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DIVISION PROBLEM IN GENERALIZED GROWTH SPACES
ON THE UNIT BALL IN C»

HonG RAE CHO, HAN-WOOL LEE, AND SOOHYUN PARK

ABSTRACT. Let B be the unit ball in C". For a weight function w, we
define the generalized growth space A¥(B) by the space of holomorphic
functions f on B such that

If(2)] < Cw(lp(2)], =z€B.

Our main purpose in this note is to get the corona type decomposition in
generalized growth spaces on B.

1. Introduction and statement of results

Let © be a bounded domain in C". Let H* () denote the space of all
bounded holomorphic functions on Q. Suppose that Gy, Gs,...,G,, € H>®(Q)
have no common zeroes, so that |G| = > |G,|*> > 0. Then we can state the
corona problem : Do there exist functions uy,us, ..., u, € H>®() such that

ZGjujzl on 7

This problem has been solved by L. Carleson [8] when n = 1 and € is the unit
disk. It remains an open problem whether there are versions of the corona
theorem for every planar domain or higher dimensional domains.

Let B = {z € C": |z|> < 1}. For any holomorphic function ¢ on B one can
consider holomorphic functions uy,us, ..., 4, on B such that

ZGjuqub on B.

Formulas for explicit solutions of such division problems were studied by many
authors in various situations and norms (see [1], [2], [3], [4], [5], [11], [12],
[14], [15], [16], [17], [18]). In particular, the HP-corona problem asks for the
condition on holomorphic n-tuples G = (G, Gs,...,G,y,) such that the map
Mg given by Mg(u) =Y G,u; sends H? x HP x - - - x H? onto HP. Of course,
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the conditions G1,Gs, ..., G, € HP and
GI* = |G;* >0,

are necessary.

Our main purpose in this note is to consider solutions of such division prob-
lem in holomorphic growth type spaces on the unit ball B in C™.

Let p(z) = |2|?—1. Let A=%(B) be the growth space of holomorphic functions
f satisfying

1
< JE—
FENS O, 2eB

We define the growth space A'°#(B) to be the space of holomorphic functions

such that

|f(z)] < Clog (MZ)J , z€B.

We denote by B(B) the usual Bloch space on B. Then the following inclusions
between the above spaces are known [10]:

(1) H*(B) = A™°(B) & B(B) & A"*(B) & A™*(B).

In [9], they proved the embedding of Hardy spaces into weighted Bergman
spaces on a general bounded domain in C™ by using the growth spaces.

Now we introduce a notion of the general weight function.

Let w(t) be a positive real-valued function. We say that w(t) is almost
increasing (or decreasing, resp.), if there exists C' > 0 such that

w(t) < Cw(r) (or, Cw(t) > w(r), resp.) for t<T.
Definition 1. ([7]) Let w(t) be a positive real-valued function defined on (0, 1].

Then w is called a weight function of order « if there exists a constant a such
that

w(t)

o = sup {'y : oa is almost increasing on (0, 1]}

4
= inf {5 : % is almost decreasing on (0, 1]} .

In this case we write ord(w) = a.

Definition 2. ([7]) For a weight function w, we define the generalized growth
space A¥(B) by the space of holomorphic functions f on B such that

[f(2)] < Cw(lp(z)], z€B

" G
fz
1f]l 4 = sup, :
Fu(lp()])
The above || - || 4~ is semi norm. Hence, the norm || f|| is given by |f(0)| +

I/l for all order a.
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Ezample 1.1. (i) For any positive number «, the functions ¢~ and log(1) are
the most typical examples of the weight functions of negative order and zero
order, respectively. In these cases, the class A is the growth space A~%, and
log-growth space Al°%, respectively.

(ii) Non-typical examples of weight functions are wy(t) = t=¢ (log(CTD) 7 and
wa(t) = 7 (2+cos(1)), where a > 0,8 € R. Both of w;(t) and wo(t) have
ord = —a.

Remark 1. Let w, and wg be weight functions of ord(w,) = « and ord(wg) = B.
(i) For € > 0, it follows that

() /- (2)/ (28)

is almost increasing and that

() /- (28) (29

is almost decreasing. Thus ord (wg/we) = 5 — a.
(ii) Let a < 3. For e > 0, since

(@) /e

is almost increasing, it follows that wg(t) < wq(t) on (0,1]. Thus A“s C A%e.
However, if o = 3, then there is no inclusion relation between A“~ and A“5.

