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DERIVATIVE FORMULAE FOR MODULAR FORMS AND
THEIR PROPERTIES

AYKUT AHMET AYGUNES

ABSTRACT. In this paper, by using the modular forms of weight nk (2 <
n € Nand k € Z), we construct a formula which generates modular forms
of weight 2nk + 4. This formula consist of some known results in [14] and
[4]. Moreover, we obtain Fourier expansion of these modular forms. We
also give some properties of an operator related to the derivative formula.
Finally, by using the function j4, we obtain the Fourier coefficients of
modular forms with weight 4.

1. Introduction, definitions and notations

Throughout our paper, we use the following standard notations:
N ={1,2,...}, as usual, Z denotes the set of integers and C denotes the set
of complex numbers. Let k£ € Z and

H={zeC:Im(z) >0}.
The set of all Mobius transformations of the form
, az+b
cz+d’
where a, b, ¢, d € Z with ad—bc = 1, is called the modular group and is denoted
by T' (cf. [1]).
A function f said to be a modular form of weight 2k if it satisfies the following
conditions (cf. [1], [14]):
(i) f is analytic in H.

(i)

(i) = st

a b
erl.
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(¢) The function f has a Fourier expansion as follows:

o0

J() = 3 clmermn.

n=0

The constant term ¢(0) is called the value of f at ico, denoted by f(ico). If
¢(0) = 0, then the function f is called a cusp form (cf. [1]).
If 2 < k € N, then the Eisenstein series Gay(z) is defined by

(1.1) Gour(z) = > !

2k
0#(m,n)€Z? (mz + TL)

(cf. 1], [15], [16]).
For k = 1, the series in (1.1) is no longer absolutely convergent.
We define the function Gz(z), for z € H, as follows:

(1.2) Ga(z) = 2¢(2) + 2(27i)* Y a(n)e’™",

where

o(n) = Zd

d|n

(ct. 1], [13], [16]).

Let ¢ = 2™, The series in (1.2) is an absolutely convergent power series
for |g| < 1. So Ga(z) is analytic in H (cf. [1], [15], [16]).

The normalized Eisenstein series is defined by

where

for Res > 1 (cf. [1], [15], [16]).
In Section 2, we use the Eisestein series Ea(z) in the derivative formula.
Also we can give the following proposition for Fa(z).

Proposition 1 ([7]). There is a holomorphic function Es which has Fourier
expansion at oo

Ey(z)=1- 242 o1(n)e* "z,
n=1

which satisfies the following transformation formula:

1 12
2B -~)=F :
* 2 z 2(2) + 2miz
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Many authors have studied on formulae generating the modular forms and
obtained the modular forms by using the derivative of modular forms.

Koblitz raised the following question concerning the normalized Eisenstein
series Ey(z) and modular forms ([11]):

Theorem 1. Let f(z) be a modular form of weight k for T'. If
1 d k
h(z) = —— -
() = 5t £(2) ~ 2 £,
then h(z) is a modular form of weight k + 2 for T".

Sebbar ([13]) investigated the modular differential equations associated with
Eisenstein series.

One particular second order linear differential equation that has drawn the
attention of Klein, Hurwitz and Van der Pol (see for detail [6], [10], [17]) takes
the form

2
s
(1.3) Yy + %EAL(Z)ZJ =0.

Van der Pol ([17]) gave the relation between equation (1.3) and Riccati
equation as follows:

6
(1.4) —u' +u? = Ey,
im

and one has u = —F» as a solution to (1.4) by using Ramanujan’s identities

([12]).

A. Sebbar et al. investigated differential equations similar to (1.4) and they
studied the Riccati equation, or the corresponding linear ordinary differential
equation, for k =1,...,6, of the form

k
—u/ +u® = E,4
i

and the corresponding second order ordinary differential equation

" 7T2
Y+ EEZL(Z)y =0.

