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GLOBAL SOLUTIONS OF THE COOPERATIVE
CROSS-DIFFUSION SYSTEMS

SEONG-A SHIM

ABSTRACT. In this paper the existence of global solutions of the parabolic cross-
diffusion systems with cooperative reactions is obtained under certain conditions.
The uniform boundedness of W1 2 norms of the local maximal solution is obtained by
using interpolation inequalities and comparison results on differential inequalities.

1. INTRODUCTION

This article deals with the following quasilinear parabolic system in population
dynamics which is called cooperative cross-diffusion system.

ug = (dy v+ ap1u? + appuv) e + ulay — biu + c1v) in [0, 1] x (0, 00),

(1.1) vr = (do v + ao1uv + a2v?)yz + v(ag + bau — cov) in [0, 1] x (0, 00),
' Uz (z,t) = vgp(z,t) =0 at v =0,1,
u(z,0) = up(z) >0, v(z,0)=uvo(z)>0 in [0, 1],

where aq9, @91, d, a;, b;, ¢; are positive constants for ¢ = 1,2. The initial functions
ug, v are not constantly zero. In the system (1.1) u and v are nonnegative functions
which represent the population densities of two species in a cooperative relationship.
di and do are the diffusion rates of the two species, respectively. a; and ao denote
the intrinsic growth rates, b1 and co account for intra-specific cooperative pressures,
bs and c¢; are the coefficients for inter-specific competitions. a1 and ago are usually
referred as self-diffusion, and a9, aoy are cross-diffusion pressures. By adopting the
coefficients «;; (7,7 = 1,2) the system (1.1) takes into account the pressures created
by mutually interacting species. For more details on the backgrounds of this model,
the readers are refered to Okubo and Levin[7].

Pao[8] in 2005, and Delgado et al.[4] in 2008 have obtained some results on the

existence of global solutions of the elliptic cross-diffusion systems with cooperative
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reactions. In this paper the existence of global solutions of the parabolic cross-
diffusion systems with cooperative reactions is obtained under certain conditions.

To state results on the system (1.1) we use the following notation throughout this

paper.

Notations. Let (2 be a region in R”. The norm in L,(f2) is denoted by |-z, (),
1< p < oo, where |flp, @ = (Jolf@)Pdz)'"?, if 1 < p < oo, and |f]; ) =
sup{|f(z)| : * € Q}. The usual Sobolev spaces of real valued functions in §2 with
exponent k > 0 are denoted by W;(Q), 1 <p<oo. And H-||W§(Q) represents the
norm in the Sobolev space W} (). For = [0,1] C R' we shall use the simplified
notation ||-[|xp for [|-{lyx(q) and ||, for |1, )

The local existence of solutions to (1.1) was established by Amann [1], [2], [3].
According to his results the system (1.1) has a unique nonnegative solution (-, 1),
v(-,t) in C([0,T), W, (Q2)) N C>((0,T),C®(R)), where T € (0,00] is the maximal

existence time for the solution u, v. The following result is also due to Amann [2].

Theorem 1.1. Let uy and vy be in WZ}(Q) The system (1.1) possesses a unique
nonnegative mazimal smooth solution u(x,t),v(x,t) € C([0,T), W, (Q)) N C=(Q x
(0, 7)) for 0 <t < T, where p >mn and 0 < T < co. If the solution satisfies the

estimates sup [[u(-,t)|lwi(q) < 0o, sup [[v(-t)|lwiq) < oo, then T = +oo. If,
0<t<T i 0<t<T v
in addition, ug and vy are in W2(Q) then u(z,t),v(z,t) € C([0,00), W2(Q)), and

p
sup [[u(-,t)[[wz) < oo, sup [[v(-,)]lwz@) < oo.
0<t<oo 0<t<oo

Here we state the main results of this paper. Throughout this this paper we
assume the condition

(1.2) bica > bacy

which means the inter-specific competition pressures are greater than the intra-

specific cooperative pressures.

Theorem 1.2. Suppose that the initial functions ug, vo are in W2([0,1]). Also
assume the condition (1.2). Let (u(x,t),v(z,t)) be the mazimal solution to the sys-
tem (1.1) as in Theorem 1.1. Then there exist positive constant

Mo = Moy(|luol|1, llvoll1, a1, az, b1, ba, c1, ¢2)

such that
sup{[[u(-, )1, [[v( O] : £ €[0,T)} < My
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For the boundedness results of Ly and Wj 2 norms of the maximal solution to the

system (1.1) we assume the following condition in Theorem 1.3, Theorem 1.4
(1.3) a%Q < 8ap1o1  and a%l < 8ar1o0x99.

