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A PARALLEL HYBRID METHOD FOR EQUILIBRIUM
PROBLEMS, VARIATIONAL INEQUALITIES AND
NONEXPANSIVE MAPPINGS IN HILBERT SPACE

DANG VAN HIEU

ABSTRACT. In this paper, a novel parallel hybrid iterative method is pro-
posed for finding a common element of the set of solutions of a system
of equilibrium problems, the set of solutions of variational inequalities
for inverse strongly monotone mappings and the set of fixed points of
a finite family of nonexpansive mappings in Hilbert space. Strong con-
vergence theorem is proved for the sequence generated by the scheme.
Finally, a parallel iterative algorithm for two finite families of variational
inequalities and nonexpansive mappings is established.

1. Introduction

Let H be a real Hilbert space with the inner product (-,-) and the norm
[I]l- Let C be a nonempty closed convex subset of H. Let A: C — H be a
(nonlinear) operator. The variational inequality problem is to find p* € C such
that

(1) (Ap*, p—p*) >0, VpeC.

The set of solutions of (1) is denoted by VI(A,C).
A mapping S : C — C is said to be nonexpansive if ||Sz — Sy|| < ||l — y|
for all z,y € C. The set of fixed points of S is denoted by

FS)={zeC:S(x)==x}.

For finding a common element of the set of fixed points of a nonexpansive
mapping and the set of solutions of the variational inequality for an a-inverse
strongly monotone mapping in Hilbert space, Takahashi and Toyoda [17] pro-
posed the following iterative method: zy € C and

Tntl = QnTp + (1 - Oén)SPC(ZL'n — )\nA:L'n)
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for n = 0,1,2,..., where \,, € [a,b] for some a,b € (0,2«) and «, € [c,d]
for some ¢,d € (0,1). They proved that the sequence {z,} converges weakly
to z € F(S)NVI(A,C), where z = lim, o0 Pp(s)nvi(a,c)Tn. To obtain
strong convergence, liduka and Takahashi [11] proved the following convergence
theorem:

Theorem 1.1 ([11]). Let C be a closed convex subset of a real Hilbert space
H. Let A be an a-inverse-strongly-monotone mapping of C into H and let S be
a nonexpansive nonself-mapping of C into H such that F(S)NVI(A,C) # 0.
Suppose x1 = x € C and {x,} is given by
Tnt1 = Po (anxn + (1 — an)SPo(z, — A\pAxy))

foreveryn =1,2,..., where {a,} is a sequence in [0,1) and {\,} is a sequence
in [0,2a]. If {an} and {\,} are chosen so that A\, € [a,b] for some a,b with
0<a<b<2a,

o oo o0
lim o« =0, E Q, = 00, E |1 — am| < o0, E [Ant1 — An| < o0,
n=1 n=1 n=1

n—oo

then {xn} converges strongly to Pp(s)nvi(a,c)®-

Let f be a bifunction from C' x C to the set of real numbers R. The equi-
librium problem for f is to find an element Z € C, such that

(2) f(&y)>0,VyeC.

The set of solutions of the equilibrium problem (2) is denoted by EP(f). Equi-
librium problems are generalized by several problems such as: optimization
problems, variational inequalities, etc. In recent years, several methods have
been proposed for finding a solution of equilibrium problem (2) in Hilbert space
[5, 7, 16, 18, 19].

In 2010, for finding a common element of the set of fixed points of non-
expansive mappings, the set of the solutions of variational inequalities for a-
inverse strongly monotone operators, and the set of the solutions of equilibrium
problems in Hilbert space, Saeidi [12] proposed the following iterative method:
To € H and

Up =T - Th 2y,
U, = Po(I = AN nAN) -+ Po(I — M pA1)un,
yn = (1 — ap)xn + an Wi,
Co={veH:|v-ynl <|v—al},
Qn={veH: (xo—Tnx,—v) >0},

Tnt+1 = PCannﬂﬁoa n>1,

where W, is the nonexpansive mapping, so-called the W-mapping [14], and
TS 2 := u is the unique solution to the regularized equilibrium problem

1
f(u,y)—i—;(y—u,u—@zo, VyeC
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Clearly, Saeidi’s algorithm is inherently sequential. Hence, when the numbers
of operators N and bifunctions M are large, it is costly on a single processor.