(See for detail [13].)
Therefore, they arrived at the following proposition:

Proposition 2 ([13]). The Riccati equation
6
—u/ +u? = Ey(2)
i
has u = —FE5(z) as a solution, and the corresponding linear differential equation

1! 7T2
“E -0
V't 35 1(2)y

has a solution
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where 1(z) is a Dedekind eta function defined by

[Ta-am

»"“

n(z) = q2

for ¢ = €2™* and z € H.
Also, they proved the following theorems:
Theorem 2 ([13]). The function

y = Ei(2)(A(z)”

N

18 a solution to
y" + 1 Ey(2)y = 0.
Theorem 3 ([13]). The function

is a solution to the Riccati equation
1
,—u/ + ’LL2 = E4.
T
Silverman gave a derivative formula related to modular forms as follows:
Theorem 4 ([14]). Let k be any integer.
(i) Let f be a modular form of weight 2k. Then,

df\? d?
g=(2k+1) (d—£> f2k~f~d—z‘£

is a modular form of weight 4k + 4.
(i) If f is a modular form, then g is a cusp form.
(iil) If f is the Eisenstein series G4(z), then

1
9(2) = grgager )

Similarly, if f(z) = Ge(2), then there exists a constant number ¢ such that
9(z) = cGy4(2)A(2).

Aygunes et al. constructed a sequence (f,,(z))nen of modular functions of
weight 27k + 4(2"~! — 1) in the following theorem:

Theorem 5 ([4]). Let n € N. If f,(2) is a modular function of weight 2"k +
4271 — 1), then the function f,.1(2) is given by

Fana(e) = @44 =140 (£4,0))

- @R D)) (102

where fn11(2) is a modular form of weight 2" 1k + 4(2" — 1).
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In Section 2, we take the modular forms of weight nk, for n € N and then
we obtain the modular forms of weight 2nk + 4 by using derivative formula.

In Section 3, we extend the derivative formula for any real number ¢ as
follows:

Fe(f(2)) = (e +1)(f'(2))? = cf(2)f"(2)

In the above equation, we define an operator related to generalized derivative
formula and we observe the properties of operator F..

Many authors investigated the operators related to modular forms and cusp
forms.

Let My, and Cy be a space of modular forms and cusp forms, respectively.
Hecke introduced a sequence of linear operators T;,, which map the linear op-
erators M}, onto itself. Hecke’s operators are defined as follows ([3], [5]):

Definition 1. For a fized integer k and any n = 1,2,..., the operator T,, is
defined on My, by the equation

T =i S i sz(m+bd)_

d|n

In the special case when n = p is a prime, we have

(Tpf)(2) = 9" F(p2) + Zf(”b)

Aygunes and Simsek applied the Hecke operators to the generalized Dedekind
eta functions and they obtained the following theorem ([3]):

Theorem 6. Let p be a prime number. If N | g, then we have
mi(p — 1)
12
Generalized Dedekind eta functions are defined by

ngﬁ(%JV%=agﬁ(N?exp(ﬂii§2(f%)) II a-ckaty TI (-¢3'aR)

m=g(N) m=—g(N)
m>0 m>0

z
Ty(logn, (2, N)) = +logn, »(pz, N) +plogn, | (;,N) )

for z € H and N, g,h € Z, where

Cn = ex 211
N — P N )
_ 2miz
gqN = €Xp N
Ifg=0,h#£0 (N), then

agn(N) =exp (m‘Fl (%)) (1—¢3M;

and
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otherwise
agn(N) = 1.
B and By in the formulae are Bernoulli functions.

In the following theorem, Aygunes ([2]) observed the properties of operator
H,, for any real number ¢, where M} is a space of modular forms with weight
k and Hs. is a space of functions which satisfies the functional equations of

at +b 9
h (CT n d) ke(er +d) + (e + d)°h(T)

Theorem 7 ([2]). Let ¢ be any real number. Define the operator H. as follows:

He(h) = —2¢- dn

h2
clTjL ’

where
HC : HQC — M4.

