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OPTIMAL CONTROL FOR BELOUSOV-ZHABOTINSKII
REACTION MODEL

SANG-UK Ryvu

ABSTRACT. This paper is concerned with the optimal control problem for
Belousov-Zhabotinskii reaction model. That is, we show the existence of
the global weak solution. We also show that the existence of the optimal
control.

1. Introduction
In this paper we are concerned with the following optimal control problem:
(P) minimize J(u)

with the cost functional J(u) of the form

T T
J(u) = / () — wall2ps e+ / 10(u) = pall2p oyt
+’7||u||§{1(0,T)> ue H1(07T>7

where y = y(u) and p = p(u) is governed by Belousov-Zhabotinskii reaction
model

% :a@+é{y(1_y)_c(p+u)(ﬂ)] in I x (0,7,

ot Ox? y+q

dp Pp 1 .

E—b@‘i'z(y—m in I x (0,7, (1.1)
N P T N

00 = (L0 = 200 = L =0  on (0,T]

y(x,0) = yo(z), p(z,0) = po(x) in I.

Here, I = (0,L) is a bounded interval in R. y(z,t) and p(z,t) denote the
concentrations in a vessel of HBrOs and Ce't at € I and a time ¢ € [0, 7],
respectively. a > 0 and b > 0 represent the diffusion rate of each species.
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Finally, €, g and c are positive constants where 0 < ¢ < 1 and 0 < € < 1. The
control term u(t) denotes a light induced bromide production rate to intensity
of illumination at a time ¢ € [0, 7]([10], [11], [12], [13]).

Belousov-Zhabotinskii reaction models is known as a typical phenomenon
of self-organization in the chemical reactions([8]). The model (1.1) was intro-
duced by Keener and Tyson [6] for investigating the mechanics of the Belousov-
Zhabotinskii reaction models which is considered to consists of more than ten
elementary chemical reactions.

The optimal control problem for the reaction diffusion model is studied in
many papers([2], [4], [5], [9]). In particular, Ryu and Yagi [9] studied the
optimal control problem for the chemotaxis model of non-monotone type. In
this paper, we show the existence of the global weak solution of (1.1). We also
show that the existence of the optimal control.

The paper is organized as follows. Section 2 is a preliminary section. In
Section 3, we show the existence of the golbal weak solutions. Section 4 show
the existence of the optimal control.

2. Preliminaries

Let I be an interval in the real line R. LP(I;H), 1 < p < oo, denotes the LP
space of measurable functions in I with values in a Hilbert space H. C(I;H)
denotes the space of continuous functions in I with values in H. For simplicity,
we shall use a universal constant C' to denote various constants which are
determined in each occurrence in a specific way by a,b,c,€,v, m, l and I. In a
case when C depends also on some parameter, say #, it will be denoted by Cjy.

We shall state some inequalities on the Sobolev spaces ([1]). When s > 1,
H*(I) C C(I) with the estimate

[ -lle < Csll - llme-
In particular, H'(I) C L9(I) with
I+ llze < Cpgll - Il 1257, (2.1)
1_1
where 1 <p<q< oo, r=4—+.
pta

We take the identification of L?(I) and (L*(I))’ and consider that H(I) C
L3(I) c (H'(I))'. Then, L (I) c (H(I))' for every ¢’ € (1,00] with

lyllry < CoyllyllLe, v €L (D). (2.2)
3. Global solutions

We set two product Hilbert spaces V C H as
V=HY(I)x HY(I), H=L*I)x L*I).
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By identifying H with its dual space, we consider ¥V C H = H' C V'. It is then
seen that

V' = (H'(D)) x (H'(I))".
We set also a symmetric bilinear form on V x V:

oV.T) = (A1 A7) o+ (430 )% e v = (1)7 = (D) ev.