Very recently, Anh and Chung [2] have proposed the following parallel hybrid
iterative method for finding an element of the set of fixed points of a finite family
of relatively nonexpansive mappings {Si}ilif

9 € Co:=C, Qo :=C,

vl = anrn + (1 —ay)Siwn, i=1,...,N,

in :zargmax{”yflfan :izl,...,N}, Un 1=y,
Con={velC:|v=inl <llv—=zl},
Qn={velC:{(xg—zp,x, —v) >0},

Tn+1 = Po,ng,.To, n > 0.

This algorithm was extended by Anh and Hieu [3] for a finite family of asymp-
totically quasi ¢-nonexpansive mappings in Banach spaces.

In this paper, motivated by the results of Takahashi et al. [11, 17], Saeidi
[12], Anh and Chung [2], we propose the following novel parallel hybrid iterative
method for finding a common element of the set of solutions of a system of
equilibrium problems for bifunctions { fl}llil, the set of solutions of variational
inequalities for a-inverse strongly monotone mappings {Ak}i\il and the set of
fixed points of a finite family of nonexpansive mappings {Si}ijilz

xo € H, Co=Qo=0C,
zﬁl:TTffon, l=1,.. K,

ln ::argmaX{Hzfl—an :l:l,...,K}, Zy = zf{l,
uf = Po(zZ, — Mgz,), k=1,..., M,
kn = argmaX{Hufl—an k= 1,...,M}, Ty = ukn,

Yyt = aplin + (1 — ap)Sitn, i=1,..., N,

iy 1= argmax{Hyz —an 1= 1,...,N}, Un = yln,
Co={veH: |v—yul <llv—2ul < lv—aall},
Qn={veH: (xg—xpn,x,—v) >0},

Tn+1 = Po,ng,To, n >0,

where A € (0,2«) and the control parameter sequences {a, }, {r,} satisfy some
conditions. Clearly, in the method (3), at nth step, we can calculate the in-
termediate approximations z!, in parallel. Then, among all z,, the element %,
which is farest from z,, is selected. Using the element Z, to find the approxima-
tions uf in parallel. After that, we chose the element i, that is farest from z,,
among u¥. Similarly, y? are calculated in parallel and ¢, is determined. Based
on Yn, Zn, Tn, the closed and convex subsets C),, @, are constructed. Finally,
the next approximation z,41 is determined as the projection of zy onto the
intersection C,, N Q,, of two closed and convex subsets C,, and Q.,.
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This paper is organized as follows: In Section 2, we collect some definitions
and results for researching into the convergence of the proposed method. Sec-
tion 3 deals with the convergence analysis of the method and its applications.

2. Preliminaries

In what follows, we review some definitions and results, which are employed
in this paper. We refer the reader to [11]. We write x,, — « to indicate that the
sequence {x, } converges strongly to z and & — x implies that {z,} converges
weakly to x.

A mapping A : C — H is called a-inverse strongly monotone if there exists
a constant e > 0 such that

(Ax — Ay,z —y) > a || Az — Ay||”
for all z,y € C and n-strongly monotone if there exists n > 0 such that
2
(Az — Ay,x —y) =z -yl
It is well known that if A is n-strongly monotone and L-Lipschitz, i.e.,
Az — Ay[| < L ||z — y]|
for all x,y € O, then A is n/L%inverse strongly monotone. If A : C — H is
a-inverse strongly monotone, then A is 1/a-Lipschitz continuous and I — AA
is nonexpansive of C' onto H, where A € (0,2«). If T is nonexpansive, then
A =1 —T is 1/2-inverse strongly monotone and VI(A,C) = F(T).
For every x € H, the element Pcx is defined by
Pox =argmin{|ly —z|| : y € C}.
Since C' is a nonempty closed and convex subset of H, Pox is existent and

unique. Mapping Pc : H — C is called the projection of H onto C. It is also
known that Pg satisfies

(4) (Pox — Poy,x —y) > ||Pex — Poyl|>.