Remark 2. Let w be a weight function of ord(w) = a. If @ < 0, then

W(t) a—+e
w(t) = proe -t

is almost decreasing, if € > 0 is chosen such that a4+ ¢ < 0. However, if a = 0,
then there is no such information.

Theorem 1.2. Let G1,Ga,...,G € H®(B). Let w be a weight function such
that —1 < ord(w) < 0. Let ¢ € A¥(B). Suppose that

>G> 6
for some 6 > 0. Then there exist uy,us, ..., U, € A°(B) such that
Giru1 +Gous + -+ Gy, = ¢ on B,
where

Y w(t)log (1), if ord(w) =0 andw is almost decreasing.

{w(t), if —1l<ord(w)<0
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Corollary 1.3. Let ¢,G1,Gs,...,G,, € H>®(B). Suppose that

Sl 2 5
for some § > 0. Then there exist ui, us, . .., uy € A2(B) such that

Giuy + Goug + -+ + Gty = ¢ on B.

2. The solution operator for the division problem

For the construction of the solution operator for the division problem we
use the integral representation for the solution of the d-equation introduced by
Berndtsson and Andersson [6]. Let

Q:—&Z)za(logl).
P —p

Then for any r > 0 we have the integral kernel for the solution of the 9-equation
such that

PO Dle = =1 A ODels — =)™~ A (3Q)”
T €= 2=

n—1
KT(C? Z) = Z Ou,r |
v=0
which induces a solution operator
i) = [ wOAKTGa), e
¢eB
such that 9(S"n) = n for a d-closed (0,1) form 7 (see [1]). We note that
= = 1
0cQ = 00 (1og >
—p
1= 1 -
=—=00p+ S 0pNdp
p p
and thus B
= 1 Op
0:Q)Y =0 ( + ) .
Q= O\ fop
Since |¢ — 2|2 < 2|1 — (2|, we have

[p(O]"w1 (¢, 2) 9p(¢) AMp(Q)]" wa(C, 2)

1= Celrl¢ — 2=t 1= (o H¢ — 228

where the forms w; and wy have bounded coefficients on B x B.
We have

§T(z) = /C O A OF KT (C.2) + / 0(C) A Bp(C) A o) S (G, 2)

CeB
= S1n(z) + San(2),

KT(C7Z) =
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where K7 ((,2) and K}((,z) are defined by

r _ wl(C?'Z)
HCA = g
and
K3 2) = ral&?)

S L= Gafrt¢ - 2P
First we solve the division problem for only the case m = 2. We may apply

Koszul complex theory [11] to extend to general m.
Let G1,G2 € H*°(B) and § > 0 be such that

IG1(Q))? +1G2(Q))* =6, ¢eB.
Let S
G- G10G9 — G20G,
|G|

_ 150Gy 1 s(G
g‘Gﬁ(Gl?) or G23(|G|2).

Thus G is a O-closed (0, 1) form. For ¢ € O(B) we have

We note that

95" (¢G) = ¢G.
Put B B
Gy Ga
Y1 W and vy = W
Then )
g= G—1572 or ——0m

Clearly, G1v1 + Gaye = 1. Let
up =710+ G287 (¢G) and  up = v20 — G157 (4G).
Then
Giuy + Gaug = o.
We know that du; = dus = 0. Thus ui,us € O(B). It remains to prove that
U, Ug € A@(B)
Since v;,G; € H*(B) and ¢ € A“(B) C A*(B), it is enough to prove that
15"(¢9)(2)| S @(lp(2)]), =z €B.

For any bounded holomorphic function » on B we have

1 1
< — <

We recall the Cauchy integral formula

_ h(§)dp(C) A (99p(¢))™
h(z) = /cea]B .

(1-¢2)n
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By the Cauchy integral formula and noting that
9:(1— §Z> = —0.p(2) + 0:|C — Z|27
we have
Oh(z) = a(2)0p(z) + B(2),
where |a| < 1/|p| and |5] < 1/\/@

3. Estimates for integral kernels

Lemma 3.1. If w is a weight function of order o with —1 < o < 0, then it
holds that

Cw) o fele@)), i —1<a<o,
|, s {w(
)
)

p(z)

| an

) log le)', if o =0 and w is almost decreasing.