where A, = —aaa—; +1 and Ay = —baa—; + 1 with the same domain D(A4;) =
H2(I) = {z € H¥(I); (0) = 92(L) = 0} (i = 1,2). Obviously, the form

ox
satisfies
a(Y, V)| < MY [[[Y [y, Y.Y €V, (a.i)
a(Y,Y)>45||Y|3, YeVv (a.ii)
with some § and M > 0. This form then defines a linear isomorphism A =
(%1 ;1) ) from V to V', and the part of A in H is a positive definite self-adjoint
2

operator in H.
We consider the following problem

%+AY:FU(Y), 0<t<T, (3.1)
Y(0) =Y,

in the space V'. Here, F,(-) : ¥V — V' is the mapping

y+e? [y(l—y) —C(P+“)(I5+qq)}). (3.2)

) :< ely+(1—el)p

Here, Yj is defined by Yy = (zg) Uwa = {u € HY(0,T); lull 10,7y < m, 0 <
u(t) <}
For u € Ugqg, Fu(-) satisfies the following conditions:

Lemma 3.1. (f.i) For each n > 0, there exists an increasing continuous func-
tion ¢, : [0,00) — [0,00) such that
E )l < allYlly + ¢4 (I[Y]l#), Y €V, ae (0,T);

(f.ii) For each n > 0, there exists an increasing continuous function v, :
[0,00) — [0, 00) such that

1EL(Y) = Fu(¥) v < nllY =Yy
+ (I v+ 1Yy + D (¥l + Y)Y =Y, Y.Y €V, ace. (0,T).
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Proof. Indeed, by (2.1), (2.2), it is seen that

2 4
2l < Pl 3 gy < Cllol e Ioll g

2 1 1 4
< Oyl U9l 22 ol ¥ < llgllns oy + Collyllbeqry, v € HY(D)

and

HIyI—&—qH(Hl (Y Clollczay, y, p € HY(I).

Hence, the condition (f.i) is fulfilled.
On the other hand, since

yp
lyl +q Iyl + ql
it is seen that for y, 4, p, p € H(I),

< Clp= a1+ (ol + laDly - a1,

H\y|+q |y|+qH<H11)>'
<t vl
yl+q  l9l+q

SC(IIp—ﬁIILz +11(lel + 1aDly = 7l 3 )

L3

< (llp = pllua + Uollzsary + 17l oa)lly = Tl

< (o= Az + ol oy + Mol ally = o)
with the use of (2.1) and (2.2). Hence, the condition (f.ii) is fulfilled. O

In view of above fact, we are led the space of initial values as

K= {(3;0> €EH;0<yo € L3(I) and 0 < py € L2(I)}.
0

We then obtain the local existence of the weak solution (for the proof, see Ryu
and Yagi [9]).

Theorem 3.2. Let (a.d), (a.di), (f.i), and (f.ii) be satisfied. Then, for any
Yo € K and u € Uyq, (3.1) has a unique weak solution
Y e H'(0,T(Yo); V') N C([0, T(Yo)l; #) N L*(0, T (Yo); V),
equivalently,
v, p € H'(0,T(Yo); (H'(I)))) NC([0, T(Yo)]; L*(1)) 1 L*(0, T(Yo); H(I)).
Here, the number T(Yy) > 0 is determined by the norm ||Yo|x-

Theorem 3.3. For any Yo € K and u € Uyg, the weak solution Y of (3.1) is
nonnegative. Therefore Y is a weak solution of (1.1).
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Proof. We show nonnegative of solutions, which is proved by the same method
in Yagi([12]). We introduce the modified nonlinear operator

_ y+ 2yl = y) = ello] +u)( 2=
= ( | eyl +(1—e)p (o ”)'

0 (3.2). And we consider an auxiliary problem

Y _
%—l—AY:Fu(YL 0<t<T, (3.3)
Y(0) =Y,

Then, we also know that Y = (g) € HY(0,T(Yo); V') N L%0,T(Yo); V). Let us

verify first that 4 > 0 by the truncation method. Consider H(j) is C''! cutoff

function for —oco < § < oo given by H(j) = % for —oco<y<0and H(y) =0

for 0 < gy < 0.