This implies that Pc is 1-inverse strongly monotone and for all x € C, y € H,
we have

() 2 = Poyll* + | Poy — ylI* < Iz — y||*.
Moreover, z = Pex if only if

(6) (x —2,2—y) >0, YyeC,
and this implies that p* € VI(A, C) if only if

(7) p* = Po(p* — Mp*), A>0.

We have the following result of the convexity and closedness of VI(A,C).

Lemma 2.1 ([15]). Let C be a nonempty, closed convex subset of a Banach
space E and A be a monotone, hemicontinuous operator of C into E*. Then

VIA,C)={uveC:{v—u,Av) >0 forallveC}.
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Next, for solving the equilibrium problem (2), we assume that the bifunction
f satisfies the following conditions:

(A1) f(z,z)=0for all z € C;
(A2) f is monotone, i.e., f(z,y) + f(y,z) <0 for all z,y € C;
(A3) For all z,y,z € C,

Jim_sup fltz+ 1 —t)z,y) < fz,y);

(A4) For all x € C, f(z,-) is convex and lower semicontinuous.

The following results concern with the bifunction f:

Lemma 2.2 ([7]). Let C be a closed and convex subset of Hilbert space H, f
be a bifunction from C x C to R satisfying the conditions (A1)-(A4) and let
r >0,z € H. Then, there exists z € C such that

1
f(z,y)—i—;(y—z,z—x)ZO, vyec

Lemma 2.3 ([7]). Let C be a closed and convex subset of a Hilbert space H,
f be a bifunction from C x C to R satisfying the conditions (A1)-(A4). For all
r >0 and x € H, define the mapping

1
Tiz={2cC:f(z,y)+~-ly—z,2—12)>0, VyeC}
T
Then the following hold:
(B1) T is single-valued;
(B2) T is a firmly nonexpansive, i.c., for all x,y € H,
1T e = Tyl < (T]x = Tfy,2 —y);
(B3) F(T]) = EP(f);
(B4) EP(f) is closed and convez.

Lemma 2.4 ([9]). Assume that T : C — C is a nonexpansive mapping. If T
has a fized point, then
(i) F(T) is closed convex subset of H.
(ii) I—T is demiclosed, i.e., whenever {x,} is a sequence in C weakly con-
verging to some x € C and the sequence {(I — T)xy} strongly converges
to some y, it follows that (I — T)x = y.

3. Main results

In this section, we shall prove the convergence theorem for the method (3).
Putting

F = (N EP(f) () (N F(S)) () (ML VI(A, ©))

and assume that F' is the nonempty set. We also propose a simpler algorithm
than the algorithm (3) for a system of variational inequalities and a finite family
of nonexpansive mappings.
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Theorem 3.1. Let {Ak},iwzl : C — H be a finite family of a-inverse strongly
monotone operators, {Si}i]\il : C — C be a finite family of nonexpansive map-
pings, and {fl}l}il be a finite family of bifunctions from C' x C to R satisfying
the conditions (A1)-(A4). Assume that the set F is nonempty, A € (0;2«) and
the control parameter sequences {a,} and {r,} satisfy the following conditions:
(i) {an} C[0,1], limsup,,_, . an < 1;
(ii) {rn} C [d,0) for some d > 0.
Then the sequence {x,} is generated by algorithm (3) converges strongly to
PFSC().

Proof. We divide the proof of Theorem 3.1 into seven steps.