Theorem 1.3. Suppose that the initial functions ug, vo are in W2([0,1]). Also
assume the conditions (1.2) and (1.3). Let (u(x,t),v(x,t)) be the mazimal solution
to the system (1.1) as in Theorem 1.1. Then there exists a positive constant My =
My (JJuo|1s |voll1, diy @iy biy iy i = 1,2) such that

sup{[lu(-, Hlla, ol )]z : t € [0,T)} < M.

Theorem 1.4. Suppose that the initial functions ug, vo are in W2([0,1]). Also
assume the conditions (1.2) and (1.3). Let (u(x,t),v(x,t)) be the mazimal solution
to the system (1.1) as in Theorem 1.1. Then there exists a positive constant My =
Ms([Juo 1, lvollt, di, g, @i, biy ciyi = 1,2) such that

sup{|[u(-,?)
From the results of Theorems 1.2, 1.3 and 1.4 and the Sobolev embedding in-
equality we have positive constants M’ = M'(d;, cuj,a;,b;,¢;,1 = 1,2) and M =
M(d;, o;j,a;,bi,¢ci,1 = 1,2) such that for the maximal solution (u,v) of (1.1) with
the conditions (1.2), (1.3)

sup{||u(-, O)[[1.2, [[o(- D2 : T €[0,T)} < M,

sup{u(z,t), v(z,t): (z,t) € [0,1] x [0,T)} < M.

We also conclude that T' = 400 from Theorem 1.1.

1.2, [v( t)[12:t €[0,T)} < Ms.

(1.4)

This paper is organized as follows. Section 2 provides preliminaries on differential
equations and a few consequences of Gagliardo-Nirenberg interpolation inequality
which are necessary for the proofs of Theorems 1.2, 1.3, and 1.4. And Sections 3, 4,
and 5 present the proofs of Theorems 1.2, 1.3, and 1.4, respectively.

2. PRELIMINARIES

This section introduce the Gagliardo-Nirenberg interpolation inequality and its
consequences. Also some preliminary results on the bounds and comparisons of

differential equations and inequalities are provided.

Theorem 2.1 (Gagliardo-Nirenberg interpolation inequality). Let © € R" be a
bounded domain with 9 in C™. For every function u in W™ (Q), 1 < ¢,r < o0
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the derivative Diu, 0 < j < m, satisfies the inequality
(2.1) [D7ul, < C(ID™ulfulg™ + lulg),

where ]% = % +a(f-2)+(1- a)% for all a in the interval % < a <1, provided

n
one of the following three conditions :
(i) r<%
n(r—q)
i) 0< =<1, or

(i
(iii) nﬂzrqq) =1 and m — 7 is not a nonnegative integer.
(

The positive constant C' depends only on n, m, j, q, r, a.)

Proof. We refer the reader to A. Friedman [5] or L. Nirenberg [6] for the proof of

this well-known calculus inequality. O

Corollary 2.1. There exist positive constants C, C, and C such that for every
function u in W}([0,1])

1 1
(2.2) uls < Cllugl3 |ulf + [ul1)-

~ 2 3
(2.3) uls < C(lug|3[ulf + |ul1).

A 1 2
(2.4) |uly < C(lugls [ulf + [uly),

Proof. n=1,m=1,r =2, ¢ =1 satisfy the condition (ii) in Theorem 2.1. Letting

j = 0 in this case the necessary condition on p, a for inequality (2.1) becomes

(2.5) %:%+a@—%0+u—@%:1—@
From equation (2.5) if p = 4, then a = 3, Lifp = , then a = %, and if p = 2, then

a = 13. Therefore we have inequalities (2.2), (2.3), (24). O

Corollary 2.2. For every function u in W3([0,1])

2

3 2
(2.6) [uzle < C(luzal3 [uly + [ulr).

