which follows (4). Let C, be the price of a
Furopean quanto call option at time t in domestic currency with foreign
strike price K and maturity T'. Then the local volatility for this process
is expressed by

(5) 05 (S;; K, T)

po‘V<C KBC‘I)i\/p av(c Kacq) +2K2"j,;fg{a%+ TK %08 (rf - rd)cq}

82¢,
K2 q
K2
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Proof. We can write the price of a European quanto call option at
time ¢ in domestic currency with foreign strike price K and maturity 7'
as

(6) C, (S K,T) = Eqg [Ve (-0 max (Sp — K, 0)‘5]

under the risk-neutral probability measure Q, where Vj is the some pre-
determined fixed exchange rate.
Differentiating (6) with respect to K, it gives
oC,
OK
where H (-) denotes the Heaviside function. Differentiating again (6)
with respect to K, it gives

0*C pd(T—
752~ Ko [Vo@ o t)5(5T—K)‘}'t]7
where 6 (-) denotes the Dirac-delta function. Also, differentiating (6)

with respect to T', it gives
0

aC(q o d —rd(T—t) —
7 = 7"Cy+ Voe 8—TE@[maX(ST K,0)| F].

Applying the It6 formula to the option’s payoff, we have
dmax (St — K, 0)

— ~Eq | Voe ™0 (Sr - K)| 7]

2

0 10
TsvaaX (S K O)dST + 2852

41
— H (Sr — K) {('rf . pasav) SrdT + JSSTdBT} + 50 (87— K) 03 S}dr

from (4).
Now, taking the expectation on both sides, it follows that

dEQ [max (ST — K, 0)‘ ft]

max (S7 — K,0) (dSr)?

= <rf - pasav) Eq [STH (St — K)| 7] dT + %E@ [0%572“5 (Sr — K)| F] dT
- <rf - pasov) Eq [(ST = K) H (S7 — K)| Fi]dT

n (Tf _ pgsav) KEq [H (S — K)| F]dT + %E@ (0557 (Sr — K)| 7] dT
= (' = posov) Bg [max (S — K, 0)| F]dT

1
n (rf - pagav) KEq[H (Sr — K)| Fi)dT + 5Eq [0355 (St — K)| ] dT
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and hence,

0
8_TEQ [max (Sy — K, 0)| F]
= (rf - pagav) Eg [max (St — K, 0)| F]
1
+ (r! — posov) KEq [H (St — K)| F] + 51@@ (02576 (St — K)| F] -

Finally, we obtain

s = 0, 4+ — posov) Gy — (¢ — posov) KOs

+ %voe—’"“(T—ﬂEQ (08570 (St — K)| F]

= 0, + (! — posoy) Cy — (+F — posov) K%
+ %Voer(Tt)E@ [Eq [05576 (St — K)| Sr = K]| F]

= =10, + (1 — posov) Cy — (1 — posov) K8
+ K2V T [03] Sy = K] Eo[3 (Sr — K)| F)

= —1r1Cy + (r' — posov) Cy — (1! — posov) %
+ %KQSEEQ (03| Sr = K],

which follows that
O (07— poso) K0 - 112 Cog (03] 5, = K]

— (rf —rd— pasav) Cy = 0.

Regarding o5 (Sy; K,T) = \/Eqg[0%| St = K], we get the desired result.
O]

4. The Dupire’s method and local volatility with stochastic
interest rates

As another way to the local volatility, we apply the method of B.
Dupire(1994) [3] which uses the Fokker-Planck equation (see Chapter 8
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of [4]) for the process (4) to get the equation of local volatility for the
quanto option price with constant foreign and domestic riskless rates
and extend this equation to the case of stochastic foreign and domestic
riskless rates. To begin with the case of constant rates, the following
theorem gives the equation for the price of a European quanto call op-
tion.

THEOREM 4.1. With the assumptions of Theorem 3.1, C, satisfies the
following equation:

oC, oc, 1 0C,
(7) a—Tq—I— (rf — pasav) KT;_ﬁagK2 8K2q — (rf —rd - pasav) Cy=0

for the local volatility os = og (Sy; K, T).