Proof. Write r = |p(z

T w(t Lot
/ wit dt:/ “()dt+/ O g = 1y 1 L.
0 T+t 0 T+t r T+t

We choose € > 0 so small that o — € > —1. Then we have

T t ta—e T toz—e T toz—e
I :/ w(t) | dt < w(r) / at < <) / dt < w(r),
o ¢ r+t T Jo T+ ¢ Jo T

since w(t)/t“~¢ is almost increasing. For the case of I, if —1 < a < 0, then we
choose € > 0 so small that o + € < 0. Then we have

oo a+te o0 ya+te oo
IQS/ w(t) t gt < w(r)/ t gt < w(r)/ dt < w(r),

ta-i—e r +t ~ TOH-E r _|_t — Toz-‘re tl—oz—e ~

since w(t)/t*T¢ is almost decreasing. If o = 0, since w(t) is almost decreasing,

we have
1
dt 1 1
I §W(T)/r i = w(r)log (T;) SW(T)log;-

Lemma 3.2. Let r be sufficiently large. If w is a weight function of order o
with —1 < a < 0, then it holds that

/ PO w(lp()]) dv(o<{w<|p<z>|>, if —1<a<o,
¢ w

e |1 = C2|7|¢ — 2|2n1 ) log le)', if a =0 and w is almost decreasing.
Proof. We have
2Re(1 = Cz) = p(Q) + |p(2)| + ¢ — 2, ¢,z €B.

O

fam
S
—
™0
=

Thus
11— C2 Z [p(O)] + [Im(1 = C2)[ + [¢ — 2 + [p(2)|, ¢,z €B.
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We choose local coordinate t,(¢) = (¢1,ta, ..., t2,) such that

t1=—p(C), to =Im(1 — C2), t3(2) = -+ = ton(2) = 0, |£(O)] ~ |C — 2.
Then we have
POl 'w((p(O)])
I=) = - v
) /CEIBﬂB(z,e) [1—C2|"|¢ — 2]2n—1 (©)

r—1
S[ e
<1 [t] (Ita] + [t2] + [p(2)])
</ w(tl)dtldtg
~ ity <a (] =+ [t (el + [E2] + [p(2)])

L)
5/0 1™
< Jwle=)), i -1 <a <0,
)

log ;77  if @ = 0 and w is almost decreasing,

by Lemmad.1. O

Lemma 3.3. Let r be sufficiently large. If w is a weight function of order «
with —1 < a < 0, then it holds that

/ PO (lp()]) dv(o<{w<|p<z>|>, if —1<a<o,
¢

cB |1 _ §Z|r+1|c _ Z|2n73

Proof. As the proof of Lemma 3.2, we have

- | PO (leO])

€BAB(ze) |1 — C2TH1¢ — 2[>n—3

V(<)

</ [t1]" 32w (t1) it
~ Jig<a [EP3 (] + Jto| + (82 + |p(2))
320ty ) dty dtadg
/ge«:|g<1/ / 1€1(t1 +’52+|€\2+\P( )+t
173 20ty ) dty dts
/ / (t1 +t2+|p( )rt1/2
bow(t)
e
_ {w(|p(z))7 if —1<a<0,

w(|p(2)]) log le)l’ if @« =0 and w is almost decreasing,

by Lemmad.1. (I

w(|p(2)]) log le)l’ if « =0 and w is almost decreasing.
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4. Proof of Theorem 1.2

We assume that Gy, Go € H*(B) have no common zeroes, so that |G|? =
> |G,|? > 0. We will prove that

151(09)(2)],192(69)(2)] S @(lp(2)]), 2 € B.

Since G1,Gy € H*, we have

1 1
< <
9 < ‘G|4(|G1II5G2I +|G2[|0GA]) £ K
and
_ 1 1
IG A Op| < @(IGM@GZ‘ A Op| +|G2||0G1 AN 9pl) S iz

Thus we have

1ST(09)(2)] < /CEB (OGO IKT (S 2)[dV(C)

(O w(lp(O)])
S /(gg |1 — gzlr‘c _ z|2n_1dV((:)

< w(lp(z)]), if —1<a<0,
~ lw(|p(2)])log ﬁ, if « =0 and w is almost decreasing,

and

195 (¢G)(2)

< /C  9QIIGE) A SOl ¢, 2]V ()
(O w(((O)])

<

<

cB |]_ _ €Z|T+1K _ Z|2n73

< w(lp(z)), if —-1<a<0,
~ w(|p(z)]) log |p(17)|7 if @ = 0 and w is almost decreasing,

av(q)

by Lemma 3.2 and Lemma 3.3, respectively.
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