Proof. m =2, r =2, q=1 satisfy the condition (ii) in Theorem 2.1. O

Theorem 2.2 (Young’s Inequality). If a and b are nonnegative real numbers and p

and q are positive real numbers such that l =+ l =1, then

ap bq
ab < — + —.
p q

The equality hold if and only if o = b1.
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Theorem 2.3 (Holder’s Inequality). If f,g : R™ — R are Lebesgue measurable and

P, q € [1,00] are real numbers such that % + % =1, then
[fgly < 1flplglq-

Lemma 2.1 below presents a few basic inequalities that will be used for the

computations in this paper.

Lemma 2.1. Let x >0, y > 0. Then

(2.7) (x+y)* > 2% — ¢

(2.8) a*<at+1,  if 0<k<s
(2.9) oF < 2 + 1t if 0<t<k<s
(2.10) (x+y)k <2P Mok 48, i k>
(2.11) by <2 R4k, if 0<k<1

Proof. Inequalities (2.7), (2.8), (2.9) are simply proved.
To show inequalities (2.10), (2.11), let g : [0,00) — R, g(x) = 28" (aF + %) — (x +
y)k. Then
g (x) = k2P 1kl — k(z + )L
Hence the function g(z) has the critical value 0 at x = y which is the minimum

value if £ > 1, and the maximum value if 0 < £ < 1. Thus we obtain inequalities
(2.10) and (2.11). O

Theorem 2.4 (Picard’s local existence and uniqueness theorem). If f(z,t) is a

continuous real-valued function that satisfies the Lipschitz condition

[f(z,t) = f(y, 1) < Llz -y

in some open rectangle R = {(z,t) | a < x < b,c <t < d} that contains the point

(zo,t0), then the initial value problem

7 = f(x,t), x(ty) = xo
has a unique solution in some closed interval I = [ty — €,ty + €], where € > 0.
Theorem 2.5. Let f(x) be a real-valued differentiable functions defined on an open

interval (a,b). Then for every initial point xy in (a,b) a solution of the initial value

problem
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7 = f(x), z(0) = xo

is either constant or strictly monotone.

Proof. The conclusion follow from the fact that f(z(t)) never changes sign for the
solution z(t) of the given initial value problem. To see why this is so, suppose that
x(t) is not a constant solution, and f(z(¢)) changes sign. Then it would have to be
f(z(t1)) = 0 at some t; > 0 and f(z(t)) # 0 for ¢ in the left of ¢; or right of ¢;. But
it contradict the fact that from Theorem 2.4 the constant solution y(t) = z(¢1) is a

unique solution in some closed interval [t; — €,t; + €], where € > 0. O

Corollary 2.3. Let ¢y > 0, p > 1, and ca, c3 be any real numbers. Then there exists
a positive constant M = M (xg, p, c1, 2, c3) such that the solution of the initial value
problem
¥ = —ci2P + cox + c3, z(0) =x0>0
satisfies that
xz(t) <M  forallt > 0.

Proof. The function f(z) = —ci12P + cox + c3 is differentiable functions on R and

falls in either of the two cases:

case(a) f(x) <O0forallz >0

case(b) there exist a positive constant m = m(p, c1, c2, ¢3) such that f(m) =0, f(x) >
0 for x in some interval on the left of m, and f(z) < 0 for all x > M.

In case (a) 2/(0) = f(x¢) < 0, and thus by Theorem 2.5 2/(¢) < 0 for all ¢ > 0. Hence
x(t) < xp for all t > 0. In case (b) if 0 < 29 < m then the solution z(t) cannot cross
the constant solution y(¢) = m by Theorem 2.5, and thus z(t) < m for all ¢ > 0. If
xo > m then 2/(0) = f(z¢) < 0, and thus by Theorem 2.5 2/(t) < 0 for all ¢ > 0.
Hence z(t) <z for all t > 0. Therefore in any case there exists a positive constant
M = M(xg, p, c1, c2, c3) such that z(t) < M for all £ > 0. O

Lemma 2.2 (Gronwall’s inequality and the Comparison Principle for differential
equations). Let a < b < oo, and £(t) and [((t) be real-valued continuous functions
defined on the interval [a,b]. If £(t) is differentiable in (a,b) and satisfies the differ-
ential inequality

gt) <BEE),  te(ab),
then &(t) is bounded by the solution of the corresponding differential equation y'(t) =
Bt)y(t), y(a) = &(a), that is,
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&0 < e | (s) is)

for all t € [a,b]. And it follows that if in addition {(a) < 0, then &(t) < 0 for all
t € [a,b.