Step 1. We show that F, C,,, Q,, are closed convex subsets of H. By Lemmas
2.1, 2.3, and 2.4, EP(f1), VI(Ag,C), F(S;) are closed and convex. Hence, F
is closed and convex. From the definitions of C,,, @, we see that @, is closed
and convex and C,, is closed. Now, we show that C), is convex. Indeed, the
inequality [|v — ¥n|| < ||v — x,]| is equivalent to

_ 1 2 2
(v,2n = ) < 5 (lleal® = lignl®)

This implies that C,, is convex for all n > 0, and so Il¢, g, To and IIFzg are
well-defined.
Step 2. We show that F' C C,,NQ,, for all n > 0. We have v, = apa, — (1 —

) Siiin. For every u € F, by the convexity of ||-||* and the nonexpansiveness

of S;, , we obtain
flu — gnHQ = |Ju— ant, — (1 — an)sinanHQ
= |lul® = 20 (u, @n) — 2(1 — a) (u, Si, i)
+ lanzn + (1 — O‘n)sinﬂnHQ
< ull? = 200, (u, @n) — 2(1 — a) (u, Ss, tin) + o |20
+ (1 = ) ||, T |®
= ay, |lu — anH2 + (1 —ay)[Ju— SinanH2
< ap H“ - anH2 + (1 - an) ||u - anHQ
(8) = [lu— |

From (4), the definition of 4,, and the nonexpansiveness of Pc(I — Ay, ), T/,
we have

e = @nll = 1o (T = Mg, Ju = Po(I = A, )z
< Jlu =zl
= [T u =Tl

©) < lfu =zl
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From (8) and (9),
(10) [ = Full < flu—Zn| < Jlu— 2l
This implies that F C C, for all n > 0. Next, we show that F' C C), N Q,
for all n > 0 by the induction. Indeed, we have that Cy = Qo = C and
F c C = CynQo. Assume that I C C, N Q, for some n > 0. From
ZTnt1 = Po,ng, xo and (6), we get

(Tn41 — 2,0 — Tnt1) > 0

for all z € C,, N Qp. Since F C Cp, N Qn, (Tni1 — 2,20 — Tpt1) > 0 for all
z € F. This together with the definition of Q,; implies that F' C Q1.
Hence F C C,, N Q,, for all n > 0.

Step 3. We show that ||z, — ¢} || — 0 and ||z, — 2 || = 0 as n — oo for all
i=1,2,...N,1=1,2,..., K. From the definition of @),, and (6), we see that
xn = Pg, xo. Therefore, for every u € F C Q,,, we get

2 2 2 2
(11) [2n = o™ < llu = @ol|” = [Ju — zn[|” < [lu = ao|”

This implies that the sequence {,,} is bounded. From (9), {uf} is bounded.
By the nonexpansiveness of S;, the sequence {Szufl} , {y;} are also bounded.
We have z,,4+1 = Pc,nQ, %o € Qn, n = Pg, %o, from (5) we get

(12)  Jan = 2ol < @ns1 =20l = l@ns1 = @al® < llznsr — 2ol

Hence the sequence {||,, — x|} is nondecreasing, and so there exists the limit
of the sequence {||z,, — z¢||}. From (12) we obtain

|#nt1 = nll® < @1 — 2ol * = [lan — 2o
Taking n — oo, we obtain
(13) nh—>II<>10 [#n+1 =z = 0.
From z,,+1 = Pc,nq, %o € C), and the definition of C,, we have that
[Zn+1 = nll < [Tnt1 = Znll < ([Tn41 — zall-
Therefore,
(14) lim ([zn11 = Jn| = lim [|on — 2] = 0.
n—oo n—oo
By (13), (14) and the estimate ||z, — §n|| < ||Zn — Tnr1|] +|Zne1 — Gnll, we get
lim ||z, — gn| = 0.
n—oo
From the definition of i,, we obtain
(15) Jim [z, — g || =0
foralli=1,2,...,N. By arguing similarly to (15), we obtain
(16) lm |z, —2.|| =0, 1=1,2,... K.

n—oo
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Step 4. We show that lim, o ||, — Sixy| = 0. From i = a,x, + (1 —
0ty ) Sitiy, We obtain

Hzn - y:zH = (1 - an) ||zn - Szﬂn” .
Therefore,
lzn — Siznl| < |20 — Sitin|| + [|Sitin — Sizy||
< lzn — Sitin|| + [|Un — zn]
1 ; _
(17) = 1—a, Hxn_y%H + [[tn — 20|