Then, we have the following properties:
(i) V hi, he € Ha,

He(hi + he) — He(h1) — He(ha) = 2h1 - ho.
(ii) V A € R,
He(Ah) = N H < (h).

(iii) V ¢1,c2 € R,

Hevter(h) =H,, 5 <%) +H., /3 (%) .

In Section 4, we consider the function js4(z) defined by

_9(3)
02 (5)

Ja(2)

(See for detail [8] and [9].)
Since j4(z) is a modular function, we obtain a modular form with weight 4
by using the formula of

Folja2) = (%;’4(@)2.

Finally, we calculate the Fourier coefficients of the above function Fy(j4(z)).
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2. A derivative formula related to modular forms

In this section, we give a generalized derivative formula which consist of the
formula

(2.1) 9(2) = 2k + 1)(f'(2))* = 2k (2) f"(2).
The formula in (2.1) generates the modular forms of weight 4k + 4 for any
modular form f of weight 2k.

Theorem 8. Let 2 <n € N. If f(2) is a modular form of weight nk, then the
function F(z), for

L= 10)
and

d2 1

@f(z) = f"(»),
is given by

F(2) = (nk +1)(f'(2))? = nkf(2)f"(2),

where F(z) is a modular form of weight 2nk + 4.

Proof. Let
F(E5) = o)
Thus we get
d <az+b> _alcz+d) — c(az+b)f, <az+b)
dz* \cz+d (cz +d)? cz+d
and

dilzf (Zzziz) = nke(cz + d)"™ 7L (2) + (cz + d)"F f(2).

Since ad — be = 1, we have

cz+d
On the other hand,
d? az+b 2¢ ,(az+b 1 g (az+0b
@f (cz—i—d) - 7(cz+d)3f (cz—i—d) + (cz+d)4f (cz+d> '
We obtain

d_2 az+b
dz? cz+d

22 f < - ") = nke(es + A () + ez + A f()

) = nk(nk —1)c*(cz + d)"* 2 f(2)

+ 2nke(cz + d)" L (2) + (cz + d)"F F(2)

+b az+b
_9 1 [ A% "
clez+d)f (chrd) +f (chrd)

or
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= nk(nk — 1) (cz + d)"™ 2 f(2) + 2nke(cz + d)"™ T3 f/(2)
+ (cz +d)"™ 1 (2).
By using (2.2), we have
i (ZZZIS) = nk(nk — 1)c?(cz + d)" 2 f(2)
+ 2nke(cz + d)" 3 (2) + (cz + )T (2)
+ 2¢(cz 4 d) {nkc(cz + )" f(2) + (cz +d)™ 2 f/(2)}

or

cz+d
(2.3) + 2¢(nk 4 1)(cz + d)"™ 3 f/(2) + (cz + d)" T f"(2).
By using (2.2) and (2.3), we get

JZ (az_“’> = nk(nk + 1)c*(cz + d)"**? f(z)

n k2 2(cz+d)2nk+2( (

(nk + 1) (f’ <“Z+b>)2 (nk+1)~{ +2nke(cz 4 d)>F 3 f (2 )jf)() ) }

e ez + A (f1(2))°
and
i (2) (28) - st

— 2nke(nk + 1)(cz + d)*™ 3 f(2) f(2)
—nk(cz +d)*™ T (2) f(2).

Consequently, we arrive

az+b on , ) "
F(i d) — ez + AP {(nk + 1)((2))? - nkf(2)1(2)}

— (CZ +d)2nk+4F(Z’).