Proof. We refer the reader to [2]. O

Lemma 2.3. Let ¢y > 0, p > 1, and c2, c3 be any real numbers. Suppose that two
differentiable functions ¢(t) and x(t) satisfy

¢’ < —c1¢” + c20 + c3, ¢(0) = o
¥’ = —c12P + cow + 3, z(0) = ¢p.

Then

o(t) <x(t) forallt>0.
And especially, if o > 0 then there exists a positive constant M = M (¢, p, c1, c2, ¢3)
such that

o(t) <M forallt>0.

Proof. Let € = ¢ —x. Then

5/ — Cb/ _ x/
< —al¢f —a2f) + (o — )
= 5(—0177 + 02)5
where S
pp(t)P, if ¢(t) = x(t)

Here notice that n(t) is a continuous function using the mean value theorem and
the continuities of ¢(t) and z(t). Now, since £(0) = 0 we conclude that £(t) =
o(t) —xz(t) <0 for all ¢ > 0 from Lemma 2.2. And if ¢y > 0, from Corollary 2.3
there exists a positive constant M = M (¢o, p, c1, c2, c3) such that z(t) < M for all
t > 0. Thus ¢(t) < M for all t > 0. O

3. L;-BOUND OF SOLUTIONS TO (1.1)

Proof of Theorem 1.2. By taking integration over the interval [0, 1] for the first and

second equations in (1.1) we have that

1 1
4 / u(z,t)dx = / (ar1u — byu® + cyuv) dz
1

1
— | v(z,t)de = / (agv — bouv + cpv?) dr,
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d 1

1
dt/o (bou + c1v) dx = ;
bQCl(blCQ — bgcl)
biba + ci1c2

1
(arbou + azcyv) do — / (b1b2u2 — 2byciuv + 01621}2) dx.
0

Let § =
that

. The condition bicy > bocy implies § > 0. It also holds

5— baci(bicg — bacy)
b1ba + c1c2

< min {b1be, cica}.
Thus it is shown that
/01 (b1b2u2 — 2bscquv + 01021}2) dr — 5/01 (u2 + 112) dr >0
from the facts
(3.1) (bac1)® = (biby — 0) (crea — &) = —62 + (byby + c1¢2) 6 — bacy (breg — bacy) < 0.

Using (3.1) we have

d [t 1 1
7 (bou + c1v) dz < / (a1bau + azciv) do — 5/ (u? +v?) da,
0 0 0
and thus
d 1 1 1
— (u+v)dm§(3’1/(u+v)d:r—06/ (u? +v?) dz,
dt Jo 0 0
where C} = max{albg, anl}, 0= L From Holder’s inequality
min{ba, ¢1} min{ba, 1}

1 1 3 1 1 3
/ udazﬁ(/ u2d:z> , / vdxﬁ(/ v2da:) ,
0 0 0 0

it follows that

% 01(u+v)) dxg01/01(u+v)dx—06{</01udx>2+ (/Olvdx)g},

and thus
d It 1 1 2
(3.2) — (u—l—v)deCl/(u—i—v)dx—C'o{/ (u—i—v)dm} ,
dt Jo 0 0
!
where Cy = —2. Hence by the Gronwall’s type inequailty in Lemma 2.3 there exists

positive constant My = My (||uol|1, [|vol|1, a1, a2, b1, be, c1, c2) satisfying

1 1
(3.3) / u(z,t) de < My, / v(x,t)de < My
0 0

for all t > 0. ]
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4. Ly-BOUND OF SOLUTIONS TO (1.1)

Proof of Theorem 1.3. Multiplying the first and second equations in (1.1) by u =
u(z,t) and v = v(zx,t), respectively, and taking integrations over [0, 1] we have that
1d (!
2dt J,
1d (!
2dt J,

1 1
wldr = / u(dyu+ anu’ + Q12UV) g d + / u2(a1 —biu+ cv)dx
0 0

1 1
vidr = / v(d2 v + aguv + aggvz)m dx + / v2(a2 — bou + cov) dx.
0 0

Using Neumann boundary conditions
1d (!