For every u € F, from (4) and (6), we see that
2 |[u— Tn||* = 2 || Po(u — Ay, u) — Po(Zn — My, Z)||°
<2{((u— Mg, u) — (Zn, — Mg, Zn), u — Up)
(= Mg 0) — (2 — Mg, Z) P+ ([ — a2
—|(u = Mg, u) — (2o — My, Zn) — (0 — @) ||
< lu = Zal® + [lu = @nl* = || (20 — @n) — M Ak, Z0 — Ag,u)|?
= |lu = Zall® + lu = @nl|* = [[@n = Zall* = N*|| Ak, Zn — Ap, ul®
42X (2 — T, Ak, Zn — Ap,u) .
Therefore,
= n|)® < |Ju— Zn||> = [|in — Zn]|? + 2X (Zn — i, Ak, Zn — Ak, u)
< (Il = Zall? = i = Zal[?) + 2A||Tn — Zall[| Ak, Zn — Ar, ull
(18) < (JJu = 2all? = [0 — Zall?) + 2\ — Zallll Ak, 20 — A, ull.
From the convexity of ||-|* and the nonexpansiveness of S; we have
o= |” = lfw = (ntin + (1 = ) Sina) |
< aplu— anHQ +(1—an)lu— Sian”2
<ap HU - an”Q + (1 - an) ||u - ﬁnHQ
= [l — @n|*
= || Po(u — Mg, u) — Po(Z, — My, Z0)||°
< (= M, w) = (2o = M, Z0) I
= [IA(Ak, 20 = Ar,u) = (20 — )|
= N2 || A, Zn — A, ul” = 2X (Ak, Zn — Ayt Zn — u) + |20 — ul]?
(19) < lu =2 |? = M2a = N) [|Ag, 20 — Ag,ul? .
This implies that
(200 M0 =) Ak, 2~ Al < o=l = flu =
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We have
e = @all® = [ = w|*| = e = @all = [Ju = g [| (e = 2l + [Ju = 2]
< [lzn =yl (lu = zall + [Ju = yal]) -
By the boundedness of {z,,}, {y}} and (15), we obtain

(21) = 2all? — [l — 5|2 = 0.

The last relation and (20) imply that

(22) lim ||Akn2n - AknuH =0.
n—oo

From (18) and (19), we obtain
il2 — 2
[u = yll” < llu — @l
< (Ile = 2all? = [l = 2al[?) + 2 /[ — Znlll| Ak, 20 — A, ull-
Therefore,
_ _ i 2 _

(28) I = 2l ® < (= @l = [Ju = i) + 270 = 2l [| Ap, 20 — Ap .
From (21), (22),(23) and 0 < A < 2q, we get
(24) lim ||z, — @, = 0.

n—oo
Since ||z, — Zp|| = 0 and ||z, — Gnl| < |2 — Zal| + |20 — Gnll,
lim |2, — @,| = 0.
n—o0
This together with (15), (17) implies that
(25) nl;rrgo |z — Sizn] =0
for alli =1,2,..., N. By the boundedness of {x,}, there exists a subsequence
{zm} of {x,} converging weakly to & € C. From (25) and Lemma 2.4, T €
F(S;) for alli =1,2,..., N. Hence, & € (X, F(T}).
Step 5. Now we show that = € ﬂ]szl VI(Ag,C). Indeed, we have that
g, = Zml| < Nugy, = Tl | + [|2m — Zml.

Therefore, |[uf, — z,,|| — 0 as m — oco. Note that, we also have uf, — Z and
Zm — T as m — oo. We have

|2 — Po(I = AE* = [|Zm — 2| + 2 (zm — 2,7 — Po(I — AAy)Z)
(26) +[1& — Po(I = A2
Moreover, from u¥, = Po(I—\A})Z, and the nonexpansiveness of Po(I—A\Ayg),
one has

2 — Po(I — MAR)Z||” < (||Zm — uan + | Pc(I — ANAg)Zm — Po(I— )\Ak)EH)2

(27) < (||Em — b || + 112 — 7))
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From (26), (27) we get
17— Po(I = MADF| < ||Zm — b, |* + 22 — b || 12 — 2]
—2(zZm — 7,7 — Pc(I — MNA)Z) .
Letting m — oo, we obtain
? = Po(I — M)
By (7), 7 € VI(Ay,C) for all k = 1,2, ..., M.