Since y € L2(0,T(Yy); H(I)), we see that H'(y) € L*(0,T(Yy); H'(I)).
Therefore, if we take H' (%) as the test function for the first equation in (3.3),

we obtain

(G @), H'(G(t))) (e (1)) 11 (1)

(22 + 2yl - >fc<\p\+u>(é DGO i
(G50 [ -
L
—e [0+ w( L) (y(t))dw}

=0 + L.

Since I = —afOL |%|2dx, we see that I; < 0. Since H'(g) <0, H'(§)y >
0 and u > 0, it follows that Iy < 0. Therefore, we obtain

(' (t), H (5(t))) (e )y, 112 (1) < 0.
If we put
L J—
0= [ H@)de 0<t<T(v).
then we see that
*1/)( )= @' @), H' (5(t)) a1y, 11 (1) < 0.

Therefore, ¥(t) < 1(0) for 0 < t < T(Yp). Thus, 1(0) = 0 implies ¥(¢) = 0
that is, g(t) > 0 for 0 < t < T(Yp). Similarily, we obtain that p(t) > 0 for
0 <t <T(Yy). We conclude that F,(Y) = F,(Y). Thus we see that Y is a
local solution of (3.1). By the uniqueness, we see that Y =Y for 0 <t < T(Yp).
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Therefore, Y (t) > 0 for 0 < t < T(Yp). We can repeat the similar argument
until we obtain that Y'(¢) > 0 for 0 <t < T'(Yp). Hence, since |y(t)| = y(t), the
solution Y of (3.1) is a local solution of the problem (1.1). O

Theorem 3.4. For any Yy € K and u € Ugyq, (3.1) has a unique global weak
solution

0<Y e HY (0, T;V)NC([0,T]; 1) N L*0,T; V).

Proof. Let y, p be any weak solution as in Theorem 3.2 on an interval [0, .5].
Then, if we use the method as in [12, pp.383-384], we obtain the following
estimates

d L L
— | (* +p*)dz + / (v + p?)dx
0

dt J,
ARG R AN CE

If we solve the differential inequality
L

L
— [ (y*+p")dz +/ (y? + p*)dx < Ce™?,

we have

Iy 721y + 2O 72r)
< e (lwollzecr + lorllZ2) + Ce™®, 0<t<S. (3.5)

If we use (3.4), we obtain

t
/O U2y + 10(5) 3 1y)ds
< (llyollZz(ry + llpoll32(ry) + Cte ™, 0<t < S. (3.6)

Thus, we take t; € (0,5) so that y(t1), p(t1) € L?(I). By (3.5) and (3.6), we see
that |lyllz2, 580 (1)nLo(t1,5:22(1)) and [|pll L2, ;51 (1)L (t1,5:L2(1)) do not
depend on S. As a consequence, ||y g1, s;m1 (1)) and [|pll a1, s 51 (1))
and ||lyllc(e,s;z2(ry) and ||plle(e,s1;22(r)) do not depend on S. This shows
that y, p can be extended as a weak solution beyond the S. By the standard
argument on the extension of the weak solutions, we can then prove the desired
result. O

4. Optimal controls

Now, let T > 0 be such that for each u € U,q, (3.1) has a unique weak
solution Y (u) € H(0,T;V") NnC([0,T);H) N L?(0,T;V). Thus, the problem
(P) is obviously formulated as follows:

(P) minimize J(u),
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where .
T = [ 1Y) = Yalldt + allul iy 0 € U

Here, Yy = (ij) is a fixed element of L2(0,T;V) with y4 € L*(0,T; H'(I)) and
pa € L*(0,T; H'(I)). ~ is a positive constant.
Theorem 4.1. There exists an optimal control i € Uyq for (P) such that
J(2) = min J(u).

u€Uqa
Proof. Let {u,} C Uuq be a minimizing sequence such that

nILrI;O J(uy) = Jnin J(u).