Proof. Let p (t, Sy; T, St) be the risk-neutral probability density func-
tion of Sp. Then we have the following equation:

(8) Cy(Sy; K, T) = / Voe ™" max (St — K,0)p (t,S; T, Sr)dSr

—00

— / Voe "D (Sp — K) p (¢, Sy; T, St)dSr.
K

Since p (t, Sy; T, St) must satisfy the Fokker-Planck equation, we obtain

op 1 02

op Lo f_ _
(9) aT 295 r! — posoy) Srp} = 0.

(035%0) + 59

Now, differentiating (8) with respect to K, it gives

oC ® e

8_Kq = —/K Voe @ t)p (t,St;T, ST)dST
and

0%C,

BHE Voe T 0p(t, S5 T, K) .
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Also, differentiating (8) with respect to 7" so that applying (9) and the
integration by parts, it gives

9C, _ _,d > —rd(T—t) dp
or r Cq—i-/K Ve (ST K) aTdST
= —rlC, + / Voe ™00 (Sp — K)
K
19, 5.0 o) ]
X | == (¢S — rl — posoy) S ds
1
= —’r‘qu + i%e_rd(T_t)U?gI@p
+ (T‘f — pasav) / Vbede(Tft) (St — K) pdSrt
K
+ (rf — pogaV) / Voe T KpdSy
K
1 0°C, aC,
=—rC, + 50%](2 8K§ + (rf - pagav) Cy — (rf - pasav> Ka—K‘?.
Thus, the proof is complete. O

We refer (7) to the Dupire equation for the price of a European quanto
call option. This also gives us the Dupire formula for the local volatility,
which is equally expressed by (5).

We now assume more general case that riskless rates are stochastic.
Then the risk-neutral dynamics of S; in domestic currency can be written
as

(10) dS; = {rtf — pos (1,S)) aV} Sydt + o (t,S,) S,dB,

where 7{ is the foreign riskless rate which follows some stochastic process.
We also assume that the domestic riskless rate r¢ = r¢ in the previous
section also follows some stochastic process. The following theorem gives
the Dupire equation for the price of a European quanto call option.
However, to obtain the usable local volatility from the equation, we may
need some numerical procedure.

THEOREM 4.2. Suppose that the asset price in domestic currency
is the stochastic process which follows (10). Let C, (St,r{,rf;[(, T)

be the price of a FEuropean quanto call option at time t in domes-
tic currency Y with foreign strike price K and maturity T, and let

P (t, S, th, rd: T, Sr, T{«, ré‘ﬁ) be the risk-neutral joint probability density
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function of Sy, 4 and r$. Then C, (St,rf,rf; K, T) satisfies the fol-
lowing Dupire equation:

0C, 1 ,.,0C,
RS ///Ve e K) ety = poso)

X Tp <t, Sy, Tt ,rt T x,y, z) dxdydz

for the local volatility g = og <St, r,fc, rd: K, T).

Proof. As before, the price of a European quanto call option is

(11)
Cy (St,rf,rf;K, T)

- / / / Voe 00 (2 — K)p (.Sporf 1 Ty, 2 ) ddyd.
—oc0 J—o0 JK

Now, differentiating (11) with respect to K, it gives

- / / / %67Z(T7t)p (ta Sta th? 7"?, T> z,y, Z) dwdydz
—00 J —oco J K

and

82011 = - —z(T—t) f..d
3K2 = ‘/E)e p(tJStart7rt;T7K7y72>dde'

Also, differentiating (11) with respect to 7" so that applying the Fokker-

Planck equation for p (¢, S, 7"{, rd: T, Sy, T{«, ré‘ﬁ) and the integration by
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parts, it gives

‘{;CT‘IZ/OO /Oo /Oow)eZ<Tt> (z - K) <—z—i—§T>da:dydz
:/ / / Voe™* AT- t( - K)

<|-s+ 3 T (otatn) - - posov)ap)| |aadya:

:/ / {—/ Voze T (2 — K) pda
—oo J—o0 K

1 oo

+§%e_z(T_t)o§K2p + / Voe *T= (y — pogoy) J:pdx} dydz
K

_ 1o 9°C,

o2
757 oK
/ / / Voe T {(2 — K) 2 4+ y — pogoy } zpdedydz.
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