Step 6. We show that = € ﬂzl; EP(f1).
Note that lim,,_ s Hzfn — me = 0. This together r,,, > d > 0 implies that

(28) mlgnoo - =0.
We have that 2!, = Tﬂ:lnzm, ie.,
1

(29) Ji(z9) + = (Y = Zr 2 = ¥m) 20 Wy € C.
From (29) and (A2), we get

1
(30) T_<y_z£nazin_‘rm> > _fl(zin’y) > fk(yazin) vy eC.
Taking m — oo, by (28), (30) and (A4), we obtain
(31) fily,2) <0, vy eC.

For 0 <t <1andy € C, putting y: =ty + (1 — t)Z. Since y € C and Z € C,
y: € C. Hence, for small sufficient ¢, from (A1), (A3) and (31), we have that
filye, @) = filty+ (1 —t)z,Z) < 0.

By (A1), (A4), we have that
0= fiye, ye)
= filys, ty + (1 — £)T)
<tfilye,y) + (1 =) f(ys, 2)
< tfilye,y)-

Dividing both sides of the last inequality by ¢ > 0, we obtain f;(y:,y) > 0 for
all y € C, ie.,
filty+ (1 —=t)z,y) >0, vy € C.
Taking ¢t — 0T, from (A3), we get f1(Z,y) > 0,Vy e Candl =1,2,..., K, i.e,
T € N, EP(f;). Therefore, 7 € F.
Step 7. We show that x,, — Ppxg. Setting w = Ppxg. From (11), we get
[m — 2ol < [lw— 0.
By the lower weak continuity of ||-|| we have

|z — 20| < lim inf||z,, — zo|| < lim sup ||@m — xo|| < ||lw — xo]| -
m—r oo m—r oo
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By the definition of w, ¥ = w and lim,,—, o ||Zm — xo|| = ||Z — 20]|. This implies
that

i (el = 7]
Therefore, lim,, o0 Zm = T. Assume that {z;} is an any subsequence of {x,, }.
By arguing similarly to above proof,  — Ppxg as k — oco. Hence, x,, = Prxg
as n — 00. The proof of Theorem 3.1 is complete. O

Now, we consider the ill-posed system of the operator equations
(32) Ai(x)=0,2€H, i=1,2,...,N,

where A; : H — H are possibly nonlinear operators on H. Let S denote by the
set of solutions of the system (32). An element ' is called zg-minimize norm
solution of the system (32) if #7 € S and satisfies

H:cT —zo|| = min{||z — o : z € S}.

If 29 = 0, then z' is said simply to be the minimize norm solution. Several
sequential and parallel iterative regularization methods [1, 2, 6, 8, 10] have
been proposed for finding a solution of the system (32). Using Theorem 3.1,
we also obtain the following result:

Corollary 3.2. Let A;: H — H,i=1,2,..., N be a finite family of a-inverse
strongly monotone mappings with the set of solutions S being nonempty. The
sequence {x,} is generated by the following manner:

zo € H,

in = argmax{||A;z,||:i=1,...,N}, A, :=A;,
C, = {v € H: <’U,/_1n.%'n> < <xn — u/_lnxn,[lnxn>} ,
Qn={veH: (v,rg—xn) < {(Tn,To— Tn)},

ZTnt+1 = Po,n@,To, n 2> 0,

where p € (0,a). Then {x,} converges strongly to the xo-minimize norm
solution ' of the system (32).