Since {u,} is bounded in H'(0,T), we can assume that u, — @ weakly in
H(0,T). By the compactness of H*(0,7) < L?(0,T), we see that

u,, — @ strongly in L*(0,T). (4.1)

For simplicity, we will write Y,, instead of the solution Y (u,) of (3.1) corre-
sponding to u,. Using the similar estimates of Y,,, we see as in the proof of
Theorem 3.4 that Y,, — Y weakly in L2(0,7;V) N H(0,T;V’). Since V is
compactly embedded in H, it is shown by [7, Chap. 1, Theorem 5.1] that

Y, — Y strongly in L?(0,T;H). (4.2)
Let us verify that Y = (g) is a solution to (3.1) with the control @. For any
o= (1) € L*(0,T; V),
T T T
| @i 2O its [ AV, (0, 80t = [ (B, Va0) 2Oy

0 0 0
We first observed that for any ¢, € L?([0,7]; H'(I)),
(o = 7% &) (1)) 1.1

< o 2 2 d
< Yn, — §7|dz ) ||l Lo (1)
0

< C(llynllzan + iz ) v — vlla o=y
< C(llyllzza + I9llzzm ) lvm = vllzzm 61l .
Therefore, we obtain

T
/ (Y = 5%, &) a0y 1y dt
0

< C(||ynHL°°(O,T;L2(I)) + ||Z/HLoc(o,T;L2(1))> lyn — y||L2(0,T;L2(I))||¢1||L2(0,T;H1(1))~
From (4.2), we have
y2 — * weakly in L?(0,T; (H*(I))").



116 S.-U. RYU

On the other hand, we observed that

(L L
"ynt+q TY+q (H (1)), H'(I)
_ 2q(yn — ©)
= (-2 ) b (p D))
<(p )y +q p(yn+q)(y+q) (H(I))!,H'(I)

< C(llon = plleeary + lyn = 3l 2 1712 )61l -

Therefore, we obtain

T p—
|t g ) dt
0 Yn t+4q y"’q (H (1)), H(I)

T
<C [ (1o = plaotay + = sz oo oy

gC(l + H/3||L<>o(o,T;L2(1))> <||yn = YllL2(0,7;22(1))

+lon — ﬁ||L2(0,T;L2(I))) P11l 220,757 (1)) -
From (4.2), we have
Yn — 4 _Yy—q : 2 1 ’
pE weakly in L*(0,T;(H"(I))").
pul oy gl 0.7; (' (D))

Similarily, we obtain

T J— 7 —
/ <un In—9 _ z¥—4 q,¢1> dt
o N yntq gtq Ty

T
n - _ 2 n_
:/ <(un_ﬂ)y 9, 52 —9) ,¢>
0 Unt+q (W +OG+q) (HY(I))',H(I)

T
_ Yn — @ > _a)dt
/0 <yn+q’¢1 gy mn T

T _
2q(yn — ) ~
+ B AU rA— adt
/0 <(yn +q)(7+q) ¢1><H1<I>>qu<1>

<C(llun = @ll 20,1 + @l 0.1 l9m = Fllzz(ors22) ) 1 ll2 0,300 )
From (4.1) and (4.2), we have
et
Yn + ¢
Therefore, we obtain that

T, T T
/ ¥ (), & (8)) v vt + / (A (1), B())yr it = / (Fa(T (1)), (8)) et
0 0 0

This then shows that Y (t) satisfies the equation of (3.1) for almost all ¢ € (0, 7).
In a similar way it is also shown that Y (0) = Yy, note from [3, Chap. XVIII,

dt

 eakly in L2(0, T; (H'(I))).
q
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Theorem 1] that Y € C([0,T]; H). Hence, Y is the unique solution to (3.1) with
the control u; that is, Y = Y ().

Since Y,, — Yy is weakly convergent to Y — Yy in L?(0,T; V), we have:

. < J(@) < liminf J(u,) = mi .
Join J(u) < J(@) < liminf J(un) = min J(u)

Hence, J(u) = min J(u). O

(1
2]

(3]
(4]
(5]
(6]
(7]
(8]

u€Uqd
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