1 1
- wdr = / u(dy v+ apu? + Q12UD) gy dT + / u2(a1 —biu+ cv)de

1 1
= — / uz(diu+ anu’ + a1puv), dr + / uz(al — bju + c1v) dx
0 0
1
= - / Uy (dy Uy + 20011UU, + Q120U + 12UV, ) dT
0

1
—i—/ u?(ay — biu + ¢yv) dz
0

(
1 1
= —/ (d1 + 2aq1u + alzv)ug dr — / Q12UULVy AT
0 0

(

1
—i—/ u?(a1 — byu + ¢v) de,
0

and similarly

1d [t 1 1
—— vidr = — / (do + 2a01u + a22v)vg dr — / 91 VULV, dx
1
+ / v?(ag + bou — cov) da.
0
(4.1)
1 1
5% / (u® + v?) dz
0

1 1
= —dl/ uidw—dg/ Ugdm
0 0

1
/ ((2anu + a190)u2 + (21 + az1v)ugvy + (201u + aggv)vg) dx
0

1 1
—i—/ u2(a1 —biu + c1v) dr + / v2(a2 + bou — cov) de,
0 0
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Using condition (1.3) that a%Q < 8111 and 0‘%1 < 8aryoroe, we have
(Oélgu + 042111)2 — 4(20&11’& + 0412’0)(20421u + OQQU)
= (OZ%2 — 804110421)112 — 2(0[120(21 + 80&110[22)111) + (a%l — 804120422)’[)2 S 0.

Thus it follows from (4.1) that

(4.2)

Ld [ o, 5 Ly o
—— | (wHv)dr < —dy | ujdr—dy | vidx

1 1
—I-/ u2(a1 —bju + cyv) dr + / v2(a2 + bou — cov) dx,
0 0

1 1
< —d1/ uidx—dz/ v2 dx
0 0

1 1 1 1
—|—a1/ uzdx—i-ag/ ’ugdx+cl/ UQUd$+b2/ wv? dz.
0 0 0 0
By Young’s inequality

1 1 1 1 1 1 1 1
/ w2vdz < / — <eu4 + ’1)2> dx, / w? dz < / — <ev4 + u2> dzx
0 0 2 € 0 0 2 €

holds for any € > 0. And by applying Lemma 2.1 to inequality (2.2) and using the

uniform L;-boundedness of u and v from Step 1, we have

1 2 1 2
/u4d$§0</ uidm—l—l), / U4d$§0</ vidm%—l),
0 0 0 0

where C' is a positive constant depending only on a;, b;, ¢; (i,7 = 1,2). Thus (4.2)
becomes
1d (!
2dt J,

1 1 1 1
g—dl/ uidm—dg/ vidaz—i—al/ u2da?—|—a2/ v? dx
0 0 0 0
1 o [
—|—61€C</ uidx%—l)—l—/ v? dx
0 2¢ Jo
1 b2 1
—i—bgeC(/ vgdx+1>+/ u? dx
0 2¢ Jo

dy [t , do (', Lo o
<—-= uxd:v—/ vxdx—i-C{/ (u® 4+ v?) dz + Cp,
2 Jo 2 Jo 0

dy  dy
2c1 7 2bo

bi, ¢i (i,7 = 1,2). And by applying Lemma 2.1 to inequality (2.4) and using the

(u® + v?) dz

1

where € = & min{ } and the constants C{ and C] are depending on d;, a;,
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uniform L;-boundedness of u and v from Step 1, we have

1 3 2 1 3 2
(/ qux> SC(/ uidaj—i—l), (/ v2dx> SC’(/ vgdm—i—l),
0 0 0 0

where C is a positive constant depending only on a;, b;, ¢; (i,7 = 1,2). And thus
3

1 1 1 1
—/ uide <1-C' </ u2d$> , —/ vide <1-C' (/ v2dx> ,
0 0 0 0

where C’ is a positive constant depending only on a;, b;, ¢; (i,j = 1,2). Thus we

3

have
1d [
2dt J,

<-4 </01u2dx> —C’ég(/olqﬂd:c)
—C, (/01(u2 +v2)da:)

by Lemma 2.1, where Cy, C1, Cy are positive constants d;, a;, b;, ¢; (i,7 = 1,2).