Proof. Putting C = H, A\ = 2u, a, = 0 for alln >0, S; = I, fi(z,y) = 0.
Using Theorem 3.1, we obtain the desired result. O

Next, deals with the problem finding a common element of the set of so-
lutions of a system of variational inequalities for a-inverse strongly monotone
operators {Ak}gle and the set of fixed points of a finite family of nonexpan-
sive mappings {Si}i]il. One can employ the method (3) to find this common
element. We obtain the following result:

Corollary 3.3. Let {Ak}]szl :C'— H be a finite family of a-inverse strongly

monotone operators, {Si}i]i1 : C' — C be a finite family of nonexpansive map-
pings. Assume that the set F = (N, F(S;)) N (ML, VI(Ag, C)) is nonempty.
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Let {x,,} be the sequence generated by the following manner:

0 € H, Co=0Qo=C,

Zn = PC:En;
uf = Po(zn — Mgzy), k=1,..., M,
kn = argmaX{Hqu—an k= 1,...,M}, Uy = ukn,

Yl = aniiy + (1 — ay)Sitiy, i=1,..., N,

) :zargmax{”yflfan:izl,...,N},yn::y}'{l,
Co={veH: vyl <lv—2znll <llv—anl},
Qn={veH: (xog—Tpx,—v) >0},
Tn+1 = Po,nqg,To, 1 >0,

3

where, X € (0;2a) and {an} C [0,1], limsup,,_,. an < 1. Then the sequence
{zn} converges strongly to Prxy.

Proof. Putting fi(z,y) =0 for alll =1,2,...,K and r, = 1. Then TrleLz =
Pex for all z € H. The proof of Corollary 3.3 follows from Theorem 3.1. [

However, the subset C), in the method (33) is complex. Moreover, the pro-
jection Pc,n@, o in each iterative step, in general, is difficult to find it. One
assumes that Pox can be calculated easily [4, 13]. To overcome the complexity
caused by C, and Pc,nq,, we propose the following parallel modified algo-

rithm:

Algorithm 3.4. Let zy € H be an arbitrary chosen element , {«, } be in [0, 1],
and A € (0;2«). Assume that z;, is known for some n > 0.

Step 1. Calculate z, = Po(xp).

Step 2. Calculate the intermediate approximations u* in parallel

Step 3.
Step 4.

Step 5.
Step 6.
Step 7.

Step 8.

Step 9.

’uZ = Po(zn — Mi(zn)), k=1,2,..., M.

)

Find k,, = argmax{”uﬁ — an k=1,.. .,M}. Put a,, := Uﬁ"-
Calculate the intermediate approximations ¢!, in parallel
Yl = antin + (1 — ay)Siti,, i=1,2,...,N.

Find ¢, = argmaX{Hy,ﬂ — an i=1,.. .,N}. Put g, := yin.
If ||gn — @n|| = O then stop. Else, move to Step 7.
Define

Crn={veH:|v-gnl <l[v—al},
Qn={veH: {(xg—xn,x, —v)>0}.
Perform
Tn41 ZPCnﬂQnJ?O-

If 25,41 = z,, then stop. Else, set n :=n + 1 and return Step 1.
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Clearly, in every iterative step of Algorithm 3.4, C,, and @Q,, are either H
or the half spaces. Therefore, by calculating similarly in [13], we can obtain
ZTn+1 = Po,na, o easily. Indeed, we see that ||[v — g, || < ||[v — x5 || is equivalent

to -
<U_ It o, _yn> <o.

Therefore, we obtain that [13, Algorithm 1]

(34) Iz ke e st JP

3 Tpi1 = Fo, o = To — - Tn — Yn),
|20 — Fnl[?

if Po,zo € Q. Else

(35) Tny1 = Po,nqQ. %0 := To + A1 (Tn — Un) + A2(20 — 70),

where A1, A2 is the solution of the system of two linear equations

)‘1||$n *gn||2 + A2 <$n — Yn, To *zn> - - <z0 - wng—gn,zn *g">
A (Tn = Tn, To — Tn) + Aal[zo — 20| > = —[|z0 — 20 |[*.

Theorem 3.5. Let {Ak},iwzl : C' — H be a finite family of a-inverse strongly
monotone operators and {Si}fvzl : C — C be a finite family of nonexpansive
mappings such that F = (N, F(S;)) N (ML, VI(Ag,C)) # 0. Assume that
the sequence {a,} C [0,1] satisfies limsup,, . @, < 1. Then the sequence
{zn} generated by Algorithm 3.4 converges strongly to Prxg.

