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SPLIT HYPERHOLOMORPHIC FUNCTION
IN CLIFFORD ANALYSIS

Su JIN LiM? AND KwWANG HO SHON P*

ABSTRACT. We define a hyperholomorphic function with values in split quaternions,
provide split hyperholomorphic mappings on Q C C? and research the properties of
split hyperholomorphic functions.

1. INTRODUCTION

A set of quaternions can be represented as
H={z=umz0+e1x1 +eaxo +e3x3: a2, € R k=0,1,2,3},

where e? = e3 = e2 = —1 and ejese3 = —1, which is non-commutative division

algebra. A set of split quaternions can be expressed as

S={z=x0+e1x1 +e2xatesrs:zr € R, k=0,1,2 3},

where €? = —1, e2 = €2 = 1 and ejege3 = 1, which is also non-commutative. On

the other hand, unlike quaternion algebra, a set of split quaternions contains zero
divisors, nilpotent elements and non-trivial idempotents. Because split quaternions
are used to express Lorentzian rotations, studies of the geometric and physical appli-
cations of split quaternions require solving split quaternionic equations (see [6], [9]).
Deavours [3] generated regular functions in a quaternion analysis and provided the
Cauchy-Fueter integral formulas for regular quaternion functions. Carmody [1, 2]
investigated the properties of hyperbolic quaternions, octonions, and sedenions, and
Sangwine and Bihan [10] provided a new polar representation of quaternions that is
represented by a pair of complex numbers in the Cayley-Dickson form.

We shall denote by C and R, respectively, the field of complex numbers and the

field of real numbers. We [4, 5] showed that any complex-valued harmonic function
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f1 in a pseudoconvex domain D of C? x C? has a conjugate function fy in D such
that the quaternion-valued function f; + f2j is hyperholomorphic in D and gave
a regeneration theorem in a quaternion analysis in view of complex and Clifford
analysis method. We define a split hyperholomorphic function with values in split
quaternions and examine the properties of split hyperholomorphic functions based
on [7].

2. PRELIMINARY

The split quaternionic field S is a four-dimensional non-commutative R-field gen-
erated by four base elements eg, e1, e2, and ez with the following non-commutative

multiplication rules :
ed=—1,e3=e2=1, epe; = —eren, e = —ep (k#1Lk#0,1#0),

€1€2 = €3, €2€3 = —€1, €361 = €2.

The element e is the identity of S, and e; identifies the imaginary unit ¢ = v/—1 in
the C-field of complex numbers. A split quaternion z is given by
3

z = § epxy = 21 + 2262,
k=0

where z1 = xg+e1x1, 20 = 2+ €123, 21 = Tg—e1x1 and Zg = T9 — e1x3 are complex
numbers in C and z; (k =0, 1,2,3) are real numbers.
The multiplications of two pure split quaternions Z = e1x1 + eaxs + egrg and W =

e1y1 + eay2 + esys (yr € R, k=1,2,3) is defined as follows:

Z-w = —wyr + ray2 + 3y3,
—€1 €y €3
ZXW = Tl T XI3|.
Y1 Y2 Y3

For pure split quaternions Z, 1 and ¢, the cross product satisfies two rules as follows:

Ex (0 xt)+wx (ExZ)+tx(Zxw) =0.
The split quaternionic conjugate z*, the multiplicative modulus M (z) and the inverse

271 of zin S are defined as
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M(2) = 22" = 2"z = a3 + 2% — 25 — 25 = |21* — |22/%,

z7 = (M(z) #0).

We let
e1x1 + esx2 + e3x3

2 2 2
—r] + x5+ 23

The split quaternion number z of § is
z =&+ JE1,

where & = z¢ and & = \/—z7 + 235 + 23. Then the split quaternionic conjugate
number of z is z* = £ — J&;, and the multiplicative modulus of z is M (z) = 5(2) - £,

J= with J2 = eg = id.

Let © be an open set in C? and consider a function f defined on © with values in S:

3
f:Zukek =u+Jv
k=0
z=(60,61) € Ur— f(2) = u(z) + Ju(z) € S,
Zf+ixf S F 3

where u = ug and v = % with f =7, urey.
We give differential operators as

1/ 0 0 1/ 0 0

D=—-|(—-J—)and D" == —+J— ),
2 <3§0 351) 2 <5§0 351)

o _ 0
where P = D and

g 7.D*+ % x D*

8751_ \/—x%+m%+x§7

where D* = 373 _, ek%. Then the Coulomb operator (see [8]) is

3
1 0? 1(82 82)
MD:DD*:D*D:,Ziz, o .
) 40y ANOG 08

Definition 2.1. Let Q be an open set in C2. A function f(z) = fi1(2) + fa(2)ez
is said to be an L(R)-split hyperholomorphic function on Q if the following two

conditions are satisfied:

(1) fi(2) and fao(z) are continuously differential functions on 2, and
(2) D*f(2) =0 (f(2)D* =0) on Q.