(u® +v?) dx

3 3

—~
=
w

~—
N

1
+c{/ (o +v%) de + C!
0

IN

1
+01/ (u® +v?) dz + Cy
0

Hence by the Gronwall’s type inequailty in Lemma 2.3 we obtain the following Lo-

bound of u and v such that
1
(4.4) / (u? +v*)de <My forall t>0,
0

where Mj is a positive constant depending on ||ug||2, [|voll2, di, s, bi, ¢ (3,5 =
1,2). O

5. W12-BOUND OF SOLUTIONS TO (1.1)

Proof of Theorem 1.4. To obtain uniform bounds of |u;|2 and |v;|2 for the solution
of (1.1) let us denote that

2 2
P =diu+ anu® + ajpuv, Q = dov + agiuv + aigv”.

We would show the uniform boundedness of |P,|2 and |P;|2 and then obtain the
uniform bounds of |ugz|e and |v;|2 from it. Here we note from Theorem 1.1 that
P,Q € C([0,T),W3([0,1])) n C>([0,1] x (0,T)) for 0 <t < T, and

1 1
/ Pusdx = / (diug + 201uus + aqoupv + aouvy)uy d
0 0

1
= / [(d1 + 2011w + c12v)uf + crsuugry] do
0
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1 1
/ Quuidr = / (dovy + ao1upv + ao1uvy + 20220 ) vy da
0 0

1
= / [(dg + ao1u + 204221))1)752 + aglvutvt] dz,

=]

1 1 1d 1
/ PP, dx = -— / PyP,dxr = —-— [ P2dx,

1 1 1d 1
/Qtdex _ —/ QuQudr — —/ Q2 do

from the Neumann boundary conditions on u, v. Now, multiplying the first equation

in (1.1) by P; and the second equation by @, we have

1
[(dl + 2a11u + ()[121))’[1,? + alguutvt] dx

—i—/ [u(dl + 211U + a12v) (a1 — biu + cr1v)ug + a12u2(a1 — biu + clv)vt] dx,
0

1
/ [(da + a21u + 20900)07 + ag1vugry] da
0

1a ',
=——= d
2dt/0 @ dr

1
+/ [v(da + a21u + 2a990) (ag + bau — cov)vy + 10 (ag + byu — cov)ue] da,
0

and thus
1
JRGEREALE
0

1 1
S—dl/ u?d:r—dg/ v? da
(5.1) {0 0

— [(20411u + algv)u? + (12u + a1v)ugvy + (ou + 20@21))1),52] dz
1

—|-01/ (u+v+u2+uv+v2+u3+u2v+u02+vg)(|ut!+lvt\) der,
0

DO |
Sl

where C' is a positive constant depending on d;, asj, a;, b;, ¢; (i,7 = 1,2). Here we
notice from the condition (1.3) that there exists a positive constant A = X« j,4,j =

1,2) satisfying

(2a11u + algv)u? + (o12u + a1v)upvy + (ou + 2042211)11? > Mu+ U)(th + vf),
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since
(a1ou + a01v)? — 4(2011u + a12v — A — M) (ao1u + 20000 — Au — Av)
= (Q%Q — 80(110[21)’&2 — 2(0[120[21 + 8a11a22)uv + (Oé%l — 80[120(22)1)2
+4X [(2011 + a21)u? + (2001 + a2 + a1 + 2022)uv + (12 + 20022) 0]
—4AX2(u+v)?2 <0
for all w >0, v >0, if A = A(ayj,4,5 =1,2) > 0 is small enough.
The terms fol u? dz, fol vZdr in (5.1) ae estimated in terms of P and @ from
inequality (2.7) in lemma 2.1.

1 1
—/ th de = / e +ular — by + clv)]2 dx
0
< —/ P2 daH—/ u2(a1—b1+clv)2d:c,
1
—/ vf de = / Qm—l—v(ag—kaU—ch)]Q dx
0

< / Q dx + / UQ(GQ + bou — CQU)Q dx.