Lemma 1. Let ¢ = e?>™*. If f has the Fourier expansion

f(z) =" e(m)g™,

m=0
then F' has the Fourier expansion given by
(z):{47r2nk~00 )-c(1)}q

+47T7’L/{ZZ{Z]+1 (j—l—l)-c(m—j—l)}qm
7=0

—4n°(nk +1) {Z(j +1)(m—j—=1)-c(G+1)- c(m—j—l)} qm.
m=2 7=0
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Proof. Let f(z) be a modular form. Then f(z) is a periodic function and given
by

(2.4) 1) =Y e(m)emims

m=0
for z € H.
We take the first and second derivative of the above series:
(2.5) f(z) =2mi Z me(m)e?™ =
and
(2.6) f(z) = —4n? Z m?e(m)e?™m,

By using (2.4), (2.5) and (2.6), we have

F(z)= (nk+1) <2m' Z mc(m)e%imz>
—nk (Z ( ) 27rzmz> ( 472 Zm clm 27rimz>
m=0

or

o 2
F(z) = —4n?(nk +1)q (Z (m+1)c m—i—l)qm)
m=0

+ 4mnkq <§: c(m)qm> (i (m+1)%c(m + 1)qm> )

m=0 m=0

where ¢ = ™%,

By using Cauchy product, we obtain the desired result. (I
Theorem 9. If f(z) is a modular form, then
F(z) = (nk +1)(f'(2))* = nkf(2)f"(2)
is a cusp form.
Proof. If we take z = i00 in Lemma 1, we obtain
F(ioo) = 0.

From Theorem 8, we know that F'(z) is a modular form of weight 2nk + 4.
Hence, F(z) is a cusp form. O

In Theorem 4(iii), the derivative formula was applied to the Eisenstein series
G4(z) and Gg(z). In the following theorem, we substitute f = F»(z) into
equation (2.1).
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Theorem 10. If f is the Eisenstein series Eo(z) in (2.1), then
2

9(2) = 2= { (B2(2))" = 6(Ba(2))? Eu(2) = 3(Ea(2))? + 8Ea(=) Eo(2)} .
Proof. For the proof, we use the following well-known results ([12], [13]):
(2.7) d%Ez(z) = %i {(Ez(Z))2 _ E4(Z)}
and

d 2mi
(28) L Bu(z) = Z B () Ea(z)  Bol2))
If we take the derivative in (2.7), we have
(29) O Bx(s) = T B () E) - (2}

By substituting (2.7) and (2.8) into (2.9), we get
& _7i [ 2B()% ((Ba(2))” - Ea(2)) }
Z By == )6
2 = { — 25 (Ba(2)Ea(2) — Eo(2))

or
2

d 2
EEQ(Z) =~1s {(Eg(z))?’ — 3E2(2)Ey4(2) + 2E6(z)} )

By substituting (2.7) and (2.10) into (2.1), we arrive at the desired result. [

(2.10)

Theorem 11. If f is the Eisenstein series E4(z) in (2.1), then
2072 1
9(2) = =5 175 A2)-
Proof. One can see the proof in [4]. O

Theorem 12. If f is the Eisenstein series Eg(z) in (2.1), then
1
1728
Proof. One can see the proof in [4]. O

9(z) = =7’

E4(2)A(2).

3. An operator related to generalized derivative formula

In this section, we define an operator related to generalized derivative for-
mula given by

(3.1) ge(2) = (e + )(f'(2))* = cf(2)f"(2),
where c is any real number.

Let A and B be any set of functions. For any constant ¢, the operator
depending on the function f(z) is defined by

(3.2) Felf(2) = (e + 1)(f'(2))? = cf (2)f"(2),
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where

Fe.: A— B.

Theorem 13. We have the following properties:
() VY fi,fa € A,
Felfr+ f2) = Felf1) = Fe(f2) = 2(c+ V) fifo — cfof{ — cfufy.
(i) V A eR,
Fe(Af) = X Fe( ).
(iii) V ¢1,c2 € R,

Ferres() = 5 1P (F) + Faes (1)}
Proof. For the proof of (i), we have
Folfitf2) = (e + 1) (f + 1) = elfa + L) (7 + £3)

or

Fe(fi+ f2) = (c+ D) {1+ (f2)*} +2(c+ 1) fif2
—cfify —cfofy —cfafi —cfrify.