In this paper, we consider a L-split hyperholomorphic function on € in C2.
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3. SPLIT HYPERHOLOMORPHIC FUNCTION

Let & = rcosh @ and & = rsinh § with 72 = |zz*|. Then any z = & + J&; can be
expressed as z = r(cosh @+ J sinh #), where 6 is the angle between the vector z € C2

and the real axis.

Theorem 3.1. Let Q be a domain of holomorphy in C2. If u(r,) is a split quater-
nion function satisfying M (D)f = 0 on Q, then there exists a split hyper-conjugate
quaternion function v(r,0) satisfying M(D)f = 0 such that u(r,0) + Jv(r,0) is a
split hyperholomorphic function on €.

Proof. We put

10u ou
¢(T, 0) = —;%dr — TEdQ
We operate the operator 0 from the left-hand side of ¢(r,6) on Q.

0 0 10u ou
ou o 10
- ar or2 ' rae2

Since % = cosh @ 3% 4+ sinhg 2 02f cosh20 2Zf + 2sinh 6 cosh 0 _Of +

)dr/\d@.

910 orz BT D€ D€
. 2 2 . 2 . 2 2
sinh? @ ?)T% and % = T% +7r? <s1nh29 ng + 2sinh 6 cosh 6 % + cosh? 6 %),

we get d¢(r, 0) is zero. Since 2 is a domain of holomorphy, the d-closed form ¢(r, 6)
is a 0-exact form on ). Hence, there exists a split hyper-conjugate quaternion
function v(r,#) satisfying M(D)f = 0 on Q such that u(r,0) + Jv(r,0) is a split
hyperholomorphic function on 2. O

Example 3.2. If the split quaternion function
1
u(r,0) = r" cosh(nf) + (r + =) cosh 6
r

in a domain of holomorphy € C C? — {0} is known, then a split hyper-conjugate

quaternion function v(r,#) of u(r,d) on € can be found. That is,
1
v(r,0) = —r" sinh(nf) — (r — =) sinh 6
r

and f(r,0) = u(r,8)+Jov(r, 0) is a split hyperholomorphic function satisfying M (D) f =
0 on .

Theorem 3.3. Let Q be an open set in C2 and f be a split quaternion function
satisfying M(D)f =0 on Q. Then the multiplicative modulus of Df is
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ou\? ou\? ov\ 2 ov\ 2
wen=(ga) (o) = () ~(56)
Proof. For f =u+ Jv and f = u — Jov,

M(Df) = DfD*f
(DO 0u o von  D0ou ou oo u ou
0&o 0&o 0o 0&1 0§ 08  0& 061 061 08 01 06

+@@) J<_@@ LOouov vy @@)}
081 961 08 &1 08 0§ 08108  0&1 0&
where 7 = \/%;gix% Since 55“ = % and 8” = _a%v we have
M) = H(aZ D 0 0y (Duy*()E ()
08 05 061 08 080 &1 &1 0% )

O

Theorem 3.4. Let f : C> — C? be a polar coordinates mapping defined by
f(r,0) = (rcosh@,rsinh6).
Then the determinant of this mapping is
detArf(r,0) =1,

where AR f 1= ag 2’1))

Proof. The chain rule gives

ou ou 1 . ou ov ov 1 ov
8750 = cosh 8 E — ;Slnh@ %, aé_l = sinh 6 E ;COSh@ %,
ou ou 1 ou v ov 1 v
T&——Slﬂheai‘i‘ COS h9 89 aié_o Cshﬁa—-l-fsmh@%

Then

Esii

h® —Llsinh@ ou
Arf(r,0) = ( s 1" ) < ) )
—sinh 6 = cosh @ 50 50
_ coshd —1lsinh@ coshf  sinhd
o —sinhé % cosh 6 rsinh@® 7rcoshé

:( >
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Theorem 3.5. Let f : C> — C? be a polar coordinates mapping defined by
f(r,0) = (e" cosh 8, e" sinh 0).
Then the determinant of this mapping is
detArf(r,0) =

Proof. We can prove as above Theorem 3.4. O

Theorem 3.6. Let € be an open set in C? and f be a split hyperholomorphic function
on Q. Then there exists o differentiable function @ on Q such that the vector field

60 ) = (u(60. &) 0(60,60)) = (16060, ~ (060 ).
Proof. We let any point (&), &]) on Q. Consider

&o
0.6 = [ttt (e,

where (&) is a split quaternion-valued function. By the fundamental theorem of
calculus, we can find

o

©(&0,61) = u(t, &1)dt + -

§ 9%, 5 1(&1) = u(&o, 1)

Since f is a split hyperholomorphlc function on 2 and differentiating with respect

to &1, we obtain

0 ) = "o t,&)dt + ——p(&1)
876190(50751 = o 351 ( &1 5 (51
S 9
= - o 6 v(t, &1)dt + - 5 p(é1)
— © oy t,&)dt
= /gaﬁokz::oekvk(’& +?(§1)
0
= er(—vr (€0, &1) + vi(&p. &) + 87&#(51)
k=0
= (G0 6) + (€ ) + (f&u(&),
o = SRR 0 = e, = L v -

—j% Putting p(&1) = — [v(&),&)dé and then we have 35190(507‘51) =
_U(&J’gl)‘ O
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