Now we observe using Young’s inequality that

1 Ly 1 1 1 e 1
/ uuy dx / u2 <u§ut> dr| < / udx + / uu? dx
0 0 2¢ Jo 2 Jo

hold for any € > 0. Similar estimates are applied to the terms fol wvy dx, fol vuy d,

fol vuy dz, fol u?uy de, fol v2u; dx, and so on. Using these inequalities and inequalities
(2.8), (2.9) in lemma 2.1 we obtain that

1
C’l/ (u+v+u+uv+ 0% + 0 + o+ uw?® +0%) (Jug| + |vg]) da
0

1 1

+d1/ uz(al—bl—l—clv)Qdm—&-dg/ 1)2(@2+bgu—02?))2d$
Jo 0
SCQ/ (u+v+u3+vs)(|utl+|vt|) dx
0

1 1
+d; / uQ(al — b1+ 010)2 dx + do / vQ(ag + bou — 62v)2 dx
0 0

C 1
S?g) (u+v—|—u5+u4v+u3v2+u2v3+uv4+v5) dx
€
603 1 1 )
+7 (u+v) (ut —i—vt) de+dy [ u*(a; — by + c1v)dx
? 0

+ds / v2(a2 + bou — 021))2 dx
0

Cs ! 5, ,5 Cs [ 2, .2
< (25+C4>/ (1+u —|—v)dx+2/ (u+v) (uj 4+ vf) da,
0 0
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where Cy, C3, Cy are positive constant depending on d;, aj, a;, b;, ¢; (1,5 = 1,2).
Thus we have

ld 2 2

d ! 2 da ! 2 ! 2 2
S_? P dx—? Qi dr — X (u—i—v)(ut—i-vt)dw
0

1
+<03+C'4>/ (1+u5+v)dﬂs+ 33/ (u+v) (uf +v7) dz
0 0

for any € > 0. Here we choose a small € > 0 so that % < )\, and thus
(5.2)
1d

S (P2+Q2 da:<—/ d2/ Q> da:+C5/ (14 u’ +0°) dx

where 05 is a positive constants depending on d;, a;j, a;, bi, ¢; (1,7 = 1,2). Now we

observe that

P =diu+ anu? + ajpuw > appu?,  Q = dav + agiuv + agv? > agv?,

and thus
1 1
/ (u® +0°)dx < C’g/ (P% +Q%)dm
0 0

where Cg is a positive constant depending only on d;, ayj, as, bi, ¢; (4,5 = 1,2).
Applying the inequalities (2.6) and (2.3) to the function P = dju + ajju® + ajpuv

we have

- 3 2 ~ 2 3 3
Py < C (|Pm|5|P|f ; |P|1) < &|P|} (|Pm|5 n |P|f) ,

~ 2 3
Pl <& (11 171 )

Here using the uniform boundedness of the L; norm of P, we have

5
1 1 3
(5.3) —/ P2 dx < C7— Cy </ Pfd:v) ,
0 0
(. 1 1
(5.4) / P2 dx < Cy (/ P? da:> + Cho
0 0

where C7, Cg, Cy, C1o are positive constants depending on d;, oj, a;, bi, ¢; (4,5 =

1,2). Similar estimates are obtained also for (). Hence we have
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1
s | (P
(5.5) 0 5 1

1 3 1 2
<-Cn (/ (P} +Q3) d$> + Ch2 </ (P} + Qi)dx) + Chs,
0 0

where C11, Ci2, C13 are positive constants depending on d;, «j, a;, bs, ¢; (1,5 = 1,2).
Hence by the Gronwall’s type inequailty in Lemma 2.3 we obtain the following W o-
bound of P and @ such that

1 1
(5.6) / P2dx < Mo, / Q*dxr < My  forall t>0,
0 0

where M, is a positive constant depending on llwoll2, llvoll2, di, cij, ai, by, ¢i (4,5 =
1,2).

In order to obtain estimates for u, and v,, we notice that

()l ) (&) (&)
U$ N Qu Q’U Ql‘ N Ql’ ’

A ( di + 2a11u + ap9v Q12U )

where

91V d2 + ao1u + 20[22’[)
Here we note that |A|, the determinant of A, is bounded below by the positive
constant dida, and |A| is of class O(u? + v?) as u — oo and v — oo, we have the

inequality
|ug| + |vz| < Cra (|Pe] +|Qz|) for every x € [0, 1] x [0, 00)

for some constant C14 depending only on d;, ayj, (i,j = 1,2). Therefore we obtain

the following Wi >-bound of u and v such that
1 1
/ u? dz < My, / vidr < My  forall t>0,
0 0

where M, is a positive constant depending on ||ug||2, ||voll2, di, ®ij, ai, b, ¢; (i,] =
1,2). O
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