Proof. By arguing similarly to the proof of Theorem 3.1 we obtain F,C,, Q,
are closed convex subsets of C'. Now, we show that F' C C,, N @,,. For every
u € F, by the convexity of ||-||* and the nonexpansiveness of S;, , we obtain

lu—=gnll* = v = anttn = (1 = ay)Si, @
= [lul® - 20, (u, @) — 2(1 — o) (u, Si, @)
+ [lantn + (1 - an)Sinﬂn||2
< HU”2 —2ay, <Uvﬂn> - 2(1 - an) <u, Sinﬁn> + ap HﬁnH2
+ (1= ) |18, |
= Qp Hu - ﬁn||2 + (1 - an) ”U - SinﬁnH2
< oy flu— ﬂn”2 + (1 =) flu— anHQ

lu — @

From the definition of @,, (7) and the nonexpansiveness of Po(I — AAy,, ) and
Pc, we have

lu = i) = [|Pe(I = My, Ju — Po(I = My, )z
< lu = z4l| = | Pew - Poa, |
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< lu = zall-

Therefore,
lw = Fnll < [lu—an].
This implies that FF C C), for all n > 0. By the induction, we obtain that

FcC,nQ@Q, for all n > 0. By arguing similarly to the proof of Theorem 3.1
we obtain the sequences {z,}, {y%}, {un}, {Tiun} are bounded and

limy,— 00 ||-Tn+1 - xn” =0,
(36) limy, 00 ||:Cn+1 - gn” =0,
limp o0 ||l2n — ¥4 || =0, Vi=1,2,...,N.

By iin, Titi, € C and the convexity of C, y! € C. Hence ||z, —4.| =
| Pon — Poys || < ||zn — vi|| = 0. So, |lzn — 2nll < |20 — i ||+ ||vi — 2a|| =
0. We have

Hzn - y:zH = llan(zn — tn) + (1 — an) (20 — Titin) ||
> (1 —an) lzn — Tittn|| — an [[2n — tnl|-
Therefore,
lon = Titinll < 7= [|2n = vl + T llz0 = Tl
(e7% Qp

This together with the nonexpansiveness of T; implies that

lzn = Tiznll < ll2n = Titin || + [|Titin — Tizn||
< llzn = Titnl| + [[tn — 24|

< 1—a, ||Z" - y;H + 1 77;” lzn — Gnll + |@n — 2zull + |20 — Zal|
1 .
60 = =l o~ all =l

By arguing similarly to (24) we obtain

(38) nlingo |z, — @nl| = 0.

From (37), (38) and limy e ||2n — ¥4 || = limp—eo |20 — @nl| = 0 we get

(39) nhﬂn;o |z — Tiznl|| = 0.

Repeating Steps 5, 6, 7 in the proof of Theorem 3.1 we get lim,_+ 2, = Prxp.
By limy, 00 ||2n — Znl] = 0, lim, 00 &, = Praxg. The proof of Theorem 3.5 is
complete. O

Using Theorem 3.5, one gets the following result which was obtained in [2].
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Corollary 3.6 ([2]). Let {Si}f.\[:1 : C — C be a finite family of nonexpansive
mappings with F = ﬂzj\il F(S;) #0. Let {x,} be the sequence generated by the
following algorithm:

xo € H,

zn = Po(xy),

vl = antn + (1 — ap)Sitpn, i=1,..., N,

I 1= argmax{”yfl —(EnH 1= 1,...,N}, Un 1= yir,
Con={veH: vyl <|v—azl},
Qn={veH: (xg—zn,x, —v) >0},

Tnt+1 = Po,n@, %o, n >0,

where the sequence {ayn} C [0,1] satisfies limsup,,_, . an < 1. Then the se-
quence {x,} converges strongly to Ppxg.

Proof. Putting A(z) = 0 for all z € H. The proof of Corollary 3.6 follows
immediately from Theorem 3.5. O
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