Hence, we arrive at the desired result.
For the proof of (ii), we have

FeA) = e+ 1)((AN)? =) ()"
or
FeOAf) = (c4+ DA f +eX2ff".
Therefore, we arrive
FeMf) = N {(e+ D) f +cf f'y = N Fo(f).
For the proof of (iii), we have
2Fcitea(f) = 2(c1 +e2 + 1)(f)? = 2(cr + e2) f "
or
2Ferter(f) = 21 + 1) (f')? = 21 f f" + (2c2 + 1) (f)* — 2caf .

Therefore, we obtain the desired result. [l

Remark 1. Let A be a space of modular forms of weight 2k, for k € Z. If the
operator Fo is given by

Fa(f(2)) = 2k + 1)(f'(2))* = 2k f(2) f" (2),
then B is a space of modular forms of weight 4k + 4.
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4. Fourier coefficients of function j4

Kim and Koo defined the function j4(z) by means of a quotient of Jacobi
theta series ([8]) and they derived recursion formulas for the Fourier coefficients
of js and N(js) (= the normalized operator), respectively ([9]).

Let p,v € R and z € H. Define that

. 1\
Ouv(z) = Zexp {m (n—|— §,u) z +7TZTLU} .

n€e”Z

This series uniformly converges for Im(z) > 7 > 0, and hence defines a
holomorphic function on H.

Theorem 14 ([9]). If z € H, then
_ 1
0, () = 23T o <1) ,
(—iz)2 z

Jacobi theta functions 65, 03,0, are defined by

02(2) = Or0(z) = Sl ),

nezZ
03(2) = Ooo(2) = > ¢,
nez
04(2) = O0(2) = > (-1)"q5",
neZ

where g3 = exp(7iz).
For z € H, we have the following transformation formulas ([9]):
() |
O2(z+ 1) =exp <%) 02(2),
03(2 + 1) = 0a(2),
94(2 + 1) = 93(2})

I\

02 (—1) = (—i2)204(2),

o0 (-1) = iz 0a(a),
0, <%) = (—i2)205(z).

By using the above formulas, we have the following transformation formulas

0o (Z + 4) = —92(2),
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(iv)
2 iz\ 2 z
n(2)=(-3) n ().
1 !
03 (—5) = (—2iz)2605(22),
2 iz\ 2 z
b (; - (3) 0 (3)
1 1
04 (—5) = (—2iz)20, (22)
Define that
N
ja(z) = 92’ 8 =1+ 4gs + 8¢5 + 1643 + 3241 + 5643 + -+ - ,
2

where ¢4 = exp (%)
Then Kim and Koo concluded the following proposition:

Proposition 3 ([9]). Let
(4.1) ja(z) =Y bmdil"
m>0
Then for k> 1,
2

1 ) b
bak—1 =3 |2 S bbb +bi+ Y (=1 bibas—; + 2,
L\ o<k 2<j<2k—1

bar, =2 Z bibak—; + b7,
0<j<k

1 . b2
baksr = | 2 > bibak—jir+ > (1Y bbar_jyr + 2]

- - 2
0<j<k 2<j<2k
bypyo = 2 Z bibor—j11,
0<j<k
with the initial values by = 1,b1 = 4 and by = 8.
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We take the first and second derivative of j4(z) in (4.1).

d . . —
(4.2) —ia(2) = 4i(2) = D mbma ™!
o m>1
and
a2 o -2
(13) () = ) = Y mlm = Db
m>2

For ¢ = 0, substituting f(z) = j4(z) into equation (3.2), we have

or

2

Folja(z)) = | Y mbmai"™!

m>1
2
Folja(z) = [ D (m+ Dbmsral’
m>0
By using Cauchy product, we have
Folia(2) = D> [ D _(k+1)(m =k + Dbgrabmpi1 | 45"
m>0 \k=0

Hence, we arrive at the following theorem:

Theorem 15. The Fourier coefficients ¢, of modular form Fo(ja(z)) with
weight 4 are given by

m

Cm =Y (k+1)(m —k+ 1)bg1bm_rs1.